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Eicaywyn omyv yneiakn ene§epyaocia
ONHATog Kai €IKovag

Tkonog

2KOTOS TOD TOPOVTOS KEPOAALOD EIVOL 1] UELETI] TV OHUATMYV KOI GOOTHUATOV 010~
KPITOD Ypovou, 1 ECOIKEIWaN UE TH O10OIKOCLO. THG OEIYUATOANWIOS OVOLOYIKWY GHUG-
TV KO ) KATOVONGH THS EVVOIL0E TS YPOUUIKNG GOVELIENS Y1 TOV DTOAOYIOUO THS

OTOKPLONG TV YWHPLOKOV GOOTHUATOV.

Mpoodokwpeva anoreAécpara

Orav olokAnpwoete ) pedétn tov kepolaiov avtod Qo iote o Oéon va.:

o Aoufavere detyuoro, ovaroyIKOY oHUaTOY

* Avoldiete to ofjuoza diarpitod ypovov ae afpoioiio LovadLaiwY KpovoTIKMY

* Ymoloyilete TV amOKPIGN GOOTHUATWV O10KPITOD XPOVoL e T fonbeta g ypoy-
KNG oOVELIENS

‘Evvoleg kAeId1a

o Ipoyyurn oovélién

o Ocarpnuo. deryuoToinyiog

* Movaadiaio kpovotiky axolovbio.
* Pneioxo onuo.

* Ynprarod cbotnuo.

o Xnuo / XZootnuo. d1okpitod ypovoo

Eicaywyikég Mapampnoeig

H evrorwaoiaxn ovamtoln e laKponiektpoviknig kai Ty vroloyiatwy eiye kabopi-
OTIKN ETIOPOTH TTNY WHPL0KN EmeCepyocio anudtwy kol gikovay. O TEYVIKES WneLo.-
KNG EMECEPYOOLAC ONUATWV YPHOIUOTOLODVTAL GUEPD OE TOALES TEPLOYES TG ETTL-
OTHUNG KL THS TEYVOAOYIOG, OTWS YLa TOPCOEIYUO. TIC ETIKOIVWVIES, THV 0EPOVODTI-

K1, ™) ogiouoloyio, ™ froiatpikn teyvoloyia.



12 KEQAAAIO 1: EIZATQIH ZTHN WHOIAKH EMEZEPTAZIA THMATOZXI KAl EIKONAX

Ixnpa 1.1

Hapadeiypazo
ONUaTOV

(o) opiriog (uiag
0160T00NG),

(B) eicovag (6o
JaoTAoEWY), KOl
(y) axolovBiag

EIKOVQV (Tp10dV

o100t00EWV) B )

Qg onua opilovue 0 cOVOLo TV TIUDV TOL Aoufaver pia pooiky Toootyto. Maln-
LOTIKG, aVTO EKPPALETAL (WG GVVAPTHON 1 0K0AOVOIO. LIOG 1 TEPIGOOTEPDV AVECOPTH-
TV uetafintaov. 1o onuote Tepiéyovy TAnpPoYopio. GYETIKG, e T COUTEPIPOPT. 1] TH

@OoN EVOS PAIVOUEVOD.

Ta onjuazo ywpilovial oe Katnyopies avaioya ue Tov TOo Kol 10 TARo¢ twv ueta-
Sintaov. Etot, avadoya ue to av n aveloptnty netafinty eivor ooveyns 1 o1okpiti,
&yovue onuoTa coveXoDS § 010KpITOD YXpovov. (Oa avopepBodue avolvtika o’ avtd,
oug evotnres 1.2 ko 1.3). Avddoyo. ue 1o wAnbog twv aveloptntwv uetofAntav Eyov-
U anuata piog uetafintng i ordotoons (uovodiaoroza, 1-D), dvo uetaflntav i
olaotacewv (d10idaroza, 2—D) kai ToAA@Y ueto ANtV i diaotdoewy (Tolvdidota-
ta, N-D). Ilapaderyua provodidotarov oiuatog givor 1 opiio (speech), omov n ove-
EaptnTy petoflnty eivar o ypovog ko n eCopTRUEVY UETAPINTH N OKOVOTIKI] TiEaH
(Zynuo 1. 1a). Mio eikovo. (pwtoypopio) amoTelel YoporTnpIoTIKO TOPAOELYIULO. THUO-
70¢ 0v0 d1ooTdoewv. Eoa n eloptnuévn uetoffint eivor 1 gwTervoTnTa. e EIKOVAS
K1 01 000 avelapTnTes UETOPANTES elval 01 000 YwpPLkéS ovVTeToyUEVES (Zynua 1.16).
T¢Aog, mapaderyuo onuoTog iy d1aaTdeewy gival 1 akolovbio eikovav (video),
OOV 01 OVO AVELOPTNTES UETAPANTES EIVOL YWPIKES KOL 1] TPITH EIVAL O YPOVOS (ZYTUO.

1.1y). H eoptnuevn uetafAnth eivor kor €0w n pwtervotno. e kabe e1kovag.

To kabévo. omo ta ToPanéve oHUOTO EIVOL ATOPAITHTO VO, TO ETXELEPYO.OTODUE UE

aTOY0 VO, PEATIOOODIUE THY TOLOTHTE, TOV, VO, EE0YAYOVUE TH XPHOIUN TANPOPOPIO. Kol



EIZATQTIKEZ MAPATHPHIEIX

vo, eCalelyovue koo, to ovvatov o Gopovfo, vo to amobnkedoovue i Vo 10 UETO.OM-
oovue. 2o Pifilio avto Oa ueletnooovue oplouéves ano Tis wo ovvOIoUEVES O10.01-

KOOoIEG emelepyoaiog TOV YPROIUOTOIODVTAL VIO TOVS GKOTODS OTOVG.

2 0070 10 Kepadaio Oa ueletnoovue TIS fAGIKES EVVOIES TWV GHUATOV KOl GVOTH-
UATWV O10KpLTOD Ypovov. 2ty evotnro. 1.1 Qo avapepBovue ota micovextiuoto. ka
UELOVEKTHUOTO, THS WHPLOKNG emelepyaaios onudtmv. Xtnv evotnta. 1.2 Oo. yvawpi-
OOVUE T OVAAOYIKG, KOL WHPIOKC, OIUOTO, KOL TO. GYETIKG, e T UETOTPOTI] TWV VO~
Aoyikav oe ynpioxa. ZTny evotnra 1.3 Qo dodue to. faocikd anuozo. diokpitod ypo-
vou, K0S Kal TIG oTOLYELDIELS TPALEIS TOV UTOPOVUE VO, EPOPUOTOVUE T QVTC.
Téhog, oy evotnta 1.4 O ooyolnbodue (e to. coOTHUOTO SLAKPITOD YPOVOD Kol TRV

TPACH TS YPOpUIKIGS GOVEAICHS.



KEQAAAIO 1: EIZATQIH ZTHN WHOIAKH EMEZEPTAZIA THMATOZXI KAl EIKONAX

1.1 Wneiakn ene§epyacia oparog

H ynpiaxiy exeepyocio anuoroc acyoleital pLe TNV YneoKn avomopiotacn Twv
ONUATOV KoL TNV 0VAALGT), TPOTTOTTOINGN Kol E0Y@YT| TANPOPOPLOV OO CUTA, LE TN
BonBeia ynorakomv eneepyactav. [epumtdoelg kotd tig omoieg OELov e va apat-
pécovpe Tov BopvPo amd Eva onpa i va Ppovpe o petacynuaticpd Fourier kdmot-
®V 0edopuévmV 1 VoL SMGOVUE G’ €va, GO LOPPT TTLO KATAAANAN Yo enelepyacio
Ko 0vEALOT) TNG TANPOPOPIOG TOV EUTEPIEXEL, AMOTEAOVV TOPASEIYLLOTO TNG YN PLoL-
KNG enelepyaciog oNHATog. AvTi ¥PNCLULOTOLEITOL OO KOl TEPIGGATEPO GE TOAAEG
TEPLOYEG EPUPLOYADV OTOL TOPUOOGIOKE YPTGLLOTOIOVVTIOY OVOAOYIKES LOPPEG ETTE-
Eepyaciag, OALA KOl GE VEEC EQAPLOYES GTIG OTOLeS Ol avaloyikég pnéBodot ivat
006KOoAO 1 Kot adVVaATOV va, xpnoiporoBovy. To yeyovog avtd oeeiletal oto TAE-
OVEKTNUATO, TTOV TOPOVGLALEL 1] YNPlokT ene&epyacio GNUATOG.

Yrépyovv moArol Adyot yia Tovg 0moiovg Oo TpoTiovGaE TV Yynelokn eneéepyo-
clo evog oNpotog Evavtt g avoroyikng. Katd tpdtioto Aoyo, Eva ymelokd mpo-
ypoppatilopevo choTNUA TapoLGtalel LeYAAn eveAéio 6TV TPOTOTOINGT TV TPA-
Eemv ynolokng enelepyaciog He Hio oA LETATPOTT| TOV TPOYPAappaTos. Mio tétota
TPOTOTOINGN EVOG OVOAOYIKOD GUGTILOTOG GUVETAYETAL TNV EXAVACYESIOGT) TOV
KUKA®POTOG Kot cuvenmakoAovBo Edeyyo kot emPePaiwon (testing and verification)
g opOng Aettovpyiog Tov.

H akpifeta (accuracy) mailel emiong moAd omovdaio poro. H avoyn twv ototyeiov
TOV OVOAOYIKAOV KUKAOUATOV KoO16TA SVGKOAO TOV TPOGOIOPIGHO TNG akpifetog
&vOG AVOAOYIKOD GUGTNLOTOG EMedepyaciog. TNV TEPITTOOT EVOS YNPLOKOD GLGTN-
HOTOC, 0 EAEYYOG TNG MOTOTNTOG TWV TPOIUYPAP®Y €ivol TOAD T1O EOKOAOG,.

To ymerakd onpote omobnkedovtol € HoyVNTIKA 1) OTTIKA LEGO (A.). LOyVITIKOOG
N OTTIKOVE dioKOVG, TaViES, K.A.) Yopic vToREdon TG TGTOTNTAS TOVS, TEPAV
0VTAG OV VTTEIGNADE 6N SLSIKAGIO LETATPOTNG TOVG OO OVOAOYIKE, GE YN QUK.

‘Etot, diveton n SuvatdmnTo LETAQOPAS Kot ENEEEPYAGIOG TETOLOV CNUATOV GE UN

TpayLatikd ypovo. EmumAéov, dlvetal n duvatodotnTo EQUPLOYNG MO TEPITAOK WOV
adyopibumv enelepyaciog onpatog. Zovndwmg n vAomoinon podnuatikov tpdéemv
peyaing axpipetog eivon dvokoro va yivel oe onpata ta omoio Ppickoviol 6e ava-
AOYIKY] LOPOY], TPAYLO OL®E TOV lval cuvnBicuévo Kot €DKOAO va Yivel ce €val
YNeoKkd ofpa To 0moio enesepyalOUaoTE e VOV VTOAOYLIOTH KOl LLE KATAAANAO

AOY1oHKO.

Y& TOAAEC TEPIMTMOOELS, 1| YNOLOKN eneEePyacio VO GNUATOG EYXEL XOUNAOTEPO

KOGTOG 0o TNV avTioTolyn 0VOAOYIKT. AvTO Umopel va opeiletat gite 6To OTL TO



1.2 TYNOI THMATQN

ko (hardware) onpepa givor ONvoTepo gite oty gveMéio Tov TaPEXETAL AOY®
NG YNPLoKnG LAOTTOIN oG,

ATOTEAEG O, TOV TAEOVEKTNILATOV TG YNPLOKTG eneEepyaciog onpatog eivar 1 dtop-
KOG an&avopevn ypNomn g 6€ OA0 KOl TEPIGGOTEPOVS TOUEIS EPAPUOYDV, OTWS OTNV
eneepyacio opuAing, ot HeTddooT GHUOTOC GE TNAEQ®VIKA KAVAALD, GT GEIGHO-
Aoyio, OTN YEOPULGIKT, GTNV WTPIKY], 6TV €£€PEVVIOT TOL OLOGTHUOTOC, OTY| LETE-
oporoyia, K.A.

Duokd, 1 ynelokn eneEepyacio GNLATOG £XEL Kol TO, Op1d TNG, TO OToio oPeilovTat
GTOVG TEPLOPIGHOVG TTOL TIDEVTOL GTNV TOHTNTA AEITOVPYIOG TOV UETATPOTEDY OV
AOYIKOU GNLOTOG GE YNPLOKO, KOOMS Kt GTOVG 101006 TOLS YNPLOKOVS EMECEPYAOTEG
onpotog. 'Etol, onpota pe eatpetikd pLeyaio e0pog cuyvoTHTMV, Yo TopAdELy L,
ONUOTO LE EVPOC GVYVOTHTOV TNG TaEews Twv 100 MHz, voictavtal enelepyacio

OKOLLOL KOl OT)LEPDL LE OVOLOYIKEG HeBddovG.

1.2 Toéno1 onparwv

To ofjpata ta&tvopovvtot 6 00 PEYAAEG KATNYOPIES: OTO a7jUaTo, GVVEXODS YPOVOD
KOLL GTOL O7JUATO. OLOKPITOD Y¥pOVvon. ZovnOmg, ®g aveEApTnTn LETAPANTY ¥PNCIUOTTOL-
gltat 0 Ypovog, Ympic OpmS vo. amokAeietat 1 aveEdpTnTn petaPfAnt va eivat Kamoto
GAA0 PLGIKS HEYEDOC, OTTMG Yo TAPAdELY LA 1) ATOGTAC, 1 Beprokpacio 1) 1 wieo.
[Mop’ 6A0 0LTE £xEl EMKPATCEL VO LIAGLE Y10, GUOTO SLAKPLTOD XPOVOUL.

Xto. oNUHOTO ooveYoDS ¥povou (continuous time) 1 aveEaptnTn petafAnth eivorl cuve-
NG, ONAadN ta onpata ovtd opilovtal Yo 0ToldNTOTE TN TG AVEEAPTNTNG LETO-
PAntc. H eEoptmuévn petafintr, dniaodr| o midrog (amplitude) tov onpatog, sivot
Kot avT) cuveyNs. [ avTo Kot TO GUATO AVTE OVOPEPOVTAL KOL WG GHUOTO, COVE-
XOVS xpovov avveyods Tharovg N avaloyike onpato (Zynua 1.2a). Mapadsiypota
TETOUW®V ONUATOV gival 1 opAic ®G GVVEPTNGT TOV YPOVOD 1| 1) ATLOCPULPIKY| TTLEST)
g cvvaptnon Tov Hyous. 'Eva avaroyikd onpa meptypdeetal amd po cuvapTnon
x(t), 61OV ¢ TPOYUOATIKOG aPOUOG.

Yt onpata otakxprtod ypovoo (discrete time) n ave&hptnTn petafAnt eivor olokpt-
T, NAadn ta orpaTe vt opilovtal HOVO Y10 GLYKEKPUEVES TILEG TNG AVEEAPTITNG
petafintg. Me dAha Aoyia, 1 aveEdptntn petafAnt maipvel TIéS amo Eva StoKpt-
76 6VvoAo Tiw®V. H e€apnuévn petafintr, dniad| to TAUTOC TOV GNOTOC, Eival
ocuveyne. [’ anutod Kot To GNUATO AVTH avapEPOVTOL KOL MG GNUOTO OIOKPITOD YPOVOD
ovveyovs mhatovg (Zymua 1.2p). [Hoapadelypata tétoiwv onudtov givol o deiktng
Dow-Jones ¢ cuvaptnon tov ypovov (A.x. ava NUEPN) 1 To KOTA KEQUANY E10OOM-
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IxApa 1.2
Toror onuarwv:
(o) avodoyixo,

(P) droxpirod
Xpovou,

(v) ynoroxd

L0, (OC GLVEAPTNOY] TOV TOTOV OLUOVIG. 2T TEPITTWCT TTOV Kot 1) EE0PTNUEVN LETO-
BAnT Taipvel SlokpLtég TIUEG, TOTE LAGIE Y10 OHUOTO OLAKPITOD YPOVOD OLOKPITOD
mwAdrovg M| wneaxa oot (Zynpa 1.2y). Eva ofjua dtakptrod ypdvov cupforileton
ovvnBm¢ g x(n), 6Tov n aképorog. [poxettal yia pio akoAovbia (sequence) apib-
AV, YU 00TO GLYVE AVOPEPOIUGTE GTO GO QLTO KOl MG akolovlia.

[Ipwv Tpoympnoovpe 6N LEAETN TOV PACIKOV GNUATOV dloKPLTov ¥povov, Ba fTov
KOAG VoL yVoPIGOVE TNV EVVOL0 TNG GLYVOTNTOG TOGO Y10, TO, GIUATO GLVEYOVS YPO-

VOUL 0G0 KOl Y10 TO. GNULOTE H10KPLTOv YPOHVOV.
x(1) x(n) x(n)
1

3/4]

1\ /. HH|Il L I”I‘CHI 1
T 12

-1

1.2.1 H évvoia TG ocuxvortnrag ora onpara

H évvola g cuyvotrag givar facikn kot yvootr og 6hovg poc. Tnv égovpe cuva-
VINGEL GTO PASIOPMVIKO OEKTI TTOV YPNGULOTOLOVLE 1} GTO GTEPEOPOVIKO GVGTILLOL
OV €YOVUE 1) GTO GIATPO TIOL TTPENEL VOL BAAOVLLE GTN POTOYPOPIKT LOG Unyavn. AT
™ eLoIKT Yvopilovpe 0T 1 cuYvOTNTA GYETICETOL e £V TOTO TEPLOOIKNG KivNong,
N omoio. ovoudleTal apuoviky TaAGVTwaon, Kol 1| OToio TEPLYPAPETOL OTTO TLULLTOVOEL-
deig ovvaptioeic. H évvola g ouyvotnrag oyetiletal Guesa e tv Evvola Tov ypo-
VOV, 0OV 1 d1ACGTACN CVTHG VAL TO AVTIGTPOQPO ToL Xpdvov. Katd cuvéneia, 1 poon

oV YPOHVOL (GLVEXNG 1 O10KPLTY]) AVOUEVOVLLE Vo ETNPEALEL T GOGN TG CLYVOTNTOC.

HMITONQOEIAH JHMATA YYNEXOYXZ XPONOY
Mia anAn appovikn toAdvioon opiletal LodnUoTiKé 0o TO NUITOVOELOEG GO
GLVEYOVLG YPOVOL:

x,(f) = A-cos(Qt + 0), — 0 <t <oo (1.1)
omov A4 1o wAdrog (amplitude) Tov nputovoedovs, 2 1 guyvoTyTo GE OKTIVIK 0vE dgL-
tepdlemto (rad/s) kar € n pdaon o€ aktivia (Zynque 1.3) H oyéon (1.1) umopei va ypa-
Pel Kol o¢:

x,(t) = A-cos2rFt + ), — oo <t < oo (1.2)
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otav Bécovpie
Q=2nF (1.3)

omov F 1 cuyvotta o€ KOKAovg ava devteporento N hertz (Hz). To avoloyikd avtd
onpo Topovctdlel Tig e&Ng 10T TES:

*  Eivou meprodko: [pdypatt, yio omoladnmote Ty tng ovyvotntag £, n cuvaptn-
on x,(7) givon meprodir|, dnhadn x,(¢ + T,) = x,(7), émov T, = 1/F givou n Pacikn
EP10d0G TOV MNLUTOVOEIBOVG CTLLOTOG.

* T S10popeTIKEG CLYVOTNTES EXOVLLE OLOPOPETIKY G LLOTA.

*  Avénon g ovyvotntag F cuvendyetal aviictoryn avénon tov puOpov TaAd-
VIWGOTNG TOL CNLLITOC, dSNANOT TEPLOTHTEPES TEPIOOOL EUTEPLEYOVTOL OE VO GUYKE-
KPUYWEVO YPOVIKO OLAGTN L.

x,(ty=4 cos(2aFt+0)

2nuovtixy Hapatijpyon

H ovyvotmra givar amod ) eoon g Betikn TocodtTe. Avtd givorl Tpoeaveg, apol 1
GLYVOTNTO GE £VOL TEPLOOIKO GO EKPPALEL TOV apBd TV KOKA®V 0TI LOVAdO TOVL
YPOVOL. L€ OPIGUEVES TEPIMTMOGELS OLLMG, Y100 AOYOLS EVKOMOG artd HoOMNUOTIKNG ot~
YEMG, OTOLTEITOL 1] EIGOYMYT APVNTIKOV GLYVOTNTOV. AVTd Yivetal Katovontd ov

BounBovpe 6T1 TO NuITOVOEWES o (oxéom 1.1) umopel va ypagel kot oc:

A . A4 .
x,(t)= Acos(t +6)= 3efm“") +3e—f<9f+9> (1.4)

Baoilopevor oty TawtdTnTa Tov Euler e */° = cosg * jsing. Iapatnpovpe, Aowrdv,

IxAipa 1.3
Topaoderyuo.
avaloyikoo
NUITOVOELOODG
ONUOTOG
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Ixnpa 1.4
Hopaderyuo evog
NUITOVOELOODG
ONHOTOS J1aKPITOD

XPOVoU e
w = /6 Ko
0=n/3

OTL TO MUTOVOEINEC oM A, LTopel va TpoéABet amd v Tpodcbeom 600 culvydv pryo-
dkdVv ekbeTIkdY onudtev icov TAdtovg. Ta pyadikd exbetikd onuato cvvnbiCov-
LLE VOl TOL TOPLGTAVOVUE G O10VOGUATO TAV®D GTO UIYadtKO eninedo, T0 0moin ovo-
nélovpe pacopeg (phasors). Ot eacopec g oxéong (1.4) mepioTpépovtal Le yovio-
k&g ovyvotnreg + 2 rad/sec. H Betikn cuyvotnta avtioto el o€ OpOIOLOPOT| TEPT-
GTPOYPT TOV PAGOPA LE POPA avTIBETN TNG KIVNONG T®V SEIKTOV TOL poroylov (apt-
oTEPOGTPOPT TEPLETPOPT). Katd cuvénetia, 1 apyntikny cuyvotntao avIioTolyel o€
OLOLOUOPPT] TTEPLGTPOPT] TOV PAGOPA KATA T1 POPA TNG KIVNoNg T®V SEIKTOV TOV
poLOYL0V (JEEIOGTPOPT TEPIGTPOPT]).

Onwg Aowmdv avapEpapLe, o Aoyoug evkoAiog amd (podnuatikng anoyewng) Oo xpnot-
HOTol001E BETIKES Kol OPYNTIKES GLYVOTNTES GE OAN TNV €KTao owToV TOL PfAiov. Avtd

onpaivet 4TL 1) TEPLOYT GLYVOTHTWOV TOV OVUAOYIKOV SNUATOV Ba gfvar — oo < F < co,

HMITONOEIAH ZHMATA AIAKPITOY XPONOY

"Eva nuitovogtdég onpa d1akpitod ypodvov Hmopel va, ekepaotel og:

x(n) = Acos(wn + ), — oo <n < oo (1.5)
010V 11 aKEPOIN LETAPANTA, 1 OTTOL0L AVTITPOCOTEVEL TOV 0p1OWd (TN B€om) Tov deiy-
Hotog, 4 10 TAGTOG TOL GNUATOC, @ 1] GLYVOTNTO TOV GNUOTOG GE OKTIVIO, ava dEly-
po kot € 1 edon og axtivia (Zynua 1.4). H oxéon (1.5) pnopet va ypagel kot og:

x(n) = Acos(2afn + ), — oo <n < oo (1.6)
otav Bécovpe
w=2xf (1.7)

OOV f 1 GLYVOTNTU G KOKAOVLS avdL deiypaL.

x(n)=A cos(ewn + 0)

LA
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e avtifeon pe Eva NTovoEldEG on o cLVEYOVS XPOVODL, VA NLLLTOVOELDES dLOKPL-
7oV YpdvoL Tapovctdlet Tig akdiovbeg 1010TTES:

*  Eival meptodikd pdvo o6tav 1 suyvotnta tov fetvar ptog aptbuodc.

*  To nurovoeidn onuata SoKPLTod ¥POVOL TMV OTOIMY 01 GLYVOTNTES SLUPEPOLY

KOTA 0KEPALO TOALATAAG1O TOL 27 gival 101 (TavtilovTar).
* O péyotog pubudc TaAGVTOOTG VOGS NITOVOEIB0VS SLOKPLTOY YPOVOL EMLTLYY G-
vetar Yo o = 7 (| @ = —71) | 160d0vapa yioo f = 5 M f= —3 ).
MNapadeiypa 1.1

Noa amodetytel 6Tt Eva NUITOVOEIDEG SLOKPLTOV ¥POVOL gival TEPLodkd udvo dtav n

GLYVOTNTA TOL fetvar pnTdg oplBpdc.
Adon:
"Eva ofjpa Stokpitod ypdvou x(7) etvot meplodikd pe mepiodo N (N > 0) eqv kot povov
eqv
x(n + N) = x(n) ywo. 6ho. 0 1 (1.8)

H pkpotepn tipm tov N yio v omoia emainBedetarl  oxéon avtn, ovopdleton fooi-
K1 mepiodog (fundamental period).

I"o va etvon Teplodikd Eva MUITOVOELDEG OTLLa O1aKPLTOD ¥POHVOL e cuYVOTNTA. £, Bt
TPEMEL VO 1oyVEL 1 oyéomn cos(2zfIN + n) + ) = cos(2zafn + 0). H oyéon avt oin-
Bevet edv Kat LLOVO GV VTTAPYEL AKEPULOG M TETOL0G OOTE 27fN = 2ma 1} 1IG0SVVOLLOL
f= % , ONAadN €6V Kot Lovo €dv 1 cuyvotnta f umopel va ypapel og TAiko dvo

aKEPULOV aplOp®V.

Mapadeiypa 1.2

Noa amodei&ete 6Tt NUITOVOELDT| GHLATO SLOKPLTOV ¥POVOL, TOV OTOImV 0l GLUYVOTH-
TEG OLOPEPOVY KATA AKEPALO TOAAOTAAGIO TOV 277, TovTICOVTOL.

Avon:

"Eoto 10 onpa x(n) = Acos(wn + 0) pe cuyvotta @, kot 1o onua x,(7) = Acos[(w +
2m)n + 0] pe cuyxvotTo @ + 27, ATOSEIKVVETOL TOAD EVKOAN OTL:

x,(n) =Acos[(w + 2x)n + 0] = Acos(wn + 0 + 2zn) = Acos(wn + 6) = x(n)

levicd, 6ho to Muitovosdn onpato 61akpitod ypdvov x(n) = Acos(wn + 0),
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k=0,1,2, ... pe o, = o + 2kr, -7 < 0 < 7 tavtiloviar. Mdvo ta nuUITovoEdy o1jpLo-
T0. OOKPLTOL YPOVOL T®V OMoimV 0l cvyvoTnTeS Ppiokovtal 6TV TEPLOYN

—T<w<7mN —% <f< % elvat O1popeTIKd, ONA0ON HOVASIKA.

Mmnopolie, ETOUEVOC, VO TOPATNPTCOVLE TV OVGLUGTIKT] S10popd LETOED TMV Muut-
TOVOELWO MV S10KPLTOV ¥POVOL KoL TMV NULTOVOEWD®V GUVEYOVG XPOVOV. XT0 UITOVO-
€101 GLVEXOVS YPOVOL EXOVLE SLOPOPETIKA GTLATO. Y10, OTTOLOONTOTE GLYVOTNTA £2 (1)
F) omv meproyn] —eo < Q < oo (] —oo < F' < o0), VM GTO NULTOVOELIN OOKPLTOV YPpO-
VOU £YOVUE SOPOPETIKE GNLOTA Y10, OTOLOONTOTE GLYVOTNTA @ (1 f) oTNV TTEPLoyN

, 1 1
<ot —ESfSE).

1.2.2 Merarponn ofjparog ané avaAoyiko-ce-Pn@Iako Kai and
PYnPIaKko-oe-avaloyiko

To Tep1oGOTEPO GNIOTO, TOV TOPOVGLALOVY TPOKTIKO EVOIULPEPOV, OTLMS YLOL TUPAOETY O
1 opAia, Tol BlOAOYIKE GYLLOTO, TO GEIGLKE GLLOTA, K.4., EIVOL ovaAoytkd. [ va eme-
EepyaoToOE OVOAOYIKG GTLOTO, LLE WYNOLOKE LEGE, OTOLTEITOL 1] LETOTPOTN AVTAOV GE
YNOLOKT LOpeT|, SNA0ON 1 HETATPOTT TOVS O pio akoAovdio aplOumdV Tenepacuevng
akpifeloc. H dwdwocio avty ovoudletor uctatpony ovoloyikod—oe—yneioxo
(analog—to—digital conversion, A/D) Kot T avTIGTOL0 KUKAMLOTO, OVOLLALOVTOL «UETO-
tpomeig avaroyuov—ce—ynoeloko» (analog—to—digital converters, ADCs). H avrti-
GTPOPT OL0OIKAGIO TNG LETATPOTNG EVOG YNPLOKOV GNUOTOG GE OVOAOYIKO givail yvm-
0T O¢ petatpony) ynplaxov—oe—avaloyiko (digital-to—analog conversion, D/A) kot
yivetow pe 1w Ponbein xukAopdtov To omoiot ovopdloviol HeTaTpomElg
«ymotakov—oe—avaroykoy (digital-to—analog converters, DACs).

H Swdwcoocio g petatpomig evoc avoroylkob cHaTog 68 YNneloko yiveton o€ tpio

6Tdo0, OTmC deiyvoupe 6to Zyfua 1.5.

Metatponéag A/D
) 5
x0) AgtypotoMmng *() »| KPovriomig xq(n)‘ Kadwomommis |—— 3 01011

IxApa 1.5 | T
Booixa qunjuora
EVOG HETOTPOTTED Avahoyid Thua KBavtiopévo Ynowokd
oValoyIKov—oe— Zhuo AakpiTon Muo Zhuo

WNQLOKO Xpovov
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1. Aeryuoroinyio (sampling): Avtn givor 1 dtadikacio LETATPOTNG EVOG GNHOTOG
GULVEYOVG XPOVOL GE GOl SLOKPITOD ¥POVOV, TaipVOVTOG SEIYILOTH TOV G1ILOITOG
GLVEXOVG YPOVOL GE SLOKPLTEG OTIYUEG TOV Ypdvov. Etot, av x () elvar 1 gilcodog
670 detypoToAmT, TotTE N £€080¢ avTov givar x, (nT)=x(n), 6mov T 1 mepiodog
detypatoinyiog.

2. Kpavrion (quantisation): I1pdkettan yio tn 61001KaGio LETOTPOTNG EVOG CUATOG
SLOKPLTOL YPOVOL GUVEXDV TILAOV GE GTIA S1OKPLTOV ¥POVOL SAKPITOV TIUDV
(ynorako). To ke deiypa TOL CNUATOG AVTITPOCOREVETAL OO i TN 1) OTola
emAgyetat omd £va TENEPACUEVO GUVOAO TBov®VY TI®V. H dtapopd petald tov
apyuot un kBovricuévov detyparog x(n) kon e kPavticpuévng e£6dov x (1) amo-
teAel 10 Aeyopevo opdiua kBavtiong.

3. Kwadixoroinon (coding): Katd ) dadikacio g kedikonoinomng, kade dtakpitn
T x,(n) avumpoconedetol and Evav apiiud arotelodpevo amd b-bits.

Ag e€etdoovpe Egywplotd KabBéva omd ovTd To Tpio oTAdOL:

AEITMATOAHWIA ANAAOTIKON JHMATON

H derypatonyio evog avaloyikold ofuatog x,(¢) emtuyydvetol taipvovtog Oelypo-
T aLTov avdé T dgvtepdrenta, Onwg eaivetal oto Xyfua 1.6. H dadikacio avtn

TEPLYPAPETOL OO TN GYESN:
x(n) =xy(nT), —eo<n<eo (1.9)

omov x(n) glval o ofjua dakpitov ¥povov Tov mpokvmtet. To ypovikd dbotnuae 77

UETAED TV S100YIKOV dELYUAT®V OVOUALETOL TEPI0OOS DELYUATOANYIAS KL TO OVTI-
1 .

GTPOPO TOV T = F amotehel 10 poluo deryuaroinyios (sampling rate) oe delypota

V@ OEVLTEPOAETTO 1 AAMMG TN ovyvoTyTa deryuotoinyios (sampling frequency) oe Hz.

O petaPAnTég ypdvov £ Kot 71 Y10 T GLOTO GLVEYOVG XPOVOL KOt JLOKPLTOL YPOVOL

ovTioTOY0, GLVOEOVTAL YPOUUIKE HEG® TG TEPLOOOVL detypaToinyiog 7'M 100dvVaL-
1
po pécm tov puhpov derypotonyiog £, = T g e&ng:
t=nT=— (1.10)
Emopévemg, avapévoupe vo vapyet KAmolo oYEcT TOV VoL GUVOEEL TN cuyvoTNTa F (1)

Q) TOV OVOAOYIKOV CNUATOV e T cuyxvoTnTo /(1 @) TV SNUAT®OV d1aKpLTov Ypo-
vovu. ['a va Bpodpe avti m oxéon, Eekvovpe amd v (1.9) kot avtikadietovue 10
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Ixnpa 1.6

Ouoiduoppn oery-
nazoAnyio, avolo-
YIKOD GHUOTOG.

Avodoyikd  X,(0) x(n)=x,(nT) Znpo
mez; > x‘ » Aakpiton
F=1/T Xpovov
Agrypatonmng
t
'xa( ) x(n) ... xa(t)
AT x(n)=x,(nT)
¢ N
[ .
- i [Tr-
0 t 0] 123456789 n
T2T 5T 9T t=nT

x,(f) e TN GLVAPTNON TOL MUTOVOEWOVS oNpatog TG e&lcmong (1.2). 'Etot éxovpe:

x(n) =x,(nT) = Acos2rFnT + 0) = Acos(2zn % +6) (1.11)

s

Yvykpivovtag v (1.11) pe v avtiotoyn oyxéon (1.6) Yo T0 NUITOVOELSEG G
S10Kp1ToD YPOVOL, SOMIGTOVOLLE OTL:

(1.12)
N 16odvvap:
(1.13)

Ao ) oxéon (1.12) mapoatnpovpe 6T n cuyxvotnTa f elvan pia kavovikomomuévy M
oyetikn ovyvotnro, (normalized or relative frequency). Katd cuvéneia, yia va mpoo-
oopioovue v F Hz, otav uog divetor 1] f, mpémel amapoitnta va yvapilovue ) aoyvo-
mro oetyuotolnyiog F,.

Eidape oto mponyovuevo [apdderyua 1.2, 611 n nepoyn cvyvotntov F 1 Q2 tov nut-
TOVOEW MV GLVEYOVS YpOVOL gtva:

—c0o < F<oof) o0 < Q< oo (1.14)

INo to putovoedn dtokprtod ¥pdvov eidapie 6Tl LOVO o1 cuyvoTTES f M @ oL Ppi-
GKOVTOL GTO OLAGTN 0L

—leSl NMn7<wsrw

: : (1.15)
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glval SPoPETIKES. AVTIKOOIGTMOVTOC 6TV TeEAevTOio GYECT TIG LETUPANTES f Kot
LE T1G 1600VVapEG TOVG amd Tig oyéoelg (1.12) ko (1.13), Bpickovpe 0TL 1 GLYVOTN-
T TOV MULTOVOEOOVG GLVEYOVS ¥PpOVOL, OTOV TaipVOLUE delypatd Tov pe puOuod
F.=1/T, Bo. mpémel vo. fpiokeTol otV TEPLOYN:

1 E p BT (1.16)

2T 2 2 2T

T T
A ——=—qF < Q< aF =— 1.17
i T, =z (1.17)

[Mopoatnpodie, eropévmg, 6TL N Poctkn S1opopd LETOED TOV GNUATOV GLVEYOVG XPO-
VOL Kot S1aKp1ton ¥povov PpickKeTol 6Ty TEPLOYN TIUAOV TOV UETARANTOV GUYVOTN-
tag F kot /1M Q kot w. H Teptodikn detypatoAnyio €vOg GNHOTOS GLUVEYOLS XPOVOL
00N Yel oTNV AmEIKOVION TNG AMEIPOL €VPOVG TEPLOYNG GLYVOTHTOV F (M ), oTNVv

TEMEPACLEVOV EVPOVG TEPLOYN SLYVOTNT®V f (1 w). Kat apod n péyiot cuyvotnta

o’ éva onpa dtakpttov xpovov givar f = 3 N @ = 7, GUVETAYETOL OTL Y10 £va. puOUO

detypatoinyiag £, N avtictoyn péyotn tipn mg £ 1 L2 Ba 1ovton pe:

F,

| 1 T
Fmax—?—ﬁn Qmax—nFs—? (1.18)
Me dhha Adyla, 1 detypoToAN i EIGAYEL AGAPELL, APOV 1| HEYIGTH GUYVOTNTO EVOG
OTLLOTOG GUVEYOVLS XPOVOV, 1| omoia. propel va avarapaoctodel cootd, eivor F,,,. = F/2,
otav Aappdvovtot detypoto Tov ofpatog avtov pe puud F, = 1/T. llpwv dpwg mpo-
YOpNoovUE G€ Kamoo mapadetypata mov Oa pag deifovv Tt cupPaivel Otav ot Guyvo-
TNTEG TOL AVAAOYIKOD GIILOTOG Etvan Lleyadutepeg omd F/2, ag dodpe To Bedpnpa tng
detypotonyiog, To omoio amavtd oto e£1g epmdtnua: [Totog o puBpdg detypotolnyiog
F_y10 ™ cmot) avaropdotaon evog ovaAoyIkoy GYLITOG, TO 0moio pog divetar, Ania-
oM, TOGO GLYVA TPENEL VAL TOAPVOLLE OEIYUATA MOTE VoL YOVLE VA TIGTO aVTiypapO
TOV avoroyukov onpotog; H amdvinon 6’ avtd 1o epdtnpa 600nKe apykd omd tov
Nyquist (1928) kot 6t cuvéyela and tov Shannon (1949) kot amotehet To Agydpevo
Osopnua derypuaroinyios M| Oswpnyuo tov Shannon— SotvmdveTon O g €ENG:

H ovyvornra F, ue v omoia Loufdvoviar to delyuata evog oniiaTos, Tpemel vo.
eivau TovAay1oTov Simldaio. amwo v vyniotepy ovyvotnta F,, . mov mepiéyetal oto
anuo, dNAaon

F.22F,,. (1.19)

Me dAlo Aoy, To Bedpnpa detypatoAnyiog pog Aéel Tmg yio vo, un xobei TAnpo-
eopia o Tpémel va Taipvovpe TOLAGYLIGTOV dVO detypota avd mepiodo (tng vYMAo-
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TEPNG GLYVOTNTOG TOL ONUATOC). ['lo mapddetypa, av OEACOVLE VO YNPLOTOMGOV-
He €va oNHol OIAOG Ko YPNGUYLOTOLIOVLE PIKPOP®VO TO 0010 AEITOVPYEL Yo GUYVO-
teg peta&d 300 Hz kot 3 kHz, t6te 1 tikpdtepn cuyvOTNTo, SELYLLATOANYIOG TOV
TpENEL VoL ypnoiporooovpe ivar 6 kHz. Ag dovpe topa tt Bo coppel av to Bem-

pnua detypatoinyiag o yivel 6eBaoto.
Napadsrypa 1.3

. . . 1 . 7
Aivovtal to. avoAoykd onpate x,(¢) =sin 27w 3 t Kol x,(¢)=sin2m Yy t.

[Tota ta ofpata Stakpttov YpdvoL ToL Bol TPOKLYOLV LETE TN OEIYUATOAN Wi QVTOV

pe pubuod F, =1 Hz;
Avon:

Ta avtictoyo onpata dtakpitod ¥pdvou (akorovdieg) sivat:

x(n)=sin2m 1 nT =sin 2w 1 i =sin - n
8 8 4

xz(n)=Sin27r —z nT =sin 27w —Z n=sin_7—ﬂ:nzsin _8_7T+£ n =
8 g 4 44

=sin| 21+ %0 |=sinFn= x,(n)
4 4

[Mopatnpovpue, eropuévac, 6Tt Ta 600 MNUITOVoEdN onuata dev Eeympilovy Hetd ™

derypatoAnyio tovg pe pubud 1 Hz (Zynua 1.7).

F1Hz F—{ 1z

IxApa 1.7 -
Aeryuorolnyio ;§
=<
OVALOYIKADY ONIULG- =
TV OVYVOTHTAS 0

| | |
F, = le, ! 2 3
8
7
F,= —— Hz
8
e pvluo F, =1 Hz
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Av pag docovv povo ta detyparta (kovkideg Tov Tynuatog 1.7) ta omoia avtietol-

XOVV GTIG TIHEG TOV Sin—71, VAPYEL 0OAPELD GTO VO TOVUE OV VT T dEiypaTaL
4
OVTIGTOLYOVV GE TYEG TOL OVOAOYIKOV GNHaTog X, (7) 1 X,(7). Emeldn to x,(¢) diver axpi-

Bog Ta ida detypata pe 1o x,(£), Yo derypotonyio pe pubud F, = 1 deiyparog ava
devtepodrento (F = 1 Hz), Aépe 1L n cuyvomta F, = Y Hz eivan éva wevdég avti-

ypago (alias) g ovyvotntag F, = % Hz ywo to puOpod derypatoinyiog tov 1 Hz.
MdMoto, givar onpovTikd vo SoVUE OTL T F, deV 0moTeAEl TO LOVOIKO WEVLOES OvTi-
ypoo g F,. [pdypatt, yio to puOuod derypatoinyiog F, =1 Hz, n cuyvotta

1
Fy= % Hz givan emiong yevdég avtiypago g F|, Ommg ko 1 cuyvotnto F, = %

Hz, kot yevikd 0iec ot cuyvotreg F + k1 1 yevikdtepa F, + kF,, dmov k=1,2,...
YUVETMG, OAEG AVTEG Ol GLYVOTNTES Elval Yevdn avtiypaea (aliases) Tng cuyvotntog

F, = 1 Hz.
8
evikd, n derypatoAnyio TOL NUITOVOELBOVG GTLOTOC GUVEYOVG YPOVOD
x,(f) = Acos(2xnF it + 0) (1.20)
pe puOpo derypatonyiog F, = 1/T, pag divel 1o d10kpitov ¥povov G

x(n) = Acos(2zfyn + 6) (1.21)

omov f, = F/F, eival 1 oxeTikn} ouyvotnto ToL NUITovoedons. Av Bemprcovpe 0Tt

F F 1 1
—7S <F< 7S , N oVYVOTNTA f; TOL X(1) BpiokeTal 6TV TEPLOYN 3 << > n

0TO10l AVTITPOCMOTEVEL TN POCIKY TEPLOYN GLYVOTNTOV TOV CNUAT®V SOKPLTOD YPO-
VOL. TNV TEPIMTMOON OVTY|, 1) OTEKOVIOT TNG F|y 6NV [, lvar éva—mpoc—Eva, Kt €161
glvat duvartn 1 gvpeon (AVOKATAGKELT) TOV AVOAOYIKOD GNUATOG X, (f) amd Ta dely-
pota x(n).
Ao TV GAAN TAELPA, £V TO AVOAOYIKA NULTOVOELON:

x,(f) = Acos(2nFt + 6) (1.22)
OOV

Fo=Fy+kF k= %1, £2, .. (1.23)
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IxApa 1.8
Awapopetixd nui-
TOVIKG, GHUOTA
OVTITPOTWTEDO-
vTau amo T, o1,
oelyuoza

VROGTOVV detypotoAnyia pe puBud F,, elval avepd 611 1 cuyvotta F) Ppioketal

€KTOG TNG POCIKNG TEPLOYNG CLYVOTNTOV —% <F< % M Tvvende to onpa mov

mpoNnABe amod detyplatoAnyia 1IGoVTAL LE:

x(n)=x,(nT) = Acos(an%kEvn+9):

s

= Acos(sz%+8+2nkn)= (1.24)

s

= Acos(2nfyn+6)

TO OTO{0 GULUTIMTEL LLE TO SLOKPITOV Ypdvov onpa g oxéong (1.21) mov mponibe omd
v detypatolnyio Tov avaloyikov onpatog (1.20). Eropévemg, Evag dmeipog appog
NULTOVOEO®V GLVEXOVS YPOVOL AVTITPOCOTEVETAL OO TO 1010 GHVOLO JEIYUATMOV
Eymua 1.8). o mapdderypa ot cuyvotntes (£)) 2,5 kHz, 5,5 kHz, 8,5 kHz, ..., 30,5
kHz, ... dev Egympilovv and ) cvyvotnta (F,) SO0HZz yio cuyvdtta detypatoin-

yiag (F,) ion pe 3 kHz.

Apa, av dlvetol To GUVOLO TOV SEYUAT®V X(71), VITAPYEL ACAPELN MG TPOG TO TOLO
OVOAOYIKO OGN X, (£) AVTITPOCHOTELOVV ALTA TO. Ogtypata. Me dAha Adyla, HTopov-
He va. Tovpe Ot o1 cuyvotnteg F = Fy+ kF,, k= £ 1, £2, ... dev pmopodv va do-
KpBovv amd TV cuyvoTTa F) LeTd T deryatoAnyio Kot GUVERMS OAES AVTEG gtvor
yevdn avtiypaga (aliases) g F. To pawvdpevo avtd ovopdletal paivouevo youn-
A00 (avemaprovg) pvOuod deryuotoinyiog (aliasing), M| pavouevo paouatikig emni-
xkaloyng (spectral overlap). To awvopevo owtd pag givol YvooTo omd TG KIviHoTo-
YPOPIKEG TOVIES, OTIC OTOIEG TOAAEG POPEC TAPUTIPOVLLE TOVS TPOYOVG MG GpLagog
va meploTpéPovTat avtifeta Tpog v Kotevbuven kivinong g duacog. Avtd oei-
AETOL GTO YEYOVOG OTL 0 PLOLOG AMYNG TV «Kape» (puOuds derypatoinying) sivon
UIKPOTEPOG O’ OGO TPEMEL Y10, VO KTPOAAPOVILEY TNV TEPIGTPOPT] TOV TPOYDV.

[1T H ovyvotmra FJ/2 (1 avtictowyo o = x) ovopdletor ovyvotnta avadiriwang (folding
frequency).
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Mapadeiypa 1.4

Atvetan 1o avaroyikd onpa x,(f) = 2cos100zz. (o) Na mpocsdiopicete tnv erdylot

GLYVOTNTA OEIYUATOANYIOG TOV OOLTEITOL, MGTE VO ATOPVYOLVLLE TO POIVOUEVO TNG

YOLUMAOD pLOLOY detypatoinyiag (aliasing). (B) @swpnote 6Tt Aapdvovtot detypota

Tov onpatog pe pudud F, = 200 Hz. ITowo To ofjpa dtokpitod ypodvov to onoio Ha wpo-

KOyer petd ™ derypatoinyia; (v) Eravalafete to epamua (B) yio pubud deryparto-
F

F
vriag £, =75 Hz. (8) ' F, = 75 Hz, mowa | cuyvotta F, 610 —7‘Y <F< js ,

TOV MUTOVOEWOVG TO 0m0ol0 divel Ta 1d1a akpidg delyplata e eKElva TOV THPOLLE
otV mepintwon (y);
Avon

(o) H ovyvotnta tov avaroywkov onpatog eivol £ = 50 Hz. Apa 1 eldyiotn cuyvo-
™To SEIYUATOANYI0G TOV amatteital, Yio vo amo@hyovpe To eowvouevo aliasing
Oa mpémer va givon F, = 2F = 100 Hz.

(B) Otav F, =200 Hz, tote t0 onpa dtokptrod ¥pdvov mov maipvovue eivat:

T
n=2cos—n

x(n)=2cos 100z 5

(v) O pvBudg derypotornyiog tv 75 Hz etvan pikpdtepog antol mov amotteiton yio
va. amo@Oyovpe To @avopevo aliasing. To onpa dtakpttod ¥pdvov Tov Taipvov-
pe gtvor oy mepintmon avtn:

IOOnn: 2cos4—ﬂn= 2cos 271—2—” n= 20082_7rn
5 3 3 3

x(n)=2cos

H ocvyvomnta tov onpartog etvon = 1/3, dnhadn F/F, = 1/3 1 F =25 Hz apov
F,=75Hz.

(0) Ao ) oxéon (1.23) yvopilovue ) cuyvotnto F, = F (Tov GTNV TPOKEUET
nepintwon givor 50 Hz), ™ cvyvotnta detypotoinyiog F, (Tov 6ty TpoKeLpé-
n mepintoon glvar 75 Hz) ko ntodpe va tpocdiopicovpe ) cuyvdmta F, g
Paoikng weproyns ovyvorntwv. Etol, épovue Fy = F,—kF, = 50-1-75 = -25 Hz.

F F
(Aworé€ape k=1 yuoti povo avtn 1 TIUn divel —7‘9 <F< 7S ). Apa, Yo TO
pvOuod derypatonyiog twv 75 Hz, n cuyvomra F = 50 Hz givon éva ywevdég avri-

YPOPO NG cLYVOTNTAG TV 25 HZ.
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Aoknon Autoa&ioAéynong 1.1

Amd avoroyikd ofjpa cvyvotntog 100 Hz AapBavovue detypoto pe cuyvotmtes (o)
75 Hz xou (B) 150 Hz. Xe moteg ouyvotnteg Oa avtiotoyyobv ta delyparta tov Oa
TPOKOYOLV;

Aocknon Auroa&ioAoynong 1.2

Oewpnote to avoroyikd onpato x,(¢) = cos(60xt), x,(¢) = cos(140x1), x5(f) =
cos(260zxt), ta omoia voioTavTor opotdpopea detypoToinyia pe cuyvotmta 100 Hz.
[Moa givan ta e€oydpeva onpuato dlakpiTod ¥povo;

Aocknon Auroa&ioAéynong 1.3

O pvOudg derypotoinyiog Tov onpatog x(¢) = sin(zt) + 4sin(37zf)cos(2xt) eivon 3
kHz. Xe moleg cuyvotnteg Oa avtiotoryolv To, deiyato tov 0o TpoKkdhyouy;

Apaompiomra 1.1

[Ipoteivete 600 GLYVOTNTEG O1 OTOIES VoL STVOLV Ta. 15101 OETYLOITO, [LE CUTA TOV GTLLOL-
T0G X(¢) TN doknong avtooslordynong 1.3, 6tav o pvOudc derypotoinyiog gival
3 kHz.

KBANTIZH ZHMATQN ZYNEXOY2Z-TINATOYZ

Kfavrion (quantisation) ovopdaletal 1 S100tKoGio TS HETOTPOTNG EVOG GNIUOTOG dlai-
KP1Tov YPOVOV GLUVEXOVC—TAGTOVG GE YNPLOKO GNUa, EKQEPAlovTag TNV TN KaOe
detypatog g éva apuod pe menepacuévo mAnog ymoeiov (ovti yuo dreipo tAnog
yMoeilwv Tov arotteitol yio kdbe cuveyoOc—TAATOVS TIUN).

To GEaAL TOV VTEIGEPYETOL OO TNV OVOTOPAOTAGT TOV GNUATOG GLUVEXDV—TILOV
pe évo memepacuévo TAN00g SoKkpltOV—TIU®V, ovoudletol opatua kfaviiong
(quantisation error) 1| #opvfog kfavtions (quantisation noise). Av x(n) gival ta deiy-
pata £16680v otov KBavtiot Kat x, (1) N akolovbia twv kKBaviicuévev derypdtov
™G €060V ToL KPavtioTy, T0TE T0 6PAina KBAvTiong givar n akorovbia e (n), n
omoio, opileTan ®¢ 1 SLPOPA TG TPAYUATIKNAG TIUNG 0o TNV KPavTIoUEYT TN, Snio-
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o e (n) = x(n)-x,(n). o Zyfpa 1.9 paivetor mopactatikd to amotéreopa me kPA-
VTIONG TOV SEIYUATOV EVOG AVOAOYIKOD GNUOATOG, KAOMDS Kot To PaAua KBavtiong.

I'a Tov meplopiopd Kabe detyporog 6to embouuntd TAN00G Yneimv, YPNCILOTOUGOLLE TN
uebodo g apoyyvloroinons (rounding) Ko oyl g amoromns (truncation). Ot TIHEG TIC
OTOlEC EMTPENETOAL VOL TOUPVEL EVOL YNOLOKO GTLL0L, OTOTEAOVY TOL AEYOUEVQ ETTITEDD. K-
vriong (quantisation levels), evd 1 andotaon HeTa&D dVO MUSOYIKOV EXUTEd®V KPAvTL-
ong ovoudletan frua kfavuong (quantisation step) 1 draxprtiky tkavotnto | ovalvon
(resolution). Katd ™ otpoyyviomoinem, o kPavtiotg omodidst ot cuveyr Ty x(72) v
TIUN TOL TANGIEGTEPOL EmmESOL KBAvTiong. Etot, o opdipa kBavtiong e (n) kopoive-
T 6NV TEPLOY HeTagD —A/2 kon A2, Snhadr ~A/2 < e (n) < A/2. To Bfipa kBévtiong
A opileton G A = (XX min)/ (L—1), OOV X, Xy EVOL M LEYOADTEPT] KO LUKPOTEPT)
Ty Tov x(n) avtiotoryo, kot L to mA00og tmv emmédmv kBavtionc. H S1apopd X, X min
amotelet T dvvoyurn mepioyn (dynamic range) Tov GIUOTOG. XTIV TEPITTMGT) TOL ZyN-
patoc 1.9 &yovpe x, . =7, X,

min = 0, L =8 xau gpa A = 1. [lapatmpnote ot1, av 1 duvopu-
K1 TEPLOYN TOL GNUATOG vt kKaBopiopévn, TOTE aENon Tov TABoVE TV EMITEdWY
KkPdvtiong L, cuverdyeton peimon tov Prjpatog kBavtiong. Emopévmg, to opdiua kKpd-
VTIONG HELOVETOL, ONAadT|, av&dvel 1 akpifea tov kBavtiot. Ta eninedo kPdvtiong L
glvat cuvapnon tov TANnBovg b Twv dvadikdv yneiov (bits) g AEEng Tov ypnoiLo-
TOLOVLLE Y10, TV avVOTopacTtooT Kabe 6elypotog, Omme 0o 6001E 6T0 OUECHS ETOLEVO
€600 TOL KOOKOTOU|TH. ATOSEIKVVETOL OTLYL0L TLUTOVOELON GYULOTO, O AOYOG TOV OO~
10¢ TPOC T0 HOPLPO KPAVTIoNG owERvETON Kartd mepimov 6dB yio 1kdOe smumdéov bit wov

npoctifetan 6To PiKog AEENG, SNAadN Yo Kabe STAAGIOGUO TV EMTEd®V KPAVTIONG.

Amd 1o mopomdve yivetal gavepd 6Tt 1| KPAVTION aVOAOYIKGOV GMUATOV 0dnyel
ThvToTE 68 amMAELD TANpoopiag, e&attiog Tng acdpelag mov vt swodyet. [Ipdy-
pott, n KPavtion givar pio pn ovTioTpent| Stodikacic, apod OAa To SElYHLOTO G OTO-
otoon A/2 yopw amd évo eninedo KPAVTIONC, AVTITPOc®IEHOVTAL 0Td TNV 1010 TIUT.
YUVENMG, 0eV umopovpe moté va eEadeiyovpe to B6pvfo kPavtiong, mapd LoVo va

TOV HEL®GOLUE avEAVOVTOG Ta emineda KPAvTiong L.

[2] YmevOopileton 6tito dB (decibel) opileton wg 10 log,((Py/P,) = 20 log,(V>/V}), 6mov pe
P, V copforifovpe v 1oy Kot TV 140 £vog onpatog avtictotyo. To dB avtictouyel
oto 1/10 tov Bell, povddo 1 omoio opictnke ko kabiepddnke and tov Alexander Graham
Bell, o omoiog avakdivye 6t T0o avBpodTvo avti amokpiveTot Aoyoplduikd otig dtogo-
pég oyvos. 'Etot, 3dB onpaivetl 61t £yovpe dimhooiacud g wwybdog (P, = 2P)), eve —3dB
onuaivetl 6Tt yovpe vrodmAacstocud avtig (P, = P,/2). Avagpepdpevol otny tdon, 6dB
onuaivel dSimhaotacpd g taong (V, = 2V,), evad —6dB onpaivet 6t £yovpe vrodimia-
olacpo avtig (7, = V,/2).
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KQAIKOMOIHZH TON KBANTIZMENOQN AEITMATON

Katé ) dradikasio g Kodtkoroinong 6° £va LETATPOTEN AVUAOYIKOV—GE-YTPLOKO,
£VOG HOVOSTIKOG dLOSKOG aplBpog exympeital o Kabe eminedo KPdvtione. Av éyovpe
L eminedo kPévtiong, xpetaldHooTe TOLVAGYIGTOV L S10popeTIKOVS dLAOKOVS aptOovG.
Me éva pmkog AéEng b bits pmopodpe va égovpie 2° Stapopetticodg Svadtkong aptOpovc.
Apa, npémet 2° > L 1 10odvvapa b > log,L. 1o mopadetypa tov Zyiuatog 1.9 xpnot-
LOTOMGOUE EVav Kodlkoromt 1e b = 3 bits. 1o epundpro vdpyovv dabéciot peto-
tpomeic A/D pe axpifeto péypt kon b = 24 bits. XopaktnploTtikn givot 1 Tepintwon tov
povoik®v CDs, 6mov ypnoyomotovvtaol petatponeic A/D akpifeiog 16 bits.

IxApa 1.9
; 7
Kpavuon ko -
x (n) , .
KwoIKOTOINoN 6 ‘/ 7 x(n) / Eninedo kBdvtiong

onuatog \ /"\{ () ] |

x(n) i Y \ /¥ i \( / N 4 BiuaxBaviiong
3 \/ V/ \\ / f
2

1

.\

0

Twée deypotov 4 6 7 3 4 5 6 5 1 2 5
Avoducég Tipég 100 110 111 011 100 101 011 101 001 010 101

Z‘P‘”‘WLLTLLLTTT

Idgvoyn evornrag

2TV evOTNTO. 0TI YVOPIGaLLE TOVG O1ApOopoLS TUTOVG onudtwy. Eidape Tig dtopopég
UETOED TOV OVOAOYIK®Y GNUATOV, TV CTUATOV SIOKPITOD ¥POVOL KoL TOV YNOKOV
onudtov, kot aoyoindnkape S1eEodtkKd e T LETATPOT EVOG AVOAOYIKOD GT|LLATOG GE
ymowoo. Eyve @avepd 0tim petotpomn avth omoptiCetan amd dVo KOpLeg, OAMG ove-
Eaptnreg petasd Tovg, S10dKacieg: T deryuatoinyio, 1 omoia, £XEL GYECT] LE TO TOGO
GLYVE TOUPVOLULE Ta SElYHOTO, KOl TN KBavTion, 1| ool £(EL OXECT LE TV aKpiPela
OVATOPACTOOTG TOV TAGTOVG KaBe detypatoc. Me dAha Aoyia, 1 detypotonyia £xet
VoL KAVEL E TN oUYVOTHTO. TOV GCUATOC, EVO 1 KBAVTION LE TO TAGTOS TOL GUATOC.

* To Bedpnua derypatoAnyiog pag AEeL OTL 1 GLYVOTNTO dELyHaTOAN YOG TPETEL
va ival TOLAYIETOV SIMAGGIH TNG UEYIGTNG GLYVOTNTOG TTOV TEPLEYETOL GTO G0

a6 to onoio Béhovpe va AdPovpe delypata. Av avtd de cupfaivel, TOTE TOPOL-
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o1aetal To PAVOLEVO TNG YOUNAOL pLBLoD detypatonyiog (aliasing).

* H ymolomoinon tov mAdtoug evog onpatog seayet £vo 00pvfo, 1o Aeyouevo
086pvpo kPdvTiong, o omoiog, 660 mEPIGGHTEPQ EMIMEDN KPAVTIONS Y P CLOTOL-
ovue, ONAad 660 TePlocdTEPQ bits ¥pNGIUOTOLOVLE Y100 TV AVOTAPAGTACT TNG

KAOe TIUNG TOV TAATOVG, TOGO KPOTEPOG YiveTaL.

1.3 Ifpara Siakpitou Xpévou

Xy evémra ovt 8o acyoinBolie e Ta opata dtaKpltov ypdvov. Bo yvmpicovpe
TaL 0 PaciKd GNUATO SLoKPLTOL YPOVOV, KOOMG Kol TIG GTOIYEIDIELS TPAEELS TTOV
epappolovtat og T€To0L gidovg onparta. Oha avtd Bo aroteAécouvy Ta epyaieio Ta
OTOPOITNTO Y10, TN HEAETY] TOV GLGTNUATOV KOl TNV AVAALGT TOV CNUATOV Tov Ba
LOG OTaGYOANGOVY G€ OAN TNV €KTOOT aWTOV TOL PiAiov.

1.3.1 Baoika orjpara Siakpitou xpoévou

To onpata mov Teptypdpoviat ot cuveyelo Bempoiviol og ta Pacikd (GToLyELDN)

onpata dtoukpttod ¥pdvou.

o) Movadiaio deiyua (unit sample) N povadiaio kpovotiky axolovfio (unit impulse

sequence): Eivat to mAéov Bacikd onpa dtakpttov xpovov 1o omoio opileTon og:

I, n=0
o(n)=4 "~ 1.25
() { 0, n#0 (1.25)
B)  Movadiaio fruoatiky axolovbio (unit step sequence): Opiletal mg:
1, n=0
u(n)y=3 "’ 1.26
() { 0 neo (126)

v) 2Zrabepn axolovbio (constant sequence):

x(n) = A4, —oo < p < oo (1.27)
d) Ipoyyiry axolovbio (linear sequence):

x(n) = An, —oo < pp < oo (1.28)

Ol KUHLOTOHOPPEG OA®V TOV TOPATAV® CNUATOV Qaivovtal ota Zynpato 1.10
g won 1.13.

€) ExOeuxn axolovbio (exponential sequence):
x(n)=a", —oo <y < oo (1.29)

H axoAiovBio avt mtapovcialet wdiaitepo evdopépov. H poper| g e€optdrar amd
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™V TN tov a. 'Etot, av a Tpayuatikog aptBpdc, tote autr| ivat pBivovoa ya |af
<1 (Emua 1.140,p) ko avéovoa yo ja| > 1 (Zyqua 1.14y,0). Av a pryadikog optd-
nég, Sradn a = ré®, 161e x(n) = r'é”" Y x(n) = ¥' [cos(wn) + j sin(wn)]. T r =
1 10 TPy LLOTIKG KOl OVTOCTIKG LEPOG EIvaL OVTIGTOLYOL Lol GUVILULTOVIKY] KOt Lo
nurrovikn akoAovdio otabepov TAGTOVE TG LOPPNS ToL ZyAuatog 1.15a. T r <
1 &govpe eOHivovseg NuIToviKEG akolovBieg Tng Hoperg Tov ynuatog 1.15B ko
v 7> 1 €yovpe odEOVGEC NLUTOVIKEG akolovBieg TG LOpPNG TOV Zynuatog 1.15y.
d(n)

; mHHNmnm,,,,,,......

n
2 -1 0 1 2 ()
IxApa 1.10: Kpovorikn axolovbia

e ([(ITTTf, ,*,‘,‘,‘,‘...
| RLEAAEAR

S5 0 0 1 2 3 ®)
IxApa 1.11: Byuazxi axolovbia 1
x(n)
A
...;997??fTTTTTITII({[{{ _
NN R )

3 2 -1 0 1 2 3
IxApa 1.12: Z00spn axolovbio

ik LLLINY S I ) ?TTTI[[
34 ¢

PN

1 ©)
oo o203

24 IxApa 1.14
ExOetixn axolovbio x(n) = a" yia a mpaypotixo xai (a) 0
Ixnpa 1.13: I popyiky axolovlia <a<l, P)-1<a<0 (y)a>1xka (0)a<-1
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()

B)
-------------- ey IxApa 1.15
-?TTTTTTT? TW{ . .
A | l J J J J [ n Tpagiki) avomepdotac tov Tpoyuati-
-------------- K00 1] povTaoTiKoD Hépovg e exbeti-

K¢ axolovBiag x(n) = a" yia a pryodi-
K6 (a = ré®), émov (o) r =1, (B) r < 1
(v) Kar (y) r> 1

1.3.2 Xroixeiwdeig npakeig

OAIZOHIH ZHMATQN AIAKPITOY XPONOY

H pobnuatikny meprypoaen g odicOnong kot n katavonon avtng sivat Koiptog onpo-
olag. o Topaderypa,  oAlcOnomn g povadiaiog KPOLGTIKNAG KOTA 71, LOVAOES (Oely-
pata) opiletot og:

1, n=n,

5(n—n0)={
0, n=#n, (1.30)

210 Zynua 1.16 aivovion ot cuvaptioelg 2-6(n—3) kot 2:d(n + 3).
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IxApa 1.16
Ipagixéc mopo-
OTAOELS TV [LOVa-
oraiwv axoiov-
Gicov

(o) 20(n—3) xou
(B) 26(n + 3).

Ixqua 1.17
I'pagixés mapa-
OTAOELS TV Lo
KOV 0K0A0VOIOY
(a) Au(n-2),

(B) Au(n + 2) kou
(y) Au(-n + 2)

20(n-3) 20(n+3)
2] 2

2 -1 0 1 2 3 4 4 3 2-1 0 1 2 3
(o) ()

Me 6poto Tpomo opiletan Ko 1 oAcOnuévn katd 7, povadiaio Pnpoatikn akoiovdio:

1, nzn,

1.31
0, n<n, (131

u(n—ng)={

Y10 Zynua 1.17 eaivovrol mapadeiypota ohicOnong piog Pnuatikig covaptnong
Kkatd 6vo detypata (n, = 2).

Au(n-2) Au(n+2) Au(-n+2)
A A A
L T T
2-1012 34 4-32-10123 4-32-101234
(o) ® )

[Mopotmpovpe 6TL 1 un UNdEVIKN T HOG KPOLGTIKNG PpiokeTol kel 0o to Opt-
ope g o(+) yivetar undév. Opota, pio frpotikn akoiovdio etvor pun undevikn yio
eKelveg TIC TIEG Yia TIC omoiec To Opiopa TG () etvan peyaAdtepo 1 160 Tov Unde-
voc. [a mopddetypa, pio kpovotikn akolovdio pe mAdtog delypotoc 4 ot 0éon n =
3, exppaleton g 45(n—3). Mia Pnpotikn akorovbio mAdtovg —2 yio Oleg T1g OeTikég
TIWEG TOL 1, KaBmG Ko Yo 72 = 0, exkppaletor wg x(n) = —2u(n). H koTonTptKy] 00T
MG TTPOG TOV GEOVA TV GVVIETAYUEV®V givarl 1) x(—n) = —2u(—n). Avth &gl TAATOG
=2 Y100 OAEG TIG APVNTIKES TIHEG TOV 71, KaBdG kot Yo 7 = 0. H oAicOnon avtg kotd
4 B¢oe1g Tpog T aplotePd Ba pog ddoet TV akolovdia x(—n + 4) = 2u(—n + 4).

Eipaote tdpa og B€om va dodpe e0KoAd OTL 01 GYEGELG TOV GLVIEOVV TNV KPOVOTL-

K1 Ko TN Prpatikn akoAovdio eival ot €€MG:

u(n) = Z S(m) (1.32)

m=—oo
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o(n)=u(n)—u(n-1) (1.33)

I'evikd, n axolovbio x(n—n,) eivar Eva avtiypapo g x(72) To omoio £yl VTOGTEL OAL-
oOnon. ' 1y, > 0 €yovpe pia 6e&1é odicOnon n onoia 1wodvvaypet pe kabvotépnon
(delay) tov onpatog, eved yuo ry < 0 £yovpe pia aplotepn ohicbnon n onoio 16odv-

vapel pe Tponynon (advance) tov onpartog.

TENIKH TTEPIFPA®H AKOAOYOIAZ

Omnowodnmote onpo x(n) propei vo ypapet og dOpotspa oMcoONUEVOVY KPOVGTIK®OV

SEYUATOV TOAAATAACIAGUEVOV LE GUVTEAEGTEG BApoug:

+oo

x(m)="Y x(m)d(n—m) (1.34)

INo va yiver aotod kotavontd, og dovue to Zynua 1.18. H Ad(n) Bpiocketon oty apyn
TV aEOVeV, evid 1 Ad(n—m) Ppioketar oto onueio n = m. 'Etot n akolovbia x(n), pe
{x(n)}=4...0,0,-2,2,3,2,0,-1,2,0,0, ...}, 6700 Le £VTOVT YPOPT KOL VTOYPALL-
pom onueidvetol n ypovikn otiyun 7 = 0 (otoyeio 3), pwopel va meptypaeet og:

x(n) =...20(n+2) +20(n+1) +3d5(n) +2d(n-1)—on-3) +26(n-4) +... =
=... +x(-2)0(n+2) +x(=1)d(n+1) +x(0)o(n) +x(1)d(n-1) +x(3)d(n-3) +
x(4)o(n—4) + ...

Kot yeVIKA pokOmtel 1 oyéon (1.34). H oyéon avtn etvar moAd Pacikn kot Oa pog
Bondnoetl oty katavomon g cuvélMéng (convolution), 6tmg o dovue aVOAVTIKA
oty gvotnta 1.4

x(n)
Ad(n) Ad(n-m)

A A

(o) B )

IxAipa 1.18

H povooiaia
KpOVaTIKI TV
TEPIYPAPT] OTOIOV-
ONTOTE GHUATOS
O10KPITOD YPOVOD
x(n):(a) Ad(n), (B)
Ad(n—m), (y) x(n)
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Acknon AuroaioAéynong 1.4

No ex@paoete ToV TOAUO dlaKkplTol ¥povov p(n) tov ynuartog 1.19a mg cuvdva-
ouo PruoTikdV aKoAovdimY.
p(n) g(n) x(n)
1 4
[ [ [ n _ =5-4-32-1 [0 n . .
2101 234  [|]] 12345 2101234
) ® )
Ixnpa 1.19
2ot O10KpIToD YPOvoo.

Apaompiomra 1.2

Na Bpeite tig exppdioeis yio ta onpota g(n), x(1) tov Zynudatov 1.19 kot 1.19y.

IUgvoyn evotnrag
Yy evotnto auth opicape Orec TIc faoctkég akolovdieg (kpovoTikn, Pnuatikn,
eKDETIKN) KOl YVOPIGANE TIG OTOLXEIDOELS TPAEELG TOV UTOPOVUE VO EXOVUE G

oVTEG. XT1) GLVEYELD, eldaE OTL OTOLOONTOTE GO SLOKPLTOV YPOVOL UTopel va

EKQPACTEL MG YPOUUUIKOG GUVIVUGUOG LOVASIAIOY KPOVGTIKMV.

1.4 Tuompara SiakpiTou Xpovou

"Eva suotpo dtokptrod xpovou givar ekeivo mov déxetat pio £i160d0 S10KpLTon ¥po-
vov x(n) ko wopdyet pio €£000 emiong dtakpirov xpdvov y(n) (Xympa 1.20). Ta
cvotuato pe to omoio Bo acyoAnbode oto Piprio avtd £xovv 600 Pacikd yapo-
kplotikd. Eivon ypouird (linear) ko ypovikd ouetafinta (time—invariant). ®o
avaeepopoote 6° avtd pe tov ayyhkd 6po LTI (Linear Time—Invariant) yia Adyovg

cuppatotntog pe tn o1ebvn PiAoypapio Kot EVKOAING TOV GTOLSUGTY.

TI'pappuiro ovopdletor évo GOGTNO GTO OTTOT0 1GYVEL M apxH THS VIEPOeonS. XVyKe-
KPLLEVa, €6V 1 £{6080G TOV GLGTANNTOG, TO 0TOi0 APy BpiokdTay oe Npepiol),

[3] Apywn npepia onuaivel 0Tt 6To GOGTHO OgV £xEL EPOPLOOTEL Kapio diEyepon (£16000¢)
TP Ao TN YPOVIKI GTLYLN 71 = 1y, KOTA TV ool epapuooTKe 1 €i60d0G X(1).
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x(n) ——— » [T0oTnuo Alokpitod Xpovor|— = y(n)

amoteleital omd Evo YPOUUIKO GLUVOVAGHO GNUATOV, TOTE 1) ££000G TOV GUGTAATOS
(amdkpion) Ba 1600TON PE TO YPOUUIKO GUVIVUGUO TMV OTOKPICEDY TOV EMUEPOVS
onuatmv, cav avtd va elyav epappocdei to kabéva yowprotd. Madnuotikd ovtd
exppaletal g eENg: av y,(n) eivat 1 amdKPIGT TOL GVGTNUOTOS TNV €1G000 X,(7)
Kot y,(7) €lvan 1 amdKpion ovTo 6TV €16030 X,(11), TOTE 1 ANOKPION TOL GUGTH -

T0G otV €l60d0 ax (n) + bx,(n) Ba etvaw ay,(n) + by,(n), 6nov a, b ctabepic.

Ag €EETAGOVLLE TIC TEPUTTMGELG EVOG YPOULKOD KoL VOGS LT YPOLUKOD GUGTIHLOTOG.
"Evo mapddetypa ypappikoh cusTiHaTog £ivatl avtd Tov 0mtoiov 1 ££000¢ 1IGOVTAL LE
y(n) = x(n)—x(n-1). o elcodo x,(n), n €€0dog Tov cuotpatog Ba eival y,(n) =
x,(n)—x,(n—-1). T €icodo x,(n) n €Eodog ToL cvotnuotog Oa elvar y,(n) =
Xy(n)—x,(n—1). Av T1Opa e@aproOGOLE OG E1GOJ0 X4(71) TO YPOUUKSO GLVIVAGUO TOV
dvo mponyovEVOV akolovBidV £16650V, AN x;5(1) = a x,(n) + b x,(n), N €€0d0¢
;(n) Tov cveTHuaTog Ha IeovTOL UE:
y3(n) =xy(n)=x3(n=1) =[ax,(n) + b xy(n)] - [a x,(n—1) + b xy(n—1)]

= alx,(n) —x,(n=1)] + b[x,(n) —x,(n=1)] = ay,(n) + b y,(n)
apa., woyveL N apyn g veEpHeonc.
"Eva mopddetypo un Ypoppkoy GueTHIaTog eivat ekeivo to omoio Topdyel otny €000
TOV TO TETPAY®VO NG £16650V, NAadh (1) = [x(n)]*. T1o gicodo x,(1) N £Eodog Tov
ovothuatog Oa etvon y,(n) = [x,(n)]*. T'o £ic080 x,(1) N £€080¢ TOL GLGTHNATOC Ot
givan y,o(n) = [x,(n)]*. Av 1dpa QoppocTel 6TV £i6080 TO SN x5(n) = ax,(n) +
bx,(n)  é€odog Ba givar:

ys(n) = [x3(n)]2 = [ax1 (n)+bx, (n)]2 = [ax] (n)]2 + [bx2 (n)]2 +2abx,(n)x,(n) =
=’ y(n)+ b yy (n)+2abx,(n)x,(n) # ay,(n)+ by, (n)

Xpovikad auetdafiinto ovoudletal £Vo GUGTIE TOL OO0V 1) GUUTEPLPOPE KOl OL
1010t TEC 0V aALGLoVV e TO YpOVO. AVTO onUaivel OTL fua yPOVIKY oAicBnon g
€16660v o avticToly el o€ ypovikn oAicOnon g e&d6dov. Me aAla Aoyia, ebv y(n)
elvar 1 €€000g evOg YpoVIKE oUETAPANTOV GLGTAKATOG Yo €i6000 X(72), TOTE Y(N—",)

Ba etvar ) £€€0d0g avTol Yo €l6000 X (1—7,).

Evoralbés (stable) ovopdleton £va cOGTNUA £G4V KaL (OVO GV KGDE PPOYUEVH EIGOOOS

Ixnpa 1.20
Teviko diaypoyo
OVOTHUATOS OLa-
KpITOD YPOVvOD
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mopayer uio ppoyuévy éGooo (Bounded Input Bounded Output, BIBO). Me dAda Adyia,
évaL TET010 VoA LG eEAcaAilel OTL 660 1 €lcodog mapapéver ppaypevn (x(n)| < M,
< e0), 1 £€0d0¢ 6 Oa amerpiletan ([y(n)| < M, < o) yia OAa Ta 1, 61OV M, M, Memepa-

opévot apilpol. Ze SloPopeTIKN TEPIMTMGT) TO GVGTN L ovopaleTot aotaféc (unstable).

Artiato (causal) cuotnpa gival ekeivo Tov omoiov 1 €€0d0g, o€ KAbE Ypovikn oTLy-
un, eEapTaTon LOVO amod TIG TYLES TOV GNUATOS E1GOO0V GTNV TPEYOLGA YPOVIKT GTLY-
L] KOl GE TIPOTYOVUEVEG YPOVIKES OTLYUEG. Me dAda Aoy, ot petafforég oty €600

€vOG TETOLOL GLGTILLOTOG EIVOL OTOTEAEG LA TOV PUETABOADY TNG E1GOS0V.

1 ovvéyela, Oa e€etdoove TN oNUAGIO TG KPOVGTIKNG 0mdKPIoNG LovodldoTa-
TOV GLGTNUATOG dLakPLToY ¥PdVoL Kot Ba dodpe 6Tl pe T fondetd ™ umopoliLe,
HEG® TNG TPEENG TNG GLVEMENG, VAL LITOAOYIGOVLE TNV ££000 £VOG YPOLLLLKOD GLGTN-
HOTOG S10KPLTOD YPOVOL Y10, OTTOLONTOTE £1G0J0.

Napadeiypa 1.5

Na yopoKTNpIicETE T0L GLOTHUATA TOV TEPLYPAPOVTOL AT TIG EMOUEVEG GYEGELS E1GO-
00V—€EGO0V, MG TPOG TIC IOLOTNTES TNG YPOLLUKOTNTOS, TG EVOTAOELNG,TNG YPOVIKNG
petafANToOTTOG Kot TG oUTIATOTNTOG.

a. y(n) = 3x(n)-2x(n-1) v. y(n) = nx(n-2)—x(n + 3)
B. y(n) = x(n) + 2y(n-1) 6. y(n) = cos[x(n)]
Adon:

To 300 TPOTO GLGTAKATA EIVOL YPOUUIKE, @OV 1 ££000G LITOAOYILETAL MG YPOLLUL-
KOG GLUVOLOUGOG OELYUATOV TNG EI0OS0V KOl TPONYOOUEVOV TIUDV TNG £6000v. To
Tpito choTNUa Etvatl ETioNG YPOALLIKO, AoV 1oy)beEL 1] apyf TG veépBeonc. To Tétap-
7O givol Un YPOUUKO GOGTN L.

Q¢ poc Vv gvotdbelo, To deVTEPO GVOTN A dev ivan evoTabéc. [a va yivel avtd
KoTavonto, ag Dempnoovpe 0Tt 6TV (6000 TOL GLGTAUATOG EPAPUOLETOL 1) PPOLY-
pévn axorovdio x(n) = Cd(n), 6mov C otabepd. Bcmpovyle emiong 0Tt TOo GuoTUa Bpi-
oketal o€ apykn npepia, ondte y(—1) = 0. H akolovBia e£6d0v mov mapdystot stvar:

»(0)=C-6(0)+2-y9(-1)=C-1+2:0=C
y(1) = C-6(1) + 2:9(0) = C-0 + 2-C=2C
¥(2) = C-6(2) +29(1) = C-0 +2:2C=2°C

y(n) = C-6(n) + 2-y(n—1)=C-0 +2:2"'C=2"C
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Emopévac, yiveton @avepo, 6t 1 ££0806 givan pn @parypévn Kot 1o suetna eivor BIBO
aotaféc, apod pio epayuévn €16000G el MG AMOTELEGHLO, Lo, 11 @parypévn ££0d0.
MetaAnTo e To ¥pdvo glvat T0 TPito GHLGTNLA APOV O CLVTEAEGTNG 7 OV gival 6Ta-
0epdc oALG petafaiietal S10pKOGC.

Télog, To Tpito cHoTNA Oev ivat arTlatd ool amalTel YVMOON HEAAOVTIKOV TILOV

g €16600V.

Aoknon Auroa&ioAoynong 1.5

E&etdote av 10 ovotnua y(n) = 3x(n) + 3 eivor ypoppiko.

Aocknon Auroa&ioAoynong 1.6

E&etdote av ta cvotiuata y(n) = nx(n) ko y(n) = x(2n) ivar xpovikd apetdfinta.

1.4.1 KpouoTtiki) anéxkpion cucTiparog

Ag BuunBovpe tn povadiaio kpovstikn akoiovbia d(r). Avti €xet i 1 yion =0
kot Tiun 0 orovdfmote aAlov (PA. Zynua 1.10). Epappolovpe avtd to onpa otnv
€l0000 evog LTI suotipatog d10kpttov xpovou, To 0moio apyikd npepel, Sniadn
epappolovpe pia diéyepon ™ otryun 7 = 0. To onpa €€6d0v, 10 omoio Ba mapartn-
pnoei petd ™ otryun 7 = 0, glvar yopoKTNPIGTIKO TOV {310V TOL GLGTHATOS. AVTO
70 ofjpo. 6000V anoTeELEL TV KpoveTIKI ardkpion, h(n), Tov cuothuatog. H kpov-
GTIKT aTOKPIoT) OVOUALETOL KO PUGIKY ATOKPIGN TOV GLGTNHOTOS. Eva mopddety-
L0 KPOVGTIKNG QTOKPIONG GVGTAUATOG O10KPLToD ¥pdvou aivetal oto Xynua 1.21.

d(n) h(n)
1 LTI IxApa 1.21
— Zdompa — o
Awkpttod Xpovov Kpovouxr (’MO
4 [ n  Kpion oLOTHUOTOS
o2 0 1 2 3 010Kp1700 YPOVOL

Av gpapuodlape ™ diéyepon ™ otiyun # = 1, T0TE 1 0wdKPION TOV GLGTHOTOS Dot
ntav idwo pe v Tponyoduevn, aArd o dpyile amod ) oty n = 1, 0nmg eaivetol
oto Zynua 1.22a. Kot yevikd, av epoppolaopie Ty KpOusTikni 16000 TN XPOVIKT GTLY-
uf n = m, T0T€ 10 amotéAespo Oa fTav N S0 amdKPIoN, GALY LE apyn TN OTIYUn m
(Zympa 1.22B). Oneg kataloPaivovpe avtd oQeileTol 610 YEYOVOG OTL TO GOCTNUA

HaG elval xpovika apueTapAnTo.
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Ixnpa 1.22

Kpovotixn omo-
KpLON OVOTHUATOS
10KPITOD YPOVOD

Y10, £10000
(o) 6(n—1) xou
(B) o(n-m)

d(n-1) h(n—1)
LTI
—> Yhotnpo —
Awcprzod Xpovov ]
| n 1 n
0 1 2 3 0 1 2 3
(o)
o(n—m) h(n—m)
LTI
— 20oTnpo. — ]
Awkptrod Xpovov
01 2" . 01 2/& -
m m
®

1.4.2 Tuvéhidn

TiBeTon cuvenmg o epdtua: ot Ba etvar 1 amdkpion evOC GLGTAUATOG SLAKPLITOD
xPOVoUL Yo €i6060 x(n), av yvopilovpe TNV KPOLGTIKY TOV andkpion i(n);

H ondvinon oto gpomua avtd OSlvetal HOVOAEKTIKE amd TN AEEN cvvédily
(convolution). H ¢€0d0g y(n) tov cvotipotog (Zynua 1.20) Oa wobtot pe T cuveé-

/

MEN ™G €16000V X(71) Kot TNG KPOLGTIKNG A(72) TOV GLGTHLATOG, 1:
y(n) =x(n) * h(n) (1.35)

omov * 10 cOpuPoro ¢ cuvEMENS. Oumg Tt lvar 1 cuvEMEN Kot TG vwoAoyiletar,

‘Eocto, Aowmodv, 01t x(n) 1 €l60d0¢ Ko A(7) 1] KPOLGTIKY ATOKPLOT) GLGTNLOTOS OO0~

Kkpttov ypdvov. [pv Tpoympnoovpe, ag Bounbovue ) oyéon (1.34), n omoia pog
Aéet OTL €va ool S10KPITOD XPOVOL UTopEl Vo EKQPacOEl MG YPUUUIKOS GUVOVAGUOG
oMonpévev kpovotikev. Emiong, ag unv Eeyvape 0tL 1o chotnpa mov eggtalovpe
glval ypopuutko (apa toydet n apyn e veépbeong) Kot ¥povikd apetapinto. ‘Exo-
VTOG ALTA KOTE VOU, WITOPOVLE VO EKPPAGOLLLE TNV 16000 X(71) MG:

=3

x(n)= 2 x(m)é(n—m)

m=—oo

=..+x(-Dé(n+1)+x(0)o(n)+ x(1)é(n—1)+x(2)6(n—2)+...

(1.36)

INo ka0e pio amod tig 16600VG x(m)d(n—m), ldApE STV TPONYOVUEVN VTOEVOTNTA
1.4.1, 6T1m €E0d0¢ Ba toovtar pe x(m)h(n—m). Adym g YPOUUKOTNTOS TOV GLGTY-
patog, 1 teAkn £€odog y(n) Oa givat ion pe to GOpoloue TOV ETUEPOVG OTOKPicE-
®v, dNAadn:

oo

y(my="Y x(mh(n—m) (1.37)

m=—oo
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Avtn glvar 1) oyEom TG YPOUUIKNAG CUVEMENG.

H dwdicacio mov poAg meprypdyape divetol Tapactatikd pe tn fonbela Tov Tapa-
delypatog tov Zynuotog 1.23, yuo v mepintwon katd v onoia {x(n)} = {1,2,3,-1}
kot {A(n)} = {1,-1,2}. 1o Zyquata 1.230,p eaivovtotl ot akolovbieg x(n), A(n). 1o
aplotePd PEPOG TV ynuatov 1.23y éwog 1.230t divovtar ot KpovoTikég x(m)d(n—m),
evd 670 0e&l HEPOC TV 1010V GYNUATOV QOIVOVTOL Ol AVTIGTOLYES OTOKPIGELS TOVG.
To aBpoicpa TOV ETPEPOVG KPOVGTIK®MY, TO 0010 ATOTEAEL Kot TNV odKPIoN TOV
GLOTNOTOG, GaiveTol oto Xynuo 1.238.

x(n) h(n)
2 ’ 2
1 1
il N
-1 n—- 1 n—-—
(o) B
x(-1)o(n+1) x(-1)h(n+1)
—>
1 1 ’
1 1 I
n —— l n —-—
-1
2]
x(0)o(n) x(0)h(n)
- > 4
2 ) [
n —-» P l n —-
(®)
x(1)d(n-1) x()h(n-1) ¢6
3 —> 3
o l " T Exjpa1.23
(e) -3 Tpoxiy oovélién
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x(2)o(n-2) x(2)h(n-2)

l ._ll 1 n—-—o
2
(o7)

®

¥(n)

|
© -2

Hopatmpnote 6T T0 PNKOG TG amdkpiong eivar 6 deiyparta. I'evikd, av N, elvar 1o
pnkog g piog akorovdiog kot N, To pnKog g AAANG akolovdiog, ToTE 1 YpOLpuL-
K1 GuVvEMEN avT®dV divel pia véa akoiovbio pe unkog N, + Ny—1. O vmoloyiopog
NG GLVEMENG 000 ONUATOV SLOKPLTOL ¥POVOL UE YOPTi Kot LOADPL yiveTal Guvi-
Bmg pe 6vo Tpoémovg. Eite ypagikd, 0mme meptypdpetol oto mapddetypa 1.6 gite pe
™ nébodo g olcbaivovoag papdoov tov mapadeiypartog 1.7

Napadsiypa 1.6
Ipagin pébodog vroroyiopon e cuveMENC.

O vroloyiopdg TG GLVEMENG TV X(1) Kat A(n), cOpeva pe ™ oyéon 1.37, pog
VIOYOPEVEL TV 0KOAOLON celpd Pnudtv:

1. Avadimiwon (katomtpiopd) e A(m) yopw amd to delyua m = 0, ®oTE Vo Hog
dmael v h(—m).

2. Olicbnon g A(—m) oty embountn 0éon n, dote va ndpovue ™y h(n—m).

3. Ymoloyiopd twv yvopévmv x(m)h(n—m), detypo tpog detypial, yio va, fLog SOcovy
v embounty T 7.

4. TIpdécOeon TV YIVOUEVOVY TOL VTOAOYIGTIKOV.

Ag mapaxorovdncovpe Tov vroroyiopd g e£650v Y(7) EVOG GLGTNHATOG SLOKPLTOD

XPOVOL Le KpovaTikn amokpilon {h(n)} = {1,2,3} kai elcodo {x(n)} = {3,4,5,2},

OIS AVTO TEPLYPAPETOL 6TO Lynua. 1.24. Ot akolovdieg x(7) Kot A(n) deiyvovton oTa.
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Zymuato 1.240 kot 1.24P avtiotoryo. Xto Zynpoto 1.24y divovtal dheg ot dtopope-

Tcég 0écerg g h(n—m) yian=0, 1, 2, 3, 4, 5. I'a kabepid amod t1g 0€ceig ovtég vo-

Aoyiletat To avtictoyo dfpotoua yvopévav pe v akolovdio £166d0v. AvTo amo-

TeELEL OLGLACTIKA KOl TO ATOTEAEG LA TNG GLVEMENG TV x(77) Ko /i(r), SnAad Tnv

axolovBia e£6dov y(n) n omoia paivetal oto Tynua 1.248. 1o mapddetyud pog n

x(n) &gel prog 4 kKo A(n) €xel pnkog 3, ondte M axoiovdia y(7), TOL TPOKVTTEL,

getpunkoc4 +3 —1 =6 derypdtov.

x(n)
5’
0123

h(-m)

3‘ 2 —— ¥(0)=x(0)h(0)=3-1=3

]1

()

h(n) IxAua 1.24
®) Yroloyiouog g

3 YPOQUIKNG OVVEAL-
l ‘ éng dvo axolov-
01

n oy ue ™ ypagpi-
K uéBodo.

h(1-m)

3 ‘2} — Y(1)=3-2+4-1=6+4=10
1
I

0 n 0 n
h(2-m) h(3-m)
3 —— Y(2)=3:3+2-4+1-5=9+8+5=22 3 — Y(3)F4:3+5:2+42:1=12+10+2=24
2 2
1 1
K it
0 n 0
h(4-m) h(5-m
—— Y(A)=53422=15+4=19 — (5)=2:3=6
3 3
i it
[ 1
n n
(v)
¥(n)
25 + )
20 +
ig T ‘ L ()}={3,1022,24,19,6}
st
0 n
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IxApa 1.25
Yroloyiouog g
ovvehéng ue
wébodo tng oli-
obaivovoog
pafidov.

Napadeiypa 1.7
YroAroyiopdg g cuvEMENG pe ™ uéBodo g oAcbaivovsag pafdov.

H dwdikacio eivar 1) 1010 pe exeivn tov mapadetypotog 1.6, pe povn dapopd dtt avri
Y0 TIG YPOPIKES TOPACTACELG TOV OKOAOVOIDV XPNGIHLOTOIOVE TIg TIHESG TOVS. Tal
Brinata wov axolovBovpe gival emiong Ta i, OT®G EaiveTol Kot 6to Zyfua 1.25
OOV O1VETAL O VTOAOYIGUOG TG GLVEMENG TV aKoloVOIDV x(n), ~(n) TOL TTapa-
detyparog 1.6.

xn) | 3452 |

h(n) 1 23

h(-m) e Y0313
h(1-m) 321 — y(1)=32+4:1=6+4=10
h(2-m) 3 21 ——— Y(2)=33+4-2+5'1=9+8+5=22

h(3-m) —» Y(3)=4:3+5-2+2-1=12+10+2=24

hd-m) — ¥(4=53+22=15+4=19

h(5-m) e ¥(5)=23=6

IAIOTHTEX THX JYNEAIZHX
Mo v Tpdén g cLVEMENG 1GYVOVY 01 IOIOTNTES: AVTILETADETIKN, TPOCETAUPICTL-
KN Kot enpepiotikn. Tig mapabétovpe otn cvvéyela poll pe oydAe GYETIKA UE T

(PLOIKN TOVG oNUAcia, YOPig Vo SMGOLUE TNV OTOdEEY TOVG.
Avtipeta0eTiK 1010TNTO

x(n)*h(n) = h(n)*x(n) (1.38)
Eidape and tic oyéoeig (1.35) xan (1.37) 611

o

y(n)=x(n)*h(n)= z x(m)h(n—m) (1.39)

Me Bdon v avtipetadeTikn 010t To oL LOALG AVAPEPALLE, 1| akoAoVDia y(71) To-
pet va ekppooTel g

y(n)=hn)*x(n)= Z h(m)x(n—m) (1.40)

m=—oo
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Enopévmg, ot porot twv axolovbidv x(r) Kot i(n) pwopodv va ovTieTotedodv, Onmg
ooivetal oto Zynua 1.26.

h
x(n) "D y(n) > (n) P y(n)
[pooceTaproTuci) WO16TNTO
[x(n)*hy(m)]*hy(n) = x(n)*[1,(n)*hy(n)] (1.41)

H oympatikn avoroapdotaon e TpoSETUIPIGTIKNG WO10TNTOG POIVETOL GTO ZynLa
1.27a, 6mov A(n) = hy(n)*hy(n). EvkoAa pmopodie Vo YEVIKEDGOVLE TNV 110TNTA TNG
TPOGETALPICTIKOTOG GE TEPLGGOTEPO OO VO GLGTILLOTO, TO OO0 GLVOLOVTOL Lo~
doywkd (in cascade). 'Etot, 1 mepintwon g dtadoyikng cvvoeons L cvotnudrov LTI
LE KPOLGTIKEG amokpicelg i, (n), hy(n), ..., h,(n) 16odvvapel pe éva LTI svotua, Tov
omoiov 1 KPOLGTIKY amdKpion givat A(n) Kot 1l6ovToL Pe

h(n) = hy(n)*hy(n)* ... *h,(n) (1.42)

H yevikevon eivat ToAd yprowun, wiaitepa dtav tn S0VUE MG avTIGTPOPT S1001K0-
cla, OnAadn|, g dadtkacio avaivong evog LTI cuatiuatog og pio S1a00y1kn oOv-

d€0M VTOGLGTNUATOV.

Téhog, 610 Zynua 1.27B paiveTol 0 GLVOVAGHOG TG TPOCGETUIPLOTIKNG KOl TG OLVTL-
petafetikng 1016t TG ATd 0vTo YiveTar govepd 0TL, N GEPE LE TNV OTTOL0 GUVOE-
OVUE TO VTTOGLGTHUOTO, ONANST VToAoYilovpe T cLVEMED, dev €xel onuacia.

O T 2 <= L e 2
hy(n) * hy(n)
(o)
0, hy(n) ——> Iy(n) ET <> 0, () > () E
®
Empeprotikn [o10tnto
x(n)*[y(n) + hy(n)] = x(n)*hy(n) + x(n)*hy(n) (1.43)

H 6t ta ooty pog Aget 0t gdv £yovpe dVo LTI cuotipota [e KpouosTIKES 0moKpiGELS
hy(n) ko f1,(n), oo omoio epapprolovpE To 110 ST 16000V X(72), TOTE TO AOPOIGHOL TV

Ixnpa 1.26

2YNUOTIKY AVOTO-
paoTaon TG ovTi-
uerabetikng
1010THTOC THS
ovvéiéng.

Ixqua 1.27

(o) Ilpocetaipi-
OTIKN 1010TNTO, THS
ovvédiéng, kot (P)
OVLVOVOGUOS TPO-
OETAIPLOTIKNG KOl
avtyueTofetikng
1010TNTAG
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Ixnpa 1.28

Emiuepionixn 1010-
mra: 0vo LTI
OVOTHUOTO, COVOE-
oeuéva Topaiin-
Aa, umopovv va
ovtkatootofovy
omo Eva aOOTHO,
70V 0010V
KpPOLOTIKY mOKpI-
o1 1600T01 [E TO
dBpotoua twv
KPOLOTIK®Y TOVG.

dV0 amokpicewv givat id10 pe TV amdkpion evog GAAOV GLGTNUATOC LLE KPOVOTIKY OTO-
kpton A(n) = hy(n) + hy(n). Anhodn, 1o VEO anTd GOGTNIO IGOVTOL LE TOV TTUPEAANAO GUV-
dvaopd tov 6vo LTI cuomudtov (Zynue 1.28). ['evucd, n mopdiinin cbvdeon L cuotn-
ATV pe KPOLGTIKES OmOKPIGELS (1), hy(n),. .., h;(n) ota omola epapuoletor 1 idio

£16000g x(71), 1G00VVOEL [E VO GVOTILE TOV OTTOIOL 1 KPOVGTIK OTOKPIOT| IGOVTOL LIE
h(n) =h(n)+ hy(n)+ ... + h(n) (1.44)

Kat avtiotpooa, kébe LTI chotnua propel va avarvbel o vroovotipate cuvoe-

depéva TopdAANAaL.
> hy(n)
x(n) n(n) x(n) h(n)= y(n)
T2 — nwyrhm) >
> hy(n)

Méypt 0@ £YOVILE EMKEVTIPAOCEL TN UEAETN OGS GTOV VITOAOYIGUO TNG YPOUUIKNAG
GUVEMENG e YPAPLKO 1 aplOUNTIKO TpOTO. B0 e£eTACOVE TOPO TOV VTOALOYIGLLO
™G oLVEMENG aKOAOVOL®OV pE avaAVTIKO TPOTO. Ol AvOALTIKEG EKQPAGELS 0O YOV
0€ GUUTEPAGHLOTO TEPIGCOTEPO YEVIKA Y10 TOL GLOTNLLOTA TOV EeTAlOVLE, KOl £TGL

pog eivat mo xpNoyec. Ag So0UE AOUTOV EVOL GYETIKO TOPAELYLLAL.

MNapadeiypa 1.8

Y11V €16000 EVOG GUGTNUATOG LLE KPOVGTIKT omoKkpion a(n) = a"u(n) epapudletar To
onuo x(n) = b"u(n), d6mov a, b yvwotés otabepéc kot a # b. No vmoloyiotei ) €£080¢
(1) TOL GLGTNATOC.

Adon:

H ¢&odoc y(n) Ba eivar to amotérecpa g GLVEAMENG TNE E1GOS0L UE TNV KPOVGTIKY
amOKPLoT TOL GuoTHatog. Me Bdon t oxéon (1.40) €xovpe:

y(n)=h(n)* x(n)= i h(m)x(n—m)= i a"u(m)b""u(n —m) = zn: arp""

m=—oco Mm=—co

(®vunbette 6T1 M u(m) =0 yio m < 0 ko M u(n—m) =0 yo m > n).
Eme1dn to abpoiopo vroroyiletal g mpog m, 0 0pog b" pumopel va «Pyei» extdg TOU
afpoiouatog, ondte 1 Tehevtaia oyéon yivetal:

n

y(m)=b"Y a"b™" = b"zn:(ab‘l)’"
m=0

m=0
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To moapandve gival dBpoicua tov 7 + 1 TPOTOV OpOV YEOUETPIKNG TPOOJOV LIE
Tp®dTO 6po 1 ko Adyo ab ' kou Stveton og KAEIGTH HOPOY MG

. 1— abfl n+l . b_an+1b7n
R O e R
n+l _ _n+l
:b a b bn— a anzcbbn_caan

b—a :b—a b—a

omov n = 0. [apatmpovpe 6t 1 ££0d0g yapaktnpileTol 1060 amd TV €ic0do x (1) =
b", n >0, 660 Kot amd TV KPOLGTIKY| TOL GUGTNHLOTOG A(1) = a”, n = 0. Avti) etvor o
YEVIKOTEPN OlOTIGTMGT), ONAadN 1 £€060¢ Oa TepiEyel Opovg g idlag oAyeBpikng pop-
ONG UE TOLG OPOVE TNG EIGOOOV Kol TNG KPOLGTIKNG OTOKPIOTG TOV GUGTHLLOTOC.

Aoknon Auroa&ioAéoynong 1.7

Noa vrohoyicete v €£0d0 Tov Guothpatog Tov Hapadeiypatog 1.8 pe gicodo

Brnuotikn akolovbio TAdTOoVG A.

Acknon Auroa&ioAéynong 1.8

INo T0 chompo pe povadiaio kpovotikn ion pe A(n) = (a" + b")u(n), va vroloyt-
otei M €€0d0g, 0TOY 6° aVTO gPaprdleTar oG ei6odog N PrpaTiky akoilovdio T Y-

TOouG A.

Aocknon Auroa&ioAoynong 1.9

Noa vToAoylotel | KPOLGTIKT ATOKPLON /(%) TOL GLGTHUATOG SLAKPLTOV YPOVOL TOL
1 1 1
Yymuatog 1.29, é6tav A (n) = d(n) + Eé(n—l), h,(n) = Eé(n)— Zd(n—l), hsy(n) =
1
20(n), ko hy(n) ==2( > )'u(n).

—— > ™

hz(n)

Y

h3(n)

Ixnpa 1.29

4

h4(")

Zbotnua d1aKpiTod xpovoo.
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Igvoyn evotnrag

2TV evOTNTO 0V TH 0oXoANOfKapE e Ypopkd ypovikd—apetdfinto (LTI) cvoti-
pota SoKplrod ¥pOvou Kot LEAETNOULE TV OTOKPLOT| TOVG GE SIEYEPCELS TNG E1GO-
dov. Eidape, 011 1 €£0d0¢ kdBe LTI cuotipatog icovtat e T cLVEMEN TS oko-
AovBiog €10660V pe TV povadiaio KpOLGTIKN ATOKPIGT TOL GVGTHUATOG. ['Vepi-
GOE TIG WOOTNTES TNG GLUVEMENG (AVTILETAOETIKT), TPOGETAPIGTIKY, EXLUEPIGTIKN)
KoL TEPLYPAYALE SLOPOPETIKOVS TPOTOVG VITOAOYIGLOV TNG TOCO aplOunTiKd, 660
KO AVOAVTUKL.

IUvoyn kepalaiou
210 Kepdroro avtd pdbope oti:

H ymoaxn eneéepyacio onpdtov mopovstdlel 0TiG LEPES UG EVIVTOCLHKE TAEO-
VEKTHLLOTA EVOVTL TG OvVTIoTOYMG avaloYiKng enelepyaciag, dmwg sveMéia, ato-
motio kot akpipeta.

KéBe avaroykd onpa, yio vo vrrootel encEepyacio pe Eva yneloakd cOGTUA, TPE-
TEL TPMTO. VO LETATPOTEL GE YNPLOKSO GTHO. AVTO EMTLYYAVETOL LUE KOTAAANAT OELy-
potoAnyio Tov avaloytkol ofpatog kot KRAvtion (kabog Kot kmdukonoinomn) tov

detypdtov.

KatdAnin derypoatoinyio onupaivel tn AMym tovidyiotov 600 detypdtov ovd
nepiodo tov onpatog, dAadn F, = 2F, .. (Bedpnpa derypotoinyiog 1 Bedprpe Tov
Shannon).

EMdttmon tov cealpatog kBavtiong, Kotd Ty yneloroinom evog detylotog, cuve-
mhryeTon TEPLGGOTEPQ bits ylo TNV avamapdoTaoT ovTov.

Kdabe onjpa dtokpitod ypdvov umopei va exgpactel og dOpoicua oleOnuévov
KPOVGTIK®OV, TOAMATAUCIAGUEVOV LE KATAAANAOVG GUVTELEGTEG BAPOVG.

H oamdkpion cuetpatog S1akpitod ypOdvoL 1600TAL e TN YPOUUIKT GUVEMEN TG

€16000V KOl TNG KPOVGTIKNG OTOKPIONG TOV GUGTHLOTOG.
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Anoédoon ayyAIkKwv 6pwv otnv eAANVIKNA

accuracy axpifeta (Tpa&emv)
advance Tponynon
aliasing QOVOLEVO YaUNAOD (avETaPKOVG) pLOLOD dEyHOTOAN-

yiog, QOCUOTIKN EMKAAVYY], dALOIOoN

amplitude TAGTOG
angular frequency YOVIOKT GUYVOTNTO
bounded QPAYLEVOG
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cascade
convolution

delay

digital signal processing

dimension

discrete

dynamic range
exponential sequence
folding frequency
fundamental period
image processing
impulse response
linear

normalised frequency
periodic

phasor
quantisation
quantisation error
relative frequency
resolution
rounding
sinusoidal

speech
superposition

time invariant
truncation

unit sample

unit step

video

dtadoyikn ovvoeon

oLVEMEN

KaBvotépnon

ynowokn eneéepyacio oMUOTOC
oldotaon

Sraprroc

OLVOLKY] TEPLOYN

ekBetikn axoiovbia
GLYVOTNTO AVadITA®MGNG
Baowr mepiodog

eneEepyacia eKOVOG
KPOVGTIKT] OOKPLoN
YPOUUIKOG

KOVOVIKOTIOINUEVT] GUYVOTNTA
TEPLOOTKOG

(PAacopog

KPavtion

opdipa 1 06pvPoc kPavtiong
GYETIKN cLyVOTNTO

avaAVGT|, SLOKPLTIKY IKOVOTNTO
GTPOYYLAOTOINOT
NITOVOELDEG

OAiaL

vrépBeon

YPOVIKA opeTAPANTOG

OTOKOTN

povadwaio detypa, KpovoTiky akorovdia
povodiaia fnpotikn akoAovdio

okoAovdio ElOVOV

EIZATQIH ZTHN WHOIAKH EMEZEPTAXZIA THMATOX KAl EIKONAX



AvdaAuon orto nedio TG ouxvoemrag

Ikonog

To avtikeiuevo 00 TOPOVIOS KEYOALALOV EIVOL I TEPLYPO.PH TOV CHUATOS OTO TEALO
¢ ovyvomnrog. H Oecdopnon twv onudrmv kot cootiuatmy olaxpitod ypovov omo 1o
TEOLO THS TUYVOTNTAS, LOG OIVEL 10, EVIEAWDS OLOPOPETIKY OVVOLIKY KATAVONOHS KOl
emelepyaoiog Tovg. 110 10 OHUOTO. OLOKPITOD YPOVOD, T OTOLO. LLOG EVOIOPEPOVY, 1]
UETGPOCH GTO TEDIO THG TLYVOTHTOS ETITVYYAVETAL e TH [onbeia Tov UETATYUOTI-
ouod Fourier diaxpitod ypovoo. o axolovbies memepaouévon unxovs ypnoiuomol-

eltal 0 d1aKp1To¢ petaoynuationos Fourier.

Mpoocdokwpeva anoreAécpara
Meto. ) uelétn tov kepalaiov Oa eiote oe Oéon va.:

* Yrmoloyilete mOGOTIKG KO TOIOTIKG. TO PAGUO, EVOS THUOTOS OLOKPITOD YPOVOD

» Yrmoloyilete t0 ustaoynuotiond Fourier yio oiuato O1akpitod Ypovov TETEPa-

OUEVIIC O10PKELOS
o Exteleite v kvkdikn oAicOnon onudtwy o1okpitod ypovoo

» Yrmoloyilete THV amOKPIGH EVOS GLATHUOTOS OLOKPITOD YPOVOD (YPOLUIKH COVEAL-
én) péow tov TEIOv THS TVYVOTNTAS, LaTI{OUEVOL OTO OLOKPITO UETO.TYIUATIOUO

Fourier

» Yiomoigite évov amo Tovg ToyEls uetaoynuotionods Fourier

‘Evvoigg KAeISia

o Mioxpitog uetooynuortiouos Fourier (DFT)
o Toyog uetaoynuotiouog Fourier (FFT)

» Korlixn ovvéliln

* Meraoynuotiouog Fourier

* Daoua oHUOTOS

Eicaywyikég Mapampnoeig

270 TPONYOOUEVO KEPAAOLO ELOGUE OTI EVO. OO OLOKPITOD YPOVOD UTOPEL VO, EKPPOL-
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KEQAAAIO 2: ANAAYIH XTO MEAIO THX ZYXNOTHTAX

OTEL WG YPOLUIKOS TOVODOGUOS 0ALOONUEVY HLOVAOIGLWY KpovaTiK®Y {0(n—m)}. 2to
KePAAaLO avTO, B0 TapPoVTIGOOVUE IO EVOLAGKTIKY OVOTOPACTOCH OTOLATONTOTE
axolovBiac wg cvvdvaouod uryadikody exletikdv axolovbidv e uopeng {e’”"},
(o’ avoloyia ue to avartoyua o€ oeipa Fourier evog Tepiootkod avoroyikod onjio-
10¢). IlpoKertal yio. pio, TOAD ypRoLus avamepooToct] TV CHUATOV KOl TWV GVOTH-
HATWV OLAKPITOD YPOVOD G EVOL UETOCYNUOTIOUEVO Tedlo. Me alda J.oyia, oTo Kepa-
Ao avto o dovue ¢ umopovue va UETOLODUE OO TO TEDIO TOD YPOVOD OTO TEALO
¢ ouyvoTnTog Kot avtiotpopo. Kai oda avta Oa apopodv mdavrote v wepintwon

TV GHUATOV OIOKPITOD YPOVOD.

Sy evornra 2.1 apayuotevduaote to petacynuotiousd Fourier diouxpirod ypovoo
(DTFT, Discrete Time Fourier Transform), o omwoiog epapuoletal o€ un wepLooika
ONUOTO. OLOKPITOD YPOVOD KOl TOPODCLALOVUE TIC 1010THTES TOv. Me fdaon to diapo-
PETIKO TPOTTO Oepnong TV GRUATDV G0 TO TEOLO THS GVYVOTHTOS, EXOVECETALOVUE
70 Ouo TGS de1yuoTOANYIaG. 21N cOVEXEIQ, UEAETAUE TO OLAKPITO UETOCYHUOTIOUO
Fourier (DFT, Discrete Fourier Transform) o omoiog epopudletal oe oniuata oio-
KPITOD YpOVvOD TETEPATLUEVOD Uifkovs (evotnto, 2.2). Télog, otnv evotnta 2.3 mapov-
aralovye 10 facikd alyopiBuo yio tov Toyd VTOLOYIGUO TOV O1OKPITOD UETATYNIULOTI-

opov Fourier (FFT, Fast Fourier Transform).

[1] Iotopwn avadpoun: O Jean Baptiste Joseph Fourier (1768—1830) fitav I'éArog pabn-
patikds kot euokds. O Fourier epguvovce ) dtddoon g Oeppuottag kat to 1807
napovoince oto Ivatitovto g [oAliog pio epyacio Tov yio 1 (PO TOV NLUTOVIKMV
KULLOTOLOPO®V GTNV ovVamapdoTtacT) Temv Katavopov Beppokpacioc. H epyasio tov ovtn)
vrootple MV avopBOdoLn, yio TV EmoyN EKEIVN, ATOWN OTL OTOLOONTOTE GUVEYES
meP1odkd ofpa Bo propodoe va EKPPOoTel WG AOPOIGLO KUTAAANAWDY NLTOVIKGY KOO~
TOHOPPDV. AVALEGE GTOVG KPLTEG TG EPYACLOS LITPYOV Kot VO OO TOVG O PNLUGLLE-
voug pabnuatucovg, o Joseph Luis Lagrange (1736—-1813) kot o Pierre Simon de Laplace
(1749-1827). Kat evéd o Laplace, 6nwg Kot Aot KPLTég, YOIy Vagp e dNUoGigv-
ong g epyaciog, o Lagrange apviOnke, yati péypt tn otrypn exeivn dev vanpye 1o
KatdAANAo pobnpatikod vropadpo, 6to omoio Hao PTopovoE Vo GTNPLYTEL 1| GYETIKY ATO-
deén. I'o mevvra xpdvia o Lagrange enépeve 0Tt pua tétota Tpocéyyion de Oo propovce
va ypnoporondet yio v avonapdotacn oNUATOV He «yoviesy, ONAad ONUATOV U1
OOVVEYELEG, OTMG €tvat ot TeTpaymvikoi Ttaipoi. To Ivetitovto g ['aAliog, vrokdmTo-
vtag oto yontpo tov Lagrange, anéppuye v gpyocia tov Fourier. Telkd, avt dnpo-
olevTnKe petd to Oavoro tov Lagrange.
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2.1 Meracxnpamnopog Fourier Siakpitou xpévou

2.1.1 Opiopoi

O petaoynpotiopog Fourier dtaxpitod ypovov (DTFT, discrete—time Fourier transform)
€VOG ONUATOG SLOKPLTOL YPOVOL X(71) €lval 1 AVOTOPAGTOCT] TOV CTHATOS 0VTOD (MG

—jwon

GLVOVAGUOV UIYOOIK®DV EKOETIKMV akoAovOIdV TG Lopeng {e7*"}, 6mov w petafin-
™, Yvoot Kot og (kukdkn) cvxvotnta. O DTFT piag akolovbiog, edv vmdpyet, tvol
povadtkoc. H apywn akolovbio pmopet va vworoyiotel, 0tav pag éiveton o DTFT

avTNG, 1e T Pondeta Tov avtictpopov petacynpaticpov Fourier Stakpitov ypdvov.
O DTFT X(€) ¢ axorovdiac x(n) opiletar mc

oo

X(e™)= F{x(m)}="Y x(ne ™ 2.1)

n=—oo

EVD 0 avTIoTPOPOC HeTooyNUaTIcHOC Fourier dtokprtov ypdvov opiletor og
x(n)=F ' {X (')} = ZL j X(e)e'™da 2.2)
/4
-

Ot oyéoeig (2.1) xan (2.2) amoterovv 10 Agyopevo Levyog petacynpotiopdy Fourier
dtakprrov ypovov. H oyéon (2.1) ovopdletar kot eCiowan avalvong, evo n (2.2) e&i-
owon ovvhsong. BAémovpe, Aowmdv, 0TL uio axolovbio umwopei vo. ekppootel w¢ ypou-
UKOS GOVIDOOUOS uryadikdy exletikady axolovOicry. H cuvépmmon X(€) etvar prya-

S1Kn Ko Umopel va ypapel ¢
X(e®)= X, (/) + jX,(e") (2.3)

omov X () kou X,(€) eivon mporypatiicég GUVAPTAGELS G TPOG @, KL ATTOTELOVV TO
TPOLYLOTIKG Kot QovTacTikd puépog T X(€) avtictorya. H X(€) og mohkég cuvte-
TAYUEVES YPAPETOL

X(e') =[x (e/)| e (2.4)
om0 (/)= X2 () + X () 2.5)
H(w) = arg{X(ej“’)} = tanl[))gi—j:;] (2.6)

H mocétta ‘X (e’® )‘ ovopaletol ovvaptnon pETpoo Kol tosotnta 0(w) cvvapty-
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on paong. Kat ot 00 autéc GLUVOPTNGELS EIVOL TPOUYLOTIKEC GUVOPTNGELS TOV . 1€
TOALEG EQUPUOYES, O pETaoyNUoTIoNOg Fourier ovopdleton pdouo Fourier, kot xat’

EMEKTACT] Ol GLVOPTNOELS ‘X (e’”)| ka1 O(w) avaeépoviar o¢ gaouo uéTpov

(magnitude spectrum) ko paouo paonc (phase spectrum) avtictotyo.

O DTFT X(€") tg axorovdiag x(n) eivar pia cuveyng suvaptnon tov w. Emmiov,
glvon wep10dixn ws mpog w e wepiodo ion we 2, SnAodn

X (/Y = X (e7?). (2.7)

H televtaio avt oyéon uropei va amodetybel wg e&ng:

X(ej(w+2k7r)) — 2 x(n)e—j(w+2kn)n

Nn=—oo

= Z x(n)e eIk — Z x(n)e /™ = X (e/?).
f— f—
H meprodicotnta eivar amoTtéAes Lo TOL YEYOVOTOG OTL T, H10KPLTOD YPOVOL ULYaOUKE.
ekBeTikd onpato, To 0Toio SPEPOVV GTN GLYVOTNTA KATH TOAALATAAGIO TOV 27,

glvon petad toug TavTdoN .

O DTFT, 6nwg opiletor amd ) oxéon (2.1), eivar éva dBpotopa dreipov dpwv, To
omoio mhavov va uny vrapyet (Vo 11 GUYKAMVEL) Y10 KATOo GOt ATOdEIKVOETOL
OTL M avaykaio cuvONKN Yo TNV VTaPEN aVToD tKeVoTToLEiTaL OTOV 1 akoAovdia x(7)
elvar aBpoioun ko’ amdALTN TN, ONACST|:

=

2 ()| < o0 (2.8)

[Ipw tpoywpnoovpe otig 110t TeS Tov DTFT, 0 dovpe opiopéva Tapadsiypato

VTOAOYIGLLOV TOV.

MNapadeiypa 2.1

Noa vroroyiotei 0 DTFT tng axoAiovdiag x(n) = a"u(n), 6mov |a| < 1.

Avon:

Amo tov opiopd (2.1) égovpe:

X(e/?)= Z x(n)e /" = z a"u(n)e ™" = Za”e*j“’” = Z(ae*j’”)” S >
n=0 n=0

1—ae”

n=—o00 n=—o0
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[X(e)
1
(1-a)
11
(1+a)
| | |
2n -7 0 T 2r @
LX(e®)
T+ tan’ (a/ 1-a2)/\
-2”\/7[ 0 n 2ﬂ\ w
~tan'"(a/N1-a%) + (0)
(X&)
1
l+a \/\
T
| | l-a | |
-2r - 0 T 2r @
ZLX(e®)
tan’! (la|N 1-a*)4-
IxAua 2.1
I/ Mépo ka1 paon
Zon -T 0 T 2r @ o0 DTFT ¢
oxolovbiog x(n) =
a'um), la| < 1 yia
I~ o) a> 0xal
—tan(ja|N 1-a?) B) ®

B a<0.

To pétpo kot M eaon g X(€) paivovrar 6to Tyfua 2.1. Hapatmpodue, 6Tt ot
GUVOPTNOELS AVTEG Elvat cuveyeic Kol TEPLOOIKEC WG TPOG w Me mepiodo 2z, Emiong,
umopovpe gvkora vo dovpe 6tt o DTET g x(r) vrdpyet,

agais Y [n]= 3l =3
n=0

Nn=—oc0 Nn=—oo

1
1-|d

a’ <eo (0 fa] < 1).
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MNapadeiypa 2.2

Noa vroroyiotei o0 DTFT tng povadiaiog kpovotikng akolovdiog x(n) = d(n).
Avon:

Amd tov opiopd (2.1) égovpe:

X(e™)= Z x(n)e /" = Z S(mye /™ =1-7" =1

O1 ypapikég TapacTaoelg e o(n) Kat Tov petacynuotiopod Fourier avtig eaivo-
vtat 610 Zynua 2.2, [opoatmpovpe, 6Tt 1 povadioio KPOLGTIKT £XEL LETAGYTLOTIGUO
Fourier o onoiog cuvicTtotatl 6TV 160TOGT GLVEIGPOPE OA®V TOV GUYVOTHTOV.

Ixnpa 2.2

(o) H uovafélala 5(n) X&)
KPOVOTIK (KO-
Aovbio kau 1 1

(B) o uetaoynuati-
ouog Fourier dio-

KpITod ypovov
oG 0 n 2r -r 0 w® 2 @

‘Aoknon Autoa&ioAéynong 2.1

Yroioyiote tov DTFT 1tng petatomiopévng povadtaiog KpovoTikng akoAovdiog
x(n) = o(n—M) ko1 oYESAOTE TIG AVTIGTOLYES YPAPIKES TAPUCTAGELS.

Aocknon Auroa&ioAéynong 2.2

1, <2
YroAoyiote Tov DTFT tov tetparyovikod moipod x(n)= { i ] 7 KO G)E-
OLIOTE TIC OVTIGTOLYEG YPOUPIKES TAPOUGTAGELS. ,  [nP

O petacymuatiopog Fourier (DTFT) tov o yvootdv onudtov d1akpitod ypovov
diveton amod tov [ivaxo 2.1.
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Mivaxkag 2.1
Merooynuotiouog Fourier yvaotdv axolovimv
2Mpa MeTaoympoTiopog
5(1/1) I[,—00 <@ <oo
o(n—M) e/ M
| o
u(n) — Mk;o 5(w—27k)
a'u(n), la <1 !
' l—oe™/®
el 2752 (0 —w, +2mk)
fr=—oo
sin(wyn) TN [8(0— oy +21k) ~ 8(a + y + 27k)]
J i
cos(wyn) T z [0(w— @y +27k)+ O (0w + wy + 27k)]
k=—oco

Sln((OM/ 2) e_j(M_l)/z

u(n) =~ uln —M) sin(@/ 2)

2.1.2 Oswpnpara Kai 1810TNTEG TOU HeToXNHarTiopou Fourier
SiakpiToU Xpovou

O DTFET mapovcidlel optopéveg moAh oNUAVTIKESG 1010TNTES, Ol 0TToieg gival xpnot-
LEG Y10 TNV GVAADGT OTUATMV Kol GUGTNUATOV dlokpttov ¥povov. H anddeién toug,
GTNV TAEIOVOTITO TOV TEPUTTMOCEWDY, YIVETOL EDKOAM, OTAV TAPOVLLE OC APETNPIO TOVG
optopovg (2.1) kot (2.2). Oa ava@EPOovE GTI GUVEXELD TIG TTLO YVAOGTESG OO QVTEG.
Me x(n)<«~— X(e’®) 00 cupPoriovpe t0 {gbyog Tov petacynuatiopdy Fourier
dtakp1tod ¥pdvov, OTMG avTd divetar amd Tig oyéoels (2.1) ko (2.2).

TPAMMIKOTHTA

Eqv x,(n) 2 X,(e’®) xar x,(n) " X,(e’®)

1018 @y X, (n) + ayx, () —— a, X, (e’ ) + a, X, (e’®) (2.9)
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Av1d onpaivel 6TL 0 petaoynuotiopnog Fourier givat £vog ypopupkog LetaoynioTt-
OUOG, KATAAANAOG Yo TN HEAETN Ypapukdv cvotudtoy. ‘Etot, o DTFT tov ypou-
HIKOD GuVOLAGHOV S0 N TEPIGCOTEPMOV CTUATMOV IGOVTOL LE TO YPOUULKO GLUVOVa-

opo6 twv DTFT tov kabe onpotoc.

OAIZOHZIH XTO XPONO

Edv x(n)«t— X(e’®)

10T X(1— 1y ) ——> e /" X (e7?) (2.10)

Amoodn

‘Eoto g(n) = x(n—n,). And tov opiopo (2.1) tov DTFT éyovpe:

oo

G(e’?)= i g(n)e™ ™ = z x(n—mny)e "

n=—oco n=—oo

®étovtag g = n—n,, ONOTE N = g + n,, 1 TEAEVTOIN GYéoN YiveTOL:

= oo

G(ejw) — Z x(q)e—jw(q+no) = e /O z x(q)e*jwq = e /O X(ejw)

g=—o0 g=—o0

H 1316t avt) onpaivet oti, €6v Eva 6o LETATOMIOTEL 6TO TTEdI0 TOV XPOVOL KOTA
1y OELYHATA, TOTE TO PAGLLO TOV LETPOV TOL TOPAUEVEL AVOALOIDTO. AVTO TOL OAAG-
Celt kot —wn, eivor To edopa g eaong. I'ivetar pavepo, emopévamcg, 6Tl To TEPLEXO-
HEVO TMV GLYVOTNTMV £VOG ONLATOG e€apTdTol LOVOV amd T LopeT) TOV Kot Oyt ard
) 0éom tov. ATO pabnuaTikn Aoy, avTd ekPpaletal mg eENg: 1 oAicOnon (peta-
TOTION) 67O ESIO TOV YPOVOV KOTA 71, IGOGVVOLEL LUE TOV TOAAATANUGLOGUO TOV

paopatoc emi e /" 6to medio TG GLYVOTNTOL.

Napadsiypa 2.3
1, 0<mn<5

No vroAroyiotei o DTFT tng akolovbiog g(n)=
0, oairov

Adon:

Yyedrdlovtog v akolovbio g(7), TopoTnPOodUE OTL AVTH £)EL TNV {10 LOPEN 1E TNV
x(n) g Aoknong Avtoa&loAdynong 2.2, udvo Tov elval LETUTOMIGUEVT TPOG TO.
0e&16 katd 0vo detypara, OnAadn g(n) = x(n—-2). 'Etct, umopovpe va amo@idyovue Tov
vrohoyiopd tov petocynuatiopod Fourier G(€) pe Paon tov opioud (2.1), xpnot-
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LOTTOUMVTOG TNV 010N T TNG PETATOTIONG 6TO ¥pOVo Katd 1y = 2. Apa,

sin(s—w)
G(e)= Fig(n)} = Fix(n—2)} =e X (o) =20 — 2
sin( )

[Mopatmpovpe 611 10 amotérespa 0LTO CLUE®VEL pe TNV TeAevTaia oyéon tov [liva-
ko 2.1 yuu M =35, apold mpdypatt n akorovBia g(n) ypdoetor ko og g(n) =
u(n)—u(n-5).

‘Aocknon Auroa&ioAdéynong 2.3

Ymnoloyiote tov DTET g x(n)—x(n—1), av yvopilete 6Tl 0 petaoynUoticuog

Fourier t¢ x(n) sivar X(e).

Aoknon Auroa&ioAéynong 2.4

Yroroyiote tov DTFT tng autiatig axorovbiog x(r) = Aa"cos(wyn + ¢)u(n), 6Tov

A, a, 0y, ¢ TPOYLOTIKOL.

OAIZOHZH XTH 2YXNOTHTA

Eqv x(n)«t— X(e’®)

1018 /"X () X (/(07?)) (2.11)
TOUPOVA LE THY 1310TNTA 00T, 0 TOAUTAAGIAGHOC [iog okolovdiag x(n) eni /0"
1odvvael pe v oAcOnon (uetatdmion) Tov eacpotog X(€) kotd w,. H 1816tn-
Ta o o pog pavei Waitepa ypnon ot dadikoacio g oyedlaong yneaKkmy

QiATpov mov Ba yvmpicovpe oto Kepdiaio 4.

OEQPHMA THX ZYNEAIZHZ

Eqv x,(n) = X,(e’®) kar x,(n) - X,(e’®)

1018 x(n) = X, (n)* X, (n)—— X (e’®) = X,(e’®)- X, (e’®) (2.12)
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Améoailn:

oo

X(@")=3 x(me™™ = 3" [x(n)* x, ()™

n=—oco n=—oc0

B i [ i xi(m)x (n—m)le ™"

N=—oc0 M=—oc0

< oAralovtog T oelpd Tov afpotoudtov Kot 0étovtag extmAéov g = n—m £yovue >

= i xl(m) i Xy (n—m)e‘j“"n = i xl(m)i xz(q)e‘j“’(q“")

m=—oo n=-—oo m=—oco g=—c0

= i xl(m)e_jwm i xz(‘])e_jwq = XL(ejw)Xz(ejw)

m=—oco g=—0c0

To Bempnpa TG cVVEMENG lval amd Ta TAEOV CNULAVTIKG EPpYOAElD TNV avAALGN
YPOUUKOV cLoTNUATOV. OVGl0oTIKE, pog Aéel OTL 1] GLUVEMEN 600 aKoAoVOL®Y 6TO
edio Tov ¥pOHVOV, 1IGOOVVALEL [LE TO YIVOUEVO TV PUCUATOV TOVS GTO TESTO NG
ovyvotnTag. To yeyovog avtod eival peyding onuaciog otnv avAaivon onudtomy Kot
GLOTNUAT®V KOl 6TV Kotavonot tov tpdnov pe tov onoio éva LTI cvompa amo-
KpiveTal og Kamolo £i6060 Tov epapproleTol 6”7 avtd. Buunbeite ™ YpopUKT GUVE-
MEN, 6nwg ) yvopicape oty evotta 1.4, Eidape 6T, av 6° £€vo GOGTNLO LLE KPOL-
oTIKN amdkpion A(n) epoppootel To onua x(7), tote 1 ££060¢ TOV GLoTHUATOG Y(71)
0o 1oovTOL PE TN YPOUIIKT] GUVEAEN TNG EIGOO0V KOl TNG KPOLGTIKNG 0LTOV, O1Ac-
oM y(n) = x(n)*h(n). Emopévag, coppova pe to Bedpnua g cuveAENG, Ba 1oydet
Y(€) = X(”) H(€®), 6mov X(€), Y(€), H(€”) ivon o1 petacynuaticpot Fourier
TV akoAovtidv x(n), y(n), h(n) avtictoryo.

OEQPHMA TOY PARSEVAL

Eav x(n)«t— X(e’®) to1¢

- > 1 2
n_z:c|x(n)| =%2J]X(eﬂu)‘ do

(2.13)

Anéoeidn:

2TV TPOKEWEVT TEPITTWON OIS GUUPEPEL VO 0pYIcOVUE TNV amddeEN amd TO deV-
tepo PéAOG g oxéonc. ‘Exovpe Aowmdv:
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izJ:z‘X(ejw )‘2 do =$2J;X(efw )X (e )do = izj;(n;o x(n)e /)X (e’ )dw =

oo

S x(n)é j X* (/eI = i x(n)yx"(n) = i (|

n=—co n=—oo n=—co

To Bedpnua Tov Parseval avagépetatl oTn dTpnon g EVEPYELNG KATA TN LETA-

Baon and to medio Tov ¥pdvov 6To TEDdi0 TG SVYVOTN TS H Toco TR ‘X (e’® )‘2
AVOQEPETAL KO O QATUA EVEPYELOKNS TUKVOTHTAS (energy—density spectrum) Tov
onpatog x(n).

Extog amd T1g 1010TNTES TOV AVUPEPULLE, VITAPYOVY KOl TOAAES GAAES TIC OTTOTEG ATAMG

napadérovpe otov [ivaxa 2.2.

Aoknon Autoa&ioAoynong 2.5

No amodeytel 1 1016TNTO, TOV TOAAUTAAGIOGHOD dVO CTUATOV OLOKPLTOV ¥POVOU.

Mivakag 2.2
1010tnTes Tov pETaTYUOTIoNOD Fourier dioxpitov ypovov (DTFT)

IowwtnTa Mn Igprodiké Xiqpa Meraoympotiopds Fourier
x,(n) X, (e’) . ,
7 » TEPLOSIKEG GUVOPTIOELG UE
X, (n) X, (@)
nepiodo 27

Ipappcotnra a,x,(n) + ax,(n) a X, (") + a,X,()

Metatomion oto ypdvo x(n — ny) e ™ X(e)

Metatémion 61 cvyvotnTa  e/® x(n) X (e/(@®0))

Zvluyng akolovdia x'(n) X'(e7)

Katontpiopog 6To ¥povo x(—n) X(e””)

Enéktaon ypdvov x(n/k) y n moAhamhdoto tov k- X(e*?)

Zovéaén x,(n)*xy(n) X,(€)X(e")
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[MoAomhac1oc1og

Awpdpion otn cvyvotnto

>uluyng cvppetpio yio

TPOYLLOLTIKG GTLLOLTOL

Zoppetpio yro Tpory LoTUE

Kol GpTIo GTHoTO

Zoppetpio yro Tpory LoTd,

KOl TEPLTTE GNLLOLTOL

®empnuo tov Parseval

xy(m)xy(n)

nx(n)

x(n) TporypoTiky

x(7) TpoypaTikn Ko dpTio

[ X
2r 5

_dX(e’?)
J dw

[ X(e/”)= X" ()
Re{X(e/”)} =Re{X(e™*)}
IIm{X(e’®)} =—Im{X(e™/*)
ey =[x (e

| £X (/) =-2X(e7”)

X(€”) mparypoatuch Kot dptia

Xx(n) TPOYUATIKY KOL TEPLTTN X(€”) @ovTacTIKn Kot TEPITTY

i ()| L (x| do
21
2z

n=—oo

2.1.3 AaiyparoAnyia: gia akopn pana

I'vopicape ™ detypatoinyio oty evotnta 1.2 tov Kepaiaiov 1 kot eidape 0Tt avt
€XEL VO KAVEL JLE TN LETOTPOTN EVOC OVOAOYIKOD GNLOTOC GE YNOLoKO. o 0oy oA -
Bolpe ko mdAL pe T SerypatoAnyio, mpooeyyilovtag, OGS TN POpd avTy, To OAO
0épo omd pia dapopetikn ontikn yovia. I'vopilovtog, TAéov, TO LETAGYNLATICHO
Fourier ka1 to medio g ocvyvotntog, Oa eéetdoove T onpato omd To Tedio TG
ouyvoTTOG kKot B TpooTad|GovLLE VO KATOVOICOVLE TNV ENIOPACT| TOL £)EL 1| OELY-
patoAnyio 6” avtd. O otoy0g Hag Ba givar kot TaAL 0 1010¢, ONAAOT 0 TPOGIOPLGHOG
g KaTAAANANG TTEPLOdoL detypatonyiog 7, £T61 MOTE, va U yavetot TAnpopopia,
Kot va glaote Tavtote og BE0T VoL OVOKATUOKEVAGOVUE TO OPYLKO OVOAOYIKO Ol

amd To delypotd tov.

‘Eotm Aowmodv, 6TL To avaAoyikd onpa x,(f) Tpo@odoTeiTol 6TV 16050 £VOG 100VIKOD
derypotoAnmrn. H é€0d0g avtod Ba sivor n akoAovbia x(n), To oTotyeio TN omoiag
QVTIGTOL(OVV OTIG LETPNOELG TOV TAATOVG TNG X,(7) avd ypovikd draothpoto 7 dgv-

TEPOAEMTMV
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x(n) =x,(nT) (2.14)

H napdpetpog T amotelel v mepiodo deryuotoinyiog Kol 10 avticTpoPo QVTHG T
cvyvotnta 1§ To poOud deryuatoinyios (F, = 1/T), dniadr|, To TA0og TV detypdtov
7OV AQpPAvVoVTaL 6T HOVAdD TOL YPOVOV.

I va elpacte og Béomn va ovoKOTAGKEVAGOVLE TO aVOAOYIKO oNpa X, (f) omd TV
axolovOia x(n) Oo TPETEL TA PAGLOTUIKG YOPAKTIPICTIKG TOV OVOAOYLKOD GYLLOTOG
va dtatnpovvtat petd ) detypatoAnyia. ‘Eote X,(j2) o petaoynuatiopdg Fourier
10V oNpaTog X, (1) Kar X(€) o petacynuotiopdg Fourier Stoipttod ypévov Tng aiko-
AovBiag x(n). Amodeikvoetal 6T

A 1 ® — 27k
X(E)=— ) X,(j )
T k; T (2.15)

H oyéon avt) onidvel 6t T0 PAGHA TOL GNUOTOG TOV TPOEKVYE O TN SEIYUATO-
Avyio, amotedeiton amd mTEPLOSIKES EMOVOANYELS TOV PAGLOTOC TOV OVOAOYIKOD
onpotog. I'pagukd avtd mapiotdvetor oto Zynua 2.3. Zto Zynua 2.30 eaivetol 1o
(AGLLO. TOL ovaAoYLKOV onpatog X, (7). H axkpiprg popen tov (Tptyovikh oty mpo-
Keévn mepintmon) oev €xel onuacio. Avtd mov £xel onuacio, tvat to 0TL TPOKEL-
Tal Yo onpo Teplopiopuévon gvpovg (band—limited), Snradn, OAeg o1 GLYVOTNTES
(2220
évag amod Tovg 0povg g eicmong (2.15), evd oto Zynpa 2.3y divovtoatr 6Aot o1 6pot

Kopaivovtol peta&d —Q, . Kot Q, ). 1o ZyMua 2.3B eaivetal

max max max max

g e€lomong avtg, SNAadn To PAGHO TOV dEIYUATOANTTNUEVOY onfpaTtog. o va
elpacte og 001 Vo aVOKOTAGKEVAGOLLE TO apyIKO onpa ord Ta delypotd tov, Ha
TPETEL VO, PPOVTIGOVUE DOTE AVTEG 01 TEPIOOIKES ETAVOANWELS VO, LTV KOADTTOVY 1] I0;

mv aAdn. Oo pémel dnAadn va ikavoroleital 1 GuvOn KN
Q..IT<7 (2.16)

Enedn Q. = 27F ,.x, 1 COVONKN QLT YPAPETOL OG

max

F,22F,,  (2.17)

7oV gival 1o Yoot pog Oedpnua derypatoinyiog. Xty Tepintmon mov 1 cuvinkn
oV deV Kavomoteital, 0TS Goivetal oto Zynpa 2.30, TOTe AEUE OTL EYOVLLE TO (OL-
VvOLEVO NG paouatikng extkalvyng (spectral overlap) 1 g youniod pvBuod deryuo-
rolnyiag (aliasing / undersampling). Xe pio TETOL0 TEPIATTOON 1) LOPPT| TOV PAGLLOL-
TOG TOV OPYKOV GTLOTOG O S10TnpEiton 6TO QA TOV SELYLATOANTINULEVOL GTLLOL-
TOG, L€ GUVETELN VO, UMV €lval Suvat 1 aKPPG AVOKATOUGKELT TOL CPYLKOD OLVOAO-
YKo GHATOG.
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Ixfipa 2.3
H deryuorolnyia

amo 10 mEdio TG
oUYVOTNTOG:

(o) pdouo avolo-
yikod anuorog, (P)
EVog amo Tovg
0povS TOV PATILO-
70 TOV OEIYUOTO-
Anmrnuévov onpo-
106, () paoua
oeryuoToinmTh -
VOU GHUOTOS Yo,
Fs > 2Fmax, kou
(0) paouo deryua-
TolnIITNUEVOD
ONUOTOG

yio F's < 2Fmax

X (2= 27Tk)
X,(9) T
1
1
Q i w
_‘Qmax Q max 27k
(o) e p——
20, T
‘ )
X(e/®)
%\ /\
| | o 71071 i i @
-4z -2 max max 2w 4
(v)
X(e/®)

(©)

BOePNCOLE GTO TPONYOVLEVA OTL TO OVOAOYIKO OO VAL TEPLOPIGUEVOL EVPOVG
GLYVOTIHTAOV, OTOC GAAMGTE TOPIOTAVETUL GTO ZyNua 2.30. Xy mtpaén owtd o€ Gul-
Baiver mévtote. EmmAéov, ag unv Eeyvaye, 01t o B0pvfog mov mapelsdvel oe kabe
oot eKTEIVETOL GVVNOWE 0€ OGAO TO EVPOC TV GVYVOTHT®V. 'ETGt, Yia va dia-
GQAAICOVUE TO YEYOVOG OTL TO GO EIGOSOV Elval TEPLOPLGUEVOV EXPOVG, TOTTOOE-
TovpE TAvToTE éva avaroywkd Pabumepatd eidtpo (analog lowpass filter) mpv amd
TO GUOTNHO YNOLIKNG ENEEEPYUTIOG CNUATMV, Y10, VO OTOKOTTEL TIC GLYVOTNTEG TTOL
etvon peyodutepeg and F/2. Eva mapdpoto avoroykd ¢idtpo tormobeteiton kot oty
£€£000 TOL YNPLOKOL GLGTILLATOG Y10l T1) CMOTY| OVOKATAGKELT TOV GNUATOG E6000V,
dnAadn v v emhoyn HoOvVo oL BaGIKOV PAGHOTIKOD TEPLEXOUEVOL HETOED —F /2
Kot F/2.'Etot, éva mAnpeg o0t ynelokng eneéepyaciog onpatov etvatl 0mmg
avtd oL PaiveTal 6To Zynpa 2.4.
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Avaloykd Avahoyikd Fngroxdg Avohoyko

INpa . i
®iktpo TipaTog ®iktpo

—>» BoBumepato—»  A/D ¥ Emeepyootig—»  D/A  —¥ BabBuneparod

—>

Avoloykd
Apo

Ixnpa 2.4

Aidypopya foBuiowy evog oVOTHUATOS WHPLOKNG EXECEPYATIAS AVOAOVIKDV THUATDV

IUvoyn evotnrag

2NV EVOTNTO QTN aoyoANONKae e To petacynpaticpd Fourier dtakpttov ypo-
vou (DTFT). Eidape 6Tt 0 petacynuotioidc antog epapuoletol YEVIKG G€ [ TePLo-
da onpato drakptrov xpovov dmepov unikovs. O DTFT téroliwv onudtov givot
ouveYNG Kot mePLodikog. H yvmon tov petaoynuaticpov Fourier pog Bondnoe va
TPOGEYYicGovE Kot TAAL To B€pa TG detypotoAnyiog, 0AAY amd To TEGIO TG GLYVO-
TNTOS TN POPA QTH, ATOGAPTVILOVTOS TO PAIVOLEVO TNG PUAGLOTIKNG ETKAAVYNG,

T0 omoio mopovctdletal 6Tov 0 pLOUOG MY detypdtmy glvatl YaunAdTEPOC TOL

OTTOLTOVLEVOV.
2.2 AiakpiTog peracxnpancpog Fourier

2.2.1 Opiopoi

Eidape oty evomta 2.1 611 0 petaoynuatiopog Fourier evog onpatog S1akpiton
¥povov x(n) eivor 1 cuveyng cuvdpnon X(€®). H cuvaptnon ot Sev eivor edkolo
VO VTOAOYIGTEL LE TN YPNOTN EVOG YNPLAKOV EMEEEPYACT] GNLLATOC, O OTOT0C ivat
ouvnO®g évag Yevikoh oKOTOV VTOAOYIGTAG 1 £Val E0KE GYESIAGIEVO YNOLOKO
KokAopa. Exeivo mov givar ebkoAo va vtoroyiotel, givot deiyloTa Tov PAGHOTOS
X(€”). Avto givol T0 OVTIKEILEVO [E TO OTTO10 OGYOAOVHAGTE GTNV TAPOVGO, EVOTN-
Ta, ONA0dN 0 VTOAOYIGUOC TOV PAGHOTOG GE SLOKPITES GLYVOTNTES (OLUKPITOG LETA-
oynpartiopog Fourier), kafdg kot o1 1610TnTEG TOV 1GYHOVY G° AVTI TNV TEPITTOON.

AIAKPITOX METAZXHMATIZMOZX FOURIER (DFT)

O petaoynuotiopog Fourier dtakpitov ypdévov (DTFET) g menepacpévon prikovg N
akorovBiog x(n), SNAadn x(n) = 0 yia n < 0 ka1 n = N, 16obtal e

N-1
X(e)= Y x(me™, 0<0<2n (2.18)
n=0

omov ta 6plo. Tov abpoicpatog aviikatontpilovv to yeyovodg 6t x(n) = 0 ekTdC TOL
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Ixnpa 2.5

Aeryuorolnyio
aTH GLYVOTHTO, TOV
LETOTYNUOTIONOD
Fourier diaxpitod
ypovov (DTFT).

Stactipatoc 0 < n < N-1. Eav AdPovpe detypoto tg cvvexodg cuvaptnong X(€)
G€ 1G0MEYOVTO SLOCTILLATO OTY] oVYXVOTITA W, = kAw = k(27/N), k=0, 1,...,N-1, (BA.
ynua 2.5), tote Oo Tdpovpe To delypota

N-1
X ()= XCE) = X gz = 2 ¥ P, k=0, 1, 1oy N =1 (219

n=0
Ac onuelw0ei 611, apod 1 X(€) eivon meprodikn pe mepiodo 27, pévo Ta detypora
g POcIKNG TEPLOYNG GLYVOTHTOV gival amapaitnta. Enedn ta detypoto avtd mpo-
KOTTOVV G TOV VTOAOYIGUO TOVL petooynuaticpod Fourier X(€) o N woanéyov-
G&C O10KPLTEG GLYVOTNTEG, M| o)Eom (2.19) ovoudletal O10xpITOC UETATYNUOTIOUOS
Fourier (Discrete Fourier Transform, DFT) tng x(n). AnodeikvdeTar 6T1 pmopovpe

VO 0VOKOTAOKEVACOVLE TV akoAovBia x(7) amd ta delypata X(k) otn cvyvotnta,
ue Pdon ™ oxéon

N-1
x(n)=%2X(k)ej2”k”/N, n=0,1, ..., N—1, (2.20)
k=0

N omoio amoTeEAEL TOV AVTioTPoPo O10KpITo uetaoynuotiono Fourier (inverse DFT,
IDFT).

X(e/®)

\/
e

- 0 kAdw T >l dw |« 2x

Ot oyéoeig (2.19) kat (2.20) amotedobv T0 Aeyouevo «(edyog tov DFT». [apatnpn-
61€ 0TL, TOCO 1) akoAovBia x(71), 660 Kot 1 akoAovbio X(k) etvar Tov id1o0v purKkovg N.
®a cvppoiilovpe to (evyog Tov DFT N—onpeiov mg x(n) 22 X (k). O oyé-

GEIC OVTEC LITOPOVV VO EKPPUGTOVY KO 1OG

N-1
X()= 3 xWE, k=0, 1, ... N-1, 2.21)

n=0

1 N-1
X(n)=N2X(k)W];”", n=0,1, ..., N—1, (2.22)

k=0
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OToL €& OpPIoHOD

— 20N
Wy=e

(2.23)

gtvoin N,,,; piCa g povadag. Ot mopdyoveg Wik amoteholdv TG pyadikég oko-

Aovbieg Baong otig omoieg otnpiletar o DFT kot ovopdlovtan wapdyovies otpopns

(twiddle factors). 1o Zynpa 2.6 @aiveTol 1 pyadikn avamapiotocn Tov Wy Kot

OVAOEIKVOETOL 1] KUKAIKT 1010TNTa TOV TopoyovTov oTpoenc Yo éva DFT 8—onpei-

ov (N=28).

H petdPaon amd 10 medio Tov ¥pdvov 610 TESI0 TS GLYVOTNTAG KOl OVTIGTPOPM®G,

pe ) pondeia tov Levyous Tmv petacynuaticpuov Fourier (e€iomoeig 2.21 ko 2.22),

omewovifeTat 610 Zynqua 2.7.

g
" &

w =1

"R = =3

Ixnpa 2.6

Hopayovtes awpogns yia éva DFT 8—onueicwv
(N =28).

N-1
X(o=2x(m)

DFT

x(n) X(k)

IDFT

N-1
x(n)= 5 ZXBWik

Ixnpa 2.7

ZYNUOTIKY avamopaotocy TS LETAPoonS omo T0 Tedio
70V YPOVOL OTO TEDLO THG CUYVOTHTOS KOL OVTIOTPOPOS UE
xpron tov (evyovg DFT.

AmodekvoETUL TTOAD EDKOAN 0TO TOVG 0pLoovg Tov (evyoug DFT, 61t o1 axorovdieg

x(n) kor X(k) etvon Teplodikég pe mepiodo N, dniadn

x(n+ N)=x(n) 7y oloton (2.24)

X(k+N)=X(k) 7y 0hotak (2.25)
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MNapadeiypa 2.4

No vroroyisbei o dtakpirog petacynuotiopog Fourier tg axoiovdiog {1, 1, 0, 0}.
Avon:

H axolovbia x(n) amoteleitan amd téccepa deiypata (N =4), ta e&ng: x(0) =1, x(1)

=1,x(2) =0, x(3) = 0. Mg Bdon ) oyéon (2.21) vroroyilovpe Tig TEGGEPIG GUVI-

GTAGES TNG CLYVOTNTOG:

3
X(0)= ZX(H)WIO = x(OW3" + x(DW,° + x(QW° + x(3W° =
n=0

=x(0)+x()+x(2)+x(3)=1+1+0+0=2

3
X(1)=Y 2 = xOW + x (O + 2+ xGW =
n=0
=x(0)+x(D)-(=)+x(2)-(-D+x@3)- j=1+1-(=)+0-(-1)+0- j=1—-

2n

T
, = iy
omov Wi =e 4 =e 2

—cosz— 'sinE—O— j=—j
> J > J J

2m2
-t

Wi=e 4 =e/"=cosm— jsint=-1

Opoto amodetkvoetar 6t X(2) = 0 kot X(3) = 1 +. [Tapatnpnote 6TL 1 GLVIGTOCA
undevikng cuyvotntag X(0) wovtat mavtote pe To A0potopa OA®V TV CTOLEI®V TNG
axolovBiag x(n). Apa o DFT g axolovdiag {1, 1, 0, 0} 1covtar pe tn pryodikn oko-
hovbia {2, 1-, 0, 1 +/}. ['a va gtvor To katavon | 1 avarapdoTocT) TOV OToTEAE-
opatog, cvvnBiletot va ekppalovpe TOLg YadIKoUS aptOovS e TO HETPO Kol TN

@aon tovc. 'Etot, o DFT mov polig vmoroyicape, exopdletol og

{2, \/Ee_jj, 0, «/Eej“}

Ot ypagikég Tapactdoelg tng akorovdiog x(n) kot Tov avtictoryov DFT X(k), eai-

vovTal 6To Zynua. 2.8.
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(k)|

x(n) 5

\2

\2

[X (&)

ISE

S
=

0 1 2 3 0o 1 2 3

(o) ()

IxAua 2.8

(o) H axolovbio.
x(n) kou

(B) To uétpo kou n
paon oo DFT
avTHG.

Acknon AuroaioAoynong 2.6

Na vroroyiotei 0 DFT ¢ povadioiog KpovoTikng.

Aoknon Auroa&ioAéynong 2.7

4, n=0,1, .., N-1

Na vroroyistet 0 DFT g otabepnic akorovdiog x(n)=
0, aAAOD

KYKAIKH OAIZOHXIH AKOAOYOIAZ

H meplodicn enéktacn g TETEPAGUEVOL UNKOVG akoAovdiog x(n), 0 <n < N—-1, avd
N detyporto, 0dnyel oy TEPLOdIKN okoAovbia

x,(n)= i x(n—gN) (2.26)

q=—o°
ue Bacikn mepiodo N, 6Tmg eaivetatl oto Lynuata 2.9a,p yio N = 6. H oAicOnon
(petotémion) Tng meplodikng axorovbiog x,(n) katd n, detypota mpog ta dekid, Oa

LG OMOEL o GAAT TEPLOdIKT akoAovOia

o

x'p(n)zxp(n—no)= Zx(n—no—qN) (2.27)
p—
H nemepacpévou pnkovg akoilovdio
' , 0<n<N-1
(my=1¥ (W 0=n (2.28)
0, oAlov
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GLVOEETOL e TNV 0Py KN akoAovBia x(n) Héow TG KvkAikNG olioBnong. XTo Zynuo
2.9y eaiveron n akorovdia x'(n) = x,(n—n,) yio ny = 2 ko 610 Zyfpa 2.96 n neme-
pacuévou pnkovg akorovdia x'(n) (N = 6).

Ievikd, n koA oAicOnon o akoiovdiog pmopel va tapactadet pe  Pondeia
TV vroAoinwv (modulo) mg

x'(n) =x(<n-ny> ) (2.29)
010V 0 GLUPOAMGUOC < m >, dafaleton wg m modulo N kot onpaivel To VTOLOLTO
g dwipeong tov m S tov N. T 1y > 0 (Kvurhikn odicOnon mpog ta dekidr), N oyéon
OLTH OTOivEL OTL

x(n—=ny+N) vyw n=0,1, ..., ny—1

x(<n—ny >N)={ (2.30)

x(n—ny) Yo n=ny, ..., N-1

H xvrhikn odicOnon xatd n,, 6mov n, > N, 1600vvapel [Le TNV KUKAIKT oAicOnon
Kot < ny >, o to mapdderypa g akorovbiog x(n) = {1,2,3,4,5,6} Tov Zynuotog
2.9, n xukhkn oAicOnon katd 600 Ba pog dmaoel v akorovdio x'(n) = x( <n-2 > )
={5,6,1,2,3,4}. O vmoloyionodg TG KuKAKE olMaOnpévng akolovdiog x'(n) copp®-
va e tov optopo (2.30) €yel og e&ne:

X(0)=x(<0-2> ) =x(0-2+6)=x(4) =5
X(1)=x(<1-2> ) =x(1-2+6)=x(5)= 6
X(2)=x(<22>)=x(0)=1
X(3)=x(<3-2>)=x(1)=2
X(4)=x(<4-2>)=x(2)=3
X(5)=x(<5-2>)=x(3)=4

Youmepaivovpe, ETOUEVMG, OTL i1 kukdikh 0lloOnon wog axolovliog N—onueiwy 160-
OVVOUEL [E T YPOoUULKT] OALoONaN THE TEPIOOIKNC THS ETEKTOONG.

"Evag mapactaticdg Tpomog, yio TV KoTavonon g KUKAIKNG oAlotnong pog neme-

POCUEVOL UKOLG akoAovBiag, elval avTdg TG ToTodETNONG TV GTOYEI®V TG 0TV
TEPLPEPELD, EVOC KUKAOV, OTTWG PoiveTal 6To Zynua 2.9¢ yio v akolovBia x(7) &L
ototyeiov. Ta otoryeio TomobeTovVTAL G 16aMEXOVTO oNpEein GTNV TEPLPEPEL EVOG
KOKAOL Kot e popa avtifetn ¢ kivong TV SEIKTOV TOL ®PoAoYiov (aploTEPO-
otpoa). KukAum olicOnom katd n, onpoivel Ty oMcOnon 6Awmv Tmv oTotyelnv Kotd
1, 0€0€1C apLoTEPOSTPOP 1] OEELOGTPOPA, AVALOYQL LLE TO OV TO 7, €IVOIL BETIKO 1) apv-
TIKd avticToya. Xto Xynua 2.90t eaivetor n x( < n—2 > ), | onoio TPoEKLYE ad TNV
x(n) Tov Xynpatog 2.9¢ pe KukAKn oAicOnom apletepdoTPOPa KATH 17) = 2.
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x(n) 6
5 [ ]
4
3
) ()
'
[ ]
012345 n
6, 7" 6,
[ ]
5 5
4 4
3 3 3
, ) 5 ®)
L ] I 1 I 1 I e o0
[ ] T
54-32-10123456728™"
X, (n—2
o . ) 6
q [ ]
5 5
4 [ ] 4
3 3 )
2 2
1 1]
2-10 123456789 =7
x'(n)y=x(<n-2>,)
61
5
[ ] 4
3 (8)
2
1 R
T [ Ixnua 2.9
012345 n Koxlikn odicOnon oxolovliag:
(o) apyixi axolovbio,

3 2 1 6 (B) meprodixn eméxtoon e apyikng,
(v) ypopyuixn oricOnon g mep1odikng
axolovbiog,

4 1 2 5 (0) kvrdika olioBnuévn axoiovbio
KoTa 0vo,
(e) n opyixn oxolovbio oe kKOKlo, (0T)

5 6 3 4 KvrAin odioOnon katd 0vo aplotepo-

(e) (o71) oTPOPO.
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KYKAIKH ZYNEAIZH

H xvxhikn cuvEMEN Tov akolovbidv x,(n) kot x,(n), n=0,1,...,N-1, opiletar ¢

N-1
x(n)® x,(n)= le(m)x2(<n—m >y), n=01,...,N-1 (2.31)
m=0
[oapatnpnote 6T Tpdkerton yio pio véo akolovdia emiong pikovg &, 6co dnAadn kot
TO UNKOG KOOEULAG amd TIC apyikég akoAovdieg, kat oyt ukovg 2N—1, 6mmg o cuvé-
Bave oV TEPiTT®ON TG YPAUUKNG GUVEMENG awTdV. To frinata, Yo Tov VITOAOYL-
OUO TNG KUKAIKNG GuVEMENG givat 101 e TO TEGCEPO PHOTO TTOV YVOPICOUE KOTA
TOV DTOAOYIGUO TNG YPOLUKNG SUVEMENC (BA. evotta 1.4): avriotpopi; ypovov (Koto-
TTPIopOG) TG Mg axorovdiog, olichnon g KatonTpikng akolovding, moilaria-
010.0U0S TOV dV0 aKoAoVOI®Y onpeio Tpog onueio Kot abporon TV yivopévov. H
Baoikn dtopopd peta&h TV 500 ALTOV TUT®V GUVEMENG, EiVOL OTL KOTA TNV KUKAIKTY
GLVEMEN 0 KOToTTPIopdg Kot 1) 0AicOnon yivovton pe Kukiikd tpomo, vroAoyilovtag
ToLG detkteg g pog axorovbiog pe faon v tpdén tov vroAoimov (modulo V). Xtnv
MEPIMTMOT TNG YPOUUIKNG GUVEMENG, OV LITAPYEL 1| TPAEN TOL VTTOAOITOL.

Mmopodpe gvkoAa vo amodeiovpe OTL 1 1OOTNTA TNG OVIIHETAOETIKOTNTAG 1Y VEL

KOLL YL TV TEPIMTOOT TNG KUKAMKNG GLVEMENC, dNAON
x,(n)®x,(n) = x,(n)®x,(n) (2.32)

Av1o onpaivel 0T1 omoladnmote amwd TIC 600 akoAovdieg vTooTel KOTOTTPIOUO KO

oAicOnom, 10 amoTéAeca TNG KUKAKNG GuvEMENG dev aAldleL.

Ag d00pE 0T GLVEYELN VA TOPASELY O VTOAOYIGHOD TNG KUKAIKNG GUVEAMENG 00O
aKOAOLOLDV.

MNapaderypa 2.5
Noa vroloyiofet 1 Kukhikn cuveMEN Tmv axorovdidv x,(n) = {1,2,3}, x,(n) = {4,5,6}.
Adon:

O VTOAOYIGHOG TNG KUKAIKNG CLUVEMENG X;5(n) = x,(n) ®x,(n) pe Pdon ) oxéon (2.31),
LLOG VITOLYOPEVEL TNV KUKAIKT] OAGHNGY| TG KOTOTTTPIKNG TG akoAovBiag x,(m). Avtd pmo-
PEL VoL YIVEL EDKOAN LIE TNV TOTTOOETN G TV 0KOAOLOIDY TAVM OTIG TEPLPEPELES dVO OUO-
KEVIP®V KOKA®V, 61tmg paivetol oto Zynua 2.10. Apykd ot 600 akoAiovbieg Tomobe-
TOUVTOL TV OTIS TEPLPEPELEG OPLOTEPOSTPOPA (Xynua 2.10a). Xt cuvéyeta, Bpickov-
UE TNV KOTOTTPIKN NG akoAovbiag x,(m), Tomobetdvrog vt 0e&10oTpopa, OTme Qoi-
VETOL GTOV E0MTEPIKO KVKAO TOL Zynpotog 2.10p. O eEmtepiidc KOKAOG TAPOLEVEL GTO-

Bepdc, v 0 0MTEPIKOG TEPLOTPEPETAL KABE popd apioTepdaTpOPA KaTd 277/3 M KOTA
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27/N yevikd. Me Kd0e mepiotpot) Kotd 27/3, vroAoyilovpe To aBpoicpata Tmv yivopé-
vov cupeova pe ™ oxéon (2.31). To amotélespa tng KOKAIKNGS cuvEMENG poiveTal GTO

Zymua 2.10e.

x,(m) x,(m)
2

x,(m) 2 X, (<-m>3)

! 1
3 3

x;(0)=1-4+2-6+3-5=31
(o) B
x,(m) x,(m)
2 x,(<1-m>3) 2 X,(<2-m>3)
1 1
3 3
x3(1)=1-5+2-4+3-6=31 x;(2)=1-6+2-5+3:4=28
() (®)
x5(n)=x,(n)®x,(n)
31 31
28
{x;(m)}=1{31,31,28}
IxApa 2.10
n Koxdikn) oovélili
0 1 2 1 1

WV 0Kolovbidy
(e) {1,2,3) kau {4,5,6}

2.2.2 1816 1EG TOU S1aKPITOU peracxnpariopou Fourier

O DFT mopovcidlel opiopéveg ONIOVTIKES IO10TNTES TIG OTOiEG UTOPOLLLE Va. alo-
OGOV UE GTLG SIAPOPES EPAPLOYES [og. Mepikég amd Tig idtnteg tov DFT givan
avaroyeg pe Tig avtiotolyeg Tov DTFT. AAAeg givar S1apopeTikég, YEYOVOS TOV OQE(-
AETOL GTO TEMEPAGHUEVO UNKOG TOV akoAovBidv Kot Tov DFT avtov.
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TPAMMIKOTHTA

Eav x,(n) 2 X (k) xar x,(n) 222 X, (k)

10T ayx, (1) + ayx, () 225 0 X, (k) + a, X, (k) (2.33)

OOV @, d, TPOUYUATIKES N UIyadikég otabepéc. H 1810t Tor TG YpOoUUIKOTNTOG 0iTo-
deucvdeton mohd gbkola amd tov opiopd tov DFT (oyéom 2.21).

KYKAIKH OAIZ©HZH XTO XPONO

Eav x(n)<22 s X (k)

TOTE X(< =1y >y ) 5 Wk X (k) (2.34)

H oyéon avt pog detyvet 6t1 o DFT 1tng xukAkd oheOnuévng axkolovbiog £xet To
010 HETPO e TNV apYIKT, OAAL SLOPOPETIKY PAoN.

Aoknon Autoa&ioAoynong 2.8

Noa vroroyicbei o DFT tov akorovbiwv x,(r) = {1, 0,0, 1} ko x,(n) = {0,0, 1, 1}.

KYKAIKH OAIZ©HZH XTH 2YXNOTHTA

Eav x(n)«222 X (k)

1018 Wik x(n) 22 X (< k—ky >y ) (2.35)

Me dida Aoylo, 0 TOAATAAGLOoUOG TG akoAovBiog x(n) pe tnv ekbetikn akolov-

Pk , . , , ,
Bl e NV, 1000vvapel e TNV KUKAIKT 0AloBnomn ot cuyvoTNTa, KOTd k) LOVADES,

tov DFT avtrg.

KYKAIKH ZYNEAIZH

Eav x,(n) 2 X (k) xar x,(n) 222 X, (k)

101 X, (1) ® x, ()22 X, (k)- X, (k) (2.36)

H xvxhkn| cuvéMEn d00 akolovBidv oTo TEdio ToV YPOVOV, IGOSVVALLEL LLE TOV TOA-
Aamlaoiacpd tov avtictotyov DFT avtov.
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Aoknon Autoa&ioAdéynong 2.9

Na emainevtel n 1010 TO. TS KLUKMKNG GUVEMENG Y10 TV TEPITTMOGN TOV 0KO-
Aovbidv tov [lapadeiypotog 2.5.

TMTOANATINAZIAZMOZ AYO AKOAOYOIOQN

Eav x,(n) 22 X, (k) xon x, (n) 22 X, (k)

w018 X,(1)- X, (n)(ﬂ)%Xl(k)(@Xz(k) (2.37)

IIpoxettatl ovGlaGTIKE Yo T SITTH EKQPUGCT TNG TPOTYOVLEVG WO1OTNTAG, KOl ET0-
AnBevetot £T61 TO YEYOVOG OTL 0 TOALATANGLOGHOG dV0 aKoAOLOIDY 6TO TTEdTO TOV

1pOvoL avticTol el otV KuKAKN cvvéEMEN Tov DFT avtdv.

O©EQPHMA TOY PARSEVAL

Eaqy x(n)«22x 5 X (k)

) N-1 5 1 N-1 2
e Y| x(n)] =NZ|X(k)| (2.38)
n=0 k=0

To Bempnpa tov Parseval ekppdlet T datrpnon g evépyelog Katd tn petdfoon
omd o medio Tov ¥POVoOL 6TO TEGIO TG CVYVOTNTOC. Me AAL AOYLd, TO ABPOIGLLO
TOV TETPOYOVOV TOV TIUOV TOV SEIYUATOV 1G0VTAL LLE TN HECT] TIUN TOV TETPAYD-
VOV TOV QACHOTIKOV Ypaupudv. H avarapdotaon tov [X(k)|* ovopdletat pdoua
1oyvo¢ ™¢ x(n). [Hapatnpovpe 6t 10 Pdopa woyvoc eaptdtal LOVO amd 10 HETPO
TOV QAGHOTOG KO Oyt o T OAoT TOV.

Aocknon Autoa&ioAoynong 2.10

Na eroinbevtei to Oedpnuo tov Parseval yia to onqpo x(n) = {1,2,3}.
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O T\ png KotdAoyoc twv Wottwv tov DFT mtapovoidletal otov Ilivaxa 2.3.

Mivakag 2.3

1610tnres oo DFT
IowtnTa Axkorov0io pkovg N DFT N onpueiov
x,(n) Xy (k)
x,(n) X, (k)
Ipappucomta ax,(n) + ayx,(n) a,X,(k) + a,X,(k)
Kok petotomion
07O YPOVO x(<n—-ny>y) W x (k)
Kok petotomion
oTN cLYVOTNTO Wk x(n) X(<k—ky>y)
Xvluyng axoiovbia x'(n) X(<—k>y)
Kartontpiopds oto ypodvo xX(<—n>y) X'(k)
Kvkky cuvéMén x, (1) ®x,(n) X, (k)X (k)
1
[HoAamAaclacpog x,(n)x,y(n) N z Xi(m)X,(<k—m>y)
m=0
X (k)= X (< >y)
. . Re{X(k)}=Re{X(<-k>y)}
>vluyng coppetpia yio .
x(n) TporyLoTIKy Im{X(k)}=-Im{X(<—-k>\)}

TPOYUOTIKG GT|LLOTOL

®edpnpo tov Parseval

N-1 ) 1 N-1 )
2 [rf =3 2 e

X ()| =X (< =k >)
| £X (k) =—4X(<~k>\)

N-1

[, (@)= D x(m)x(( <n—m>,)

m=0
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2.2.3 Npappikn cuvéAiEn péow Ttou DFT

Eidape otnv mponyovuevn vwoevotnta 6Tt To yivopevo 00o DFT elvar icodvvapo pe
TNV KUKAIKT] GUVEMEN TOV avTIGTOlOV akoAovdidV 610 ¥povo. H kukAikn cuvErt-
&n oumg O patvetor vo pLog etvo ypNoIn oty TPALN, POv Y10 TOV VIOAOYIGHUO TG
amdkpiong y(n) evOg YPOLUIKOD GUGTILOTOS, TPETEL VO BPOVLE TN YPOULUKT CUVE-
MEN NG €16000V x(n) e TNV KPOVGTIKY amdkpion A(n) avtod, dnAadn y(n) =
x(n)*h(n) (evomnta 1.4). MéMota, edv L givor To pnkog tg axorovdiog x(n) kot M
TO PNKOG T akoAovBiag /i(n), TdTE TO PNKOC NG akolovBiag y(n) Ba 1oovton pe L +
M-1. Ano6 1ig 1016tteg tov DTFT (evotnta 2.1), yvopilovpe 61t

y(n) = x(n)* h(n) - Y (e/®) = X(e’®)- H(e’®) (2.39)

Apa, dv BELovLE VO OVOKOTOOKEVAGOVLE TNV V(1) amd ta OeiyaTo ToV AGHOTOS
g Y(€) og Socpirég cuyvomeg, Oa mpémet va mhpovpe Tovrdyiotov L + M1 dety-
HOTO 6T oLYVOTNTO. ZVVERMC, omatteitan évag DFT unkoug N = L + M-1, yio v

avamopdctacn g akoiovdiog y(n) oto medio Tov xpovov. ‘Etot,

ev Y(K)=Y(e’)|yormin = X(e”)H(™ ) yrmsn» k=0, 1, ..., N-1
T01E Y(k) = X(k)H(k), k=0,1,...,N-1 (2.40)

omov X(k), H(k) o DFT N-onpeiov tov akolovthdv x(n), A(n) avtictoyo. Engidn ot
aKoAoLBieg x(71) Kot h(n) Exovv uKog LKpOTEPO omd N, TpocHBETovpe GTotyElo Unode-
VIKNG TIUNG o€ Kabepd amd avtég, £T01 MOTE TO UNKOG TOVg va Yivel ico pe N (zero
padding). Avti n adENon ToL PNKOVG TV akoAOLOL®V dev enmnpedlel Ta AcUATA
Toug X(€”) xar Y(€”), to. omoio eivar cuveyn. ATADG, 00TO TOL EYOVUE EMTUYEL LE TO
va apovpe N delypota 6tn cuyvotnta, (vroroyilovtag tovg DFT pnkovg N), etvat
Vo aENGOLLE TO TANB0G T®V ELYHAT®V, TO, OTTOI0 OVTUTPOGMTEVOVV TIG akolovBieg

oTéG 6T0 TEST0 TG SLVYVOTNTAS, TEPA ad TO eAAyIoTO TAN00C (L Ko M avticToy).

O N-onueiowv DFT, 6mov N = L + M—1, g akolovbiog e£ddov y(n), eivor apketdg
Yo TV avomapactact g ¥(1n) oto medio Tov cuyvotitev. Katd cuvéneia, kot o
moAlamAococHog Tov N—onueiov DFT X(k) ko H(k), coppova pe m oyéon (2.40)
kot 0 enakorovbog N—onpeiov IDFT tov yvopévov, Ba pog ddoet v akorovdio
y(n) (BA. Zyqua 2.11). Kat” avaioyia, 1o medio Tov 1pdvov avtd onuaivel mog n
N—onueiov KukAikn cuvEMEN TV x'(1) Ko A'(n) 1600VVApEL LE TN YPOLLUKT GUVE-
MEN Toov x(n) (uAKovg L) ko i(r) (uikovg M). Me dAla Aoyia, avldvovtag To unkog
TV akolovbidrv x(n) kar h(n) oe N (mpocbétoviag oto 1éAog kalbeuidg otoryeio. unde-

VIKNG TIUNG) KOl EKTEAMVTAS TV KOKAIKI GOVEMEH TV 0K04.00010V TOV TPOKDTTOY,
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IxApa 2.11
Tpoyyurn ovvéi-
én oto wedio g
oVYVOTNTOS

TOIPVOVLUE TO 1010 ATOTELEGUO UE EKEIVO OV Ba Tolpvaue, e6v EkTEAODTOUE TH YPOLL-
kn ovveiln twv apyixav axolovbiov. Enouéveg, o DFT umopei va ypnoonowm-
O&l Y100 TOV VTOAOYIGHO TNG YPOUUMKNG GVVEMENGS, PaprolovTag avTOV GTIS 0KO-

AovBieg mov Exovv KaTAAANAO MU KLVOEL.

x'(ny—— DFT X®

(x XOHB | ppr | ) = x(n)*h(n)

H(k)

h'(n) —| DFT

Napadsiypa 2.6

Xpnowonoote 1o {gbyog tov DFT yia tov vroroyiopod g e£660v evOg GuGTHLLA-
TOG e KpovoTikn amokpion A(n) = {1, 4, 4, 1} oto omoio epapudletar eicodog x(n)
=1{5,4,3,2,1}.

Adon

H axoiovBio etc6d0v £xel pnkog L = 4 kot 1 KpovoTikn akorovbia &xel punkog M =
5. H ypoppkn cuvélén tov dvo avtdv akorovbiwv Bo pog ddcel Tnv akolovdio
e€6d0v y(n) wikovg N = L + M—1 = 8. Enopévac, to uinkoc tov DFT Ba npénet va
glvat (tovddyiotov) oyto. Emuniovovue tig akoiovbieg x(n) ko h(n), dote Kobe-
Ld VO OTOKTNGEL UNKOG 160 LE 0YTM, TPOGHETOVTOG GToLyEln UNOEVIKNG TIUNG, KoL
o1t cvvéyela vmoroyilovpe tov DFT tov véwv akolovbidv. Ot akoiovbieg mov mtpo-
KomTouv etvan x'(n) = {5,4,3,2,1,0,0, 0} xon ~'(n) = {1,4,4,1,0,0,0, 0}.

;
O 8—onueiowv DFT tng e1c6d0v x'(1) 1cobton pe X (k)= Zx'(n)e_ﬂ”k"/ . k=0,1,

..., 7 KOl ETOUEVOC: n=0

X(0)=15 X4)=3
X(1)=5,41-7,.24 X(5)=2,6 + 1,24
X(2) =32 X(6)=3+2
X(3)=2,6-j1,24 X(7)=5,41+)724

7
O 8—onpueiov DFT g kpovotikng 4'(n) woovton pe H (k)= Zh‘ (n)e ™8 k=0,

1, ..., 7 xou emopéve: n=0



2.2 AIAKPITOXI METAZIXHMATIZMOZX FOURIER 79
H(0)=10 H(4)=0

H(1) = 3,12-7,54 H(5)=-1,12-0,46

H(2) =-3-3 H(6)=-3+3

H(3)=-1,12 + 0,46 H(7)=3,12+/7,54

To ywvopevo tv dvo avtdv DFT ctoiyeio mpog ototyeio Oa pog dmoet v Y(k):
Y(0)=150 Y(4)=0

Y(1) =-37,68-63,41 Y(5)=-2,32+2,59

Y(2)=-15-3 Y(6)=-15+,3

Y(3)=-2,32+,2,59 Y(7)=-37,68 + ;63,41

H andxpion y(n) npoxvmtetl omd tov 8—onueiov IDFT g Y(k) og

,
y(n)= %ZY(k)eﬂ”k”/g ,n=0,1, ..., 7 kot tehd y(n) = {5,25,39,35,25,15,6,1}.
k=0

Inueidote 0Tt 670 1010 amotédecspo 0o KOTaAEOVUE 0V EKTEAEGOVUE TNV KUKAIKY
cuvEMEN amevbeiog oto medio Tov ypdvov, OTmg €ytve oto Ilapdderypa 2.5, Tomobe-
TOVTOAG TIG UNKOVG 0YT® onpeinv akorovdieg x'(n) kot () otig TEpIpEPEles KOKA®Y,
TEPIOTPEPOVTOG KOl TPOGHETOVTOG TO YIVOUEVAL.

Aoknon Auroa&ioAoynong 2.11

No vroloyicete TNV andkplon VOG GUGTNLOTOG [LE KpoLoTkn A(n) = {1, 2, 3} ywa
gloodo x(n) = {3, 4, 5, 2} ypnoonowdvtag DFT kot IDFT tov oytd onpeiov.

2.2.4 O DFT o€ popepn nivakwv

O DFT N-onpeiov (e&icmon 2.21) propel va BempnBel kot og ypoppukds pLetacyn-
LOTIOUOG EVOG dlovOGHOTOG N—O10.0TAGE®V GTO YPOVO GE £va N—d100TAGEDY S1aVV-

oo ot ovuyvotnTa. 'Eoto X 10 dtévuoua tov N ototyeiomv g akolovbiog x(n),
x = [x(0) x(1) ... x(N-1)]" (2.41)

om0V 0 ekb&mc T vodNAdVEL TOV avacTpoPo Tivaka, X To didvoucua Tov N cuvte-
Aeotov X(k)

X = [X(0) X(1) ... X(N-1)]" (2.42)



80

KEQAAAIO 2: ANAAYIH XTO MEAIO THX ZYXNOTHTAX

kot W o N x N DFT nivoakag
(11 1 1]
1wy we ... Wy
1 W wy .. WYY
w=|. . ) . (2.43)
1wyt Wb VD

2
omov Wy =e N N N, PIC0 NG povadog. O mivakag W eivar cuppetpicds. Me

Béiomn avtobvg Tovg opiopove, o DFT pmopet va exppacbel og popen mvixkmv og:

X =Wx (2.44)
OcmpovpE 6TL 0 ovTicTpoPog Tov W vrdpyst kou sivar o W, omdte morlomhactd-
Covtag kat to. d0o uén e oxéong e W' maipvoopus

x=W'X (2.45)
Opwg, n oxéon (2.22) tov IDFT exppdletal 6 Lopen TVIKOV ©C;

x = (I/N)W*X (2.46)
omov W* 0 culuyng pyadikog tov W. Xvykpivovrtag tig 600 televtaieg oyEcelg pmo-
POVLE VO GUUTTEPEVOLLE OTL

W' = (1/N)W* (2.47)
KO, KOTO GLVETELD,

WW#* = NI (2.48)
omov I o povadaiog mivakag dtactdcewv N X N. Emouévmg, o mivaxkag W etvat évag
opboydviog (unitary) mivakog.

Ao TIg oYEaELg ALTEG YivETOL GOPES OTL Y10 TOV VTOAOYIGHO Tov DFT amottovvral
N? wyaducoi molamhaciacuoi kot N(N-1) pryodikéc mpocsbicsic (appavovtog
VIOWYT) TOLG TOAAATAAGIGLOVG OKOLT KO [E TN pLovada). Opmg, apov o mivakag W
glvorl cLPETPIKOG, Ol LGEC TIHEG aLTOD lvat 101€G e TIg dALeS Loég. EmumAéov, ot
TIES oTéG givan o1 NV pileg g povadag, kot amd avTtég ol pioég ivar avtibeteg Tov
GAL®V. Avtd propei va yivel pavepd av ypdyovope tov wivaka W yia N = 8, 0nmg

paivetal oto Xyfua 2.12. O wivaxog avtdg mposkvye e T Ponbeta Tov Zynuatog
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2.6. [Tapoatnpovpe GTL VIAPYOVY HOVO TEGGEPLS OLOUPOPETIKES TILES GTOV TIVAKA OVTO.
A&0TO1OVTOC, ETOUEVAMC, TN CLUUETPIO KOL TNV TEPIOFKOTNTO TV TYLMV TOL TV~
KoL, UTOpoVLE Vo amaielyovpie Tov TAgovacud. Etol, pmopovue va katodnEovpe o€
TEXVIKES LITOAOYIoHOV Tov DFT pe apketd Aydtepeg mpaelg, Oniodn, KataAnyov-
pe 6’ évav tayd petacynuaticpd Fourier (fast Fourier transform, FFT), énwg Oa

dovpe otnv gvotnra 2.3.

n—-—»

2 1 — -1 Jj 1 —j -1 j

3 1 —b j a -1 b — —a

4 1 -1 1 -1 1 -1 1 -1

) ‘ Ixipa 2.12

3 1 - b -1 a J b O mivoxog Wyia N = 8

6 1 -1 5 1 5 -1 ( g, 14
a —

7 1 b j —a -1 b S a NS [

Mapadaiypa 2.7
Na vroroyiotei o DFT g axoAiovdiag x(n) = {1, 1, 0, 0}.
Adon

H axoAiovBia x(n) ivar pkovs t€00epa, 0mOTE TPEMEL VO VTOAOYIGOVLE TOV TTiVOLKOL
W y10. N = 4. A&10motdvag v meplodikdtta kot ) cuppetpio (W V2 = -k
TOV TILADV TOV TIVOKO £YOVE

1 1 1 1 1 1 1
wy Wi Wi |1 o= -1

_|weowowrowd|_

W= 2 0 2
wy wy owlh owy we o owy owil |1 -1 1 -1
weowg Wi owp /I L S
2
, 1-j
Apa, X=Wx = .
0
1+

Onmg tav puoikd, To amoTELEGH aVTO GVUPVEL LiE eKkeivo Tov TTapadetypatog 2.4.

j=N-1)
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Igvoyn evotnrag

2y evotnta avt yvopicape to dtokpitd petacynuoticnd Fourier, dnAadn to
LETOGYNUATIGUO IOV e@apuoletal oe akoAovbieg menepacévon UKovs. Avtog
€lval 0 PETOCYNLOTIGLLOG TTOL ¥pNoLomoteital oty mpdén oty enelepyacio onud-
TV pe vmoroylot. Eidapue 6t yuo éva onpa N derypdtov, tpokdmtovy N deiypo-
Ta ot ovyvotnta. [poxeitat yio éva meplodwd dukpitd pacpa. I'vopicape eni-
oNG TNV €vvola TNG KUKAKNG oAloBnong evoc onpatoc. Eidape 6Tt 1 KukAKn cuvé-
MEN 000 onudt@V dlakpitov Ypdvov, pRKovs L kot M avtictotya, Wropel va, dMceL
70 1010 amOTELECUA [UE TN YPOUUIKT] GCUVEMEN OLTAV, LOVO 0POV EMEKTEIVOVLLE TO
OPYIKA CY|LLOTA [LE EMTAEOV GTOLYEID UNOEVIKNG TIUNG, OGTE VO OOKTGOLV UIKOC
TOVAGYIoTOV {00 e L + M—1 1o Kabéva, kot apov VITOAOYICOVLE TNV KUKAIKT GUVE-
MEN TV VE®V, HEYOADTEPOL UNKOVGS, akoAoVOIOY. TéAOG, dtomicTdoapE Yo pio
aKOpa Popd, OTL KaTd TN LETAPaoT amd To TEGI0 TOL YPOVOL GTO TTEDIO TNG GLYVO-
mrag 1 evépyea datnpeiton (Bedpnua Parseval).

2.3 Taxug peracxnpariopog Fourier (FFT)

O tayvg petacynuotiopdg Fourier (fast Fourier transform, FFT) dev etvon timote dAho
mopd Evag amodoTKOg aAyOoplOpog Yo tov vroroyiopd tov DFT. Ztnv mtpdén, dev
VIAPYEL LOVO Evag adyOpOpog, aAld TAN00G amd dlopopeTkovs akydplOovg Tov
emtuyydvovv to okond avtd. Ot drapopég Tovg Ppickovtal Kupimg 6to TAN00G Kot
6710 €id0g TV Tpdiewv Kabmg Kot 6To PEYEBOg TG amattovpevng pvnung. OAot dpwc,
€YOVV £VOL KOWVO YOPOKTNPLOTIKO: yperalovror uovo (N/2) log,N uryadikovs wollo-
Thoolaouovs yio. tov vwoloyiouo evos DFT N-onueiowv. Epegic 0o avagpepbodue otov
aiyopiBuo tov Cooley—Tukey, o omoiog mpotdOnke o 1965 kot o omoiog £dmwoe pio
TPUYUATIKA EVIVTOGLOKN GONGN oty ymoewokr| eneéepyacio onpdtov. O alyopd-
Hog owtdg pmopet va epappoctel e onpata omoteAovpeva and N delypata, 6mov N
= 2", dnhadn mpdkettar Yo Evay alyoptdpo Paonc—2 (radix—2), 6mwg oavtdg ovoud-
Cetat. Apyika,  akolovBio Tov N ctoryeiov e16660v x(n) yopiletal oe 300 aKo-
AovBieg pnkovg N/2 n kobepia, Tig x(2n) ko x(2n + 1), amoteAodeveg omd otoyeio
HE APTIOVG Kol TEPLTTONG deiktec, avtiotolya. 'Etol, Eekvovtag amd Tov opiopd Tov
DFT (g&iowon 2.21) éyovpe:

ﬁ—l ﬁ—l
N-1 2 B
X (k)= x(WF = xQmW™ +Y x(2n+ R0k =
n=0 n=0 n=0
N N (2.49)
i_l 7_1
2 2
= z X2y Wy 2 x(2n+1)W2m
n=0 n=0
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Opwmg W™ = e_j%”znk = e_j%n =Wk, omdte n teElevTaio oyéon yiveto:
%-1 %-1
X (k)= Xy, + WD x(n+ W3,
n=0 o n=0 o~
N X (k)= X, (k)+ Wy X, (k) (2.50)

[Mopatnpovpe 6Tt 0 vVITOAOYIGHOG TV N onpeimv Tov X(k) £xel exppactel wg abpot-
opo dvo DFTs pe minBog onpeiov N/2 o kabévag, ek Twv omoimv o £vog mpémel vo.
ToAamAoGI0GTEL el Wy . ATOG 0 TOAAUTAAGIAGHOG NTAV AVOUEVOUEVOS, OV OKE-
@BovE 0TI M akoAlovbio TV TEPITTOV SEKTOV Elvar oMcONUEVT KaTd Eva detypa mg
TPOC TNV APy TOL ¥POVOV, OmdTE Le Pdon TV W1OTNTA TS KVKAKNG 0AicOnong 6to
¥pOVO, AT GUVETAYETAL TOAATAAGIOGNS entl Wy 610 medio Tng cvyvoTTOC.

k N n k+ﬁ
Aopfavovrog vmoym pog ot WN+2 =-W¥ ko WN[ : J = W]Gk M oxéon (2.50)
2 2
yia k ico pe k + (N/2) yivetat:
N k
X k+7 = X (k) =Wy X; (k) (2.51)

Katd cuvéneia, Exovpe emrivyet péypt To onpeio avtd, va ekppdcovpe tov apykd DFT
tov N onueiov o¢ cuvovacud dvo dAlov DFTs picov punkovg o kabévag. Ag ava-
Ypéyoupe Tig 000 TELELTAIES GYECELS, TPOGEXOVTUS OUWOG QLTI T POPd, OTL TA 71, k

kopaivovron peta&d 0 kot (V/2)-1 ko oyt peta&d 0 ko N—1, 6mwg elyope Eekvnoet:

X(k)=X,(k)+ WX, (k) (2.52)
N k
X(k +7J = X, (k)-Wr X, (k) (2.53)

omov k=0, 1, ...., N2—-1.

O VTOAOYIGHOG TOV TIUAOV OVTOV UTOPEL VO YIVEL GUVOVLOCTIKA EKTEADVTOG LOVO £Vl
noAlamhactooud. [apactatikd, ) dadikacio avt divetar pe ) Pondeta g Aeyo-
pevng wetalovdag (butterfly) Tov Zynquartog 2.13. [Ipdkeitanl 0VGLUGTIKA, Y10, TOV VITO-
Aoyopd evog DFT 2 onpeimv. Zto mévo de&i dxpo tng metalohdog Exovpe TV mpod-
obeon TV aplOpdy ToL KATOAYOUV 6”7 0VTO, VD 6TO KAT® 6e&i GKPOo eKTEAOVUE
NV 0paipeon TV StV aplopmy.
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Ixnpa 2.13

Boagixn mweratoboo
2 onueiowv

Ixnpa 2.14
Aoypdpyota pong
FFT oyt onuei-
wv: (a)—(y) ta
io dladoyika
016010, AVATTOENG
700 0AyopiBuov,
(9) to ovvoliko
diaypopyto. porje

X, (k) . . X()=X,(k)+ W, jX, (k)

X, (k) - e — . XUke+NI2)=X, (k)W X, (k)
Wk -

Ipaeucd, 1 pwéxpt tdpa avdivon tov DFT divetan 6to Zynua 2.14a yio v nepintm-
o1 1oL Eyovpe oyT® detypata (N = 8). Iivetor cagég 6Tt 0 VToAoyIoUdS Tov N—onuei-
ov DFT &yet avoyBel otov vmoroyiopd dvo DFTs N/2—onpueiov o kabévag Kot oTov
TEMKSO GUVIVACUO TOV OmoTELEGUATOV TOVG. H dtadasio avdivong mTov akolov-
ONOnke mponyovpévmg pumopei va cuveylotel kat yio Tovg 0vo véovg DFETs tov N/2
onpeiov. ‘Etol, yopilovpe Kot oA g dpTio Kot Teptttd kot oakoAovddvTog v ot
TOKTIKN KATOANYOLUE GTO Sdypappo Tov Xynuatog 2.14p. Avt n dwudkosio avé-
Avong (amodekatiopov) cuveyiletan péypic 6tov KotoAn&ovpe 6tov vroAoyicpd DET
2—onueiov (ZyMua 2.14y). Avtd Ba yiver petd and m otddia, omov m = log,N. To
GUVOAMKO dudypappa pong evog FET oxytd onueiov eaiveton oto Zynpa 2.149.

b+ 30 Xt@d0o —————*=°

x(0) X,(0) X(0)
X(2) XM . X(1)
DET
N onueiov
x4 | 2 X . X0)
(6) X13) \>©</ X(3)
| X,(0) X(4
x(3) | X4 X(5)
DFT Wy -1
N onueiov
X5 | 2 X5(2) . X(6)
72 1
G p— X0) y X()
X Wé, _1
(@)



2.3 TAXYYL METAIXHMATIZIMOZX FOURIER (FFT)

85

e 20 Xthdo ——————*=°

x(0) ] X1,(0) X,(0)
DFT \/
N onueiov
x4 | 4 Xy (1) _ X, (1)
x2) X12(0) ><>< X,(2)
DFT i /\
N onpeiov
x6) | 4 Xio(1) . . X,3)
2 9]
x(1) X1(0) . X,(0)
DFT /
N onueiov
x5 | 4 X () . . X,(1)
x(3) X2(0) ><><_ X,(2)
DFT e -1 ’
N onueiov
x| 4 A2al) — X%0)
Wi -1
B)
° lo Ztddo ————°
x(0) X11(0)
x(4) ><_1_ X(1)
x(2) 3 - X1,(0)
x(6) ><. Xio(1)
V%O -1
x(1) . X1(0)
x(5) >< Xo1(1)
[/%0 -1
x(3) X,(0)
x(7) ><. Xp(1)
Vg‘) -1
)
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Ixnpa 2.14
Mioypdpyota pong
FFT oytw onuet-
wv: (a)—(y) ta
pio S1adoyIKa
01010, AVATTOENG
700 akyopifuov,
(0) o ovvoliko
didypopyio. porie

lo Xtdd10 20 14410 30 ¥t4o10

x(0)

x(4) o i3

. X(0)

o X(1)

e
-
SN

x(2) o

. X(2)

xX(6) . e

« X(3)

x(1) , %

o X(4)

x(5) o V%O

« X(5)

- X(6)

x(7) o W

o X(7)

(©)

Ao to Zynpa 2.148 pmopolie va TopaTpiGOVLE OTL:

H dudtaén tov derypdtov e£660v (cuvterestdv) elval Kavovikn, dniadn X(0),

X(1),...,.X(7), eved n d16taéEn TV deIyHITOV £10000V (dedopévav) eivar Un Kovovi-

KN, x(0), x(4), x(2), x(6), x(1), x(5), x(3), x(7). H pun kavovikn avt didtaén Tov dety-

péT@v 16000V givol amoTEAEG LN TG GTUSIKNG ATocHVOESG TV SEIYIATOV E1GO-

d0v (medio yxpdvov), Tov ePapPUOGALE KATA TV avamTtuén tov adyopiBuov. Avti n

dwadikacio amocvvieong ovoudletol amodekaTicrog 6to ypovo (decimation—in—time,

DIT). H ddtoén tov otoryeiov e160d0v dev etvat Tuyaio, 0AAL TPOKOTTEL OO TNV

KOVOVIKT S1dTal TV OEYLATOV [LE OVTIGTPOPT] TS GEPAG TOV SVASIKOV Yyneinv

TV deiktav tovg (bit—reversal). H minpng avtiotoiyion Tov KavoviK@V Kol ToV ovo-

Swtaypévov deiktmv yuoo N = 8 divetar otov [livaxa 2.4.
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Mivakag 2.4
Kavovikn oidraln kai diaradn mov mpokdmtel omo aviiotpops e OEIPAS TV ODAOL-

KoV yneiov yio N = 8

Kavovikn dudtaén Aldtoén and avTieTpoen
g o€1pag TV bits

Agxadikog Avodikog Avodikog Agkadikdc

0 000 000 0
1 001 100

2 010 010 2
3 011 110 6
4 100 001 1
5 101 101 5
6 110 011 3
7 111 111 7

"Eva evdropépov atoryeio Tov FFT mov polig avamtdéape, gival 1 SuvotoTto eKTé-
AEONG TOV VIOAOYIGU®V oTIS 101eg Béoeig pvnung (in place). Agv amotteitot, dnia-
oM, EMTAEOV YDPOG Y10 TNV 00O KEVGT TOV EVOLALES®Y ATOTEAECUATMV. AT TO
e 2.14, pwopovpie vo moapotnprioovpe 0Tt og Kabe 6Tdd10, 01 0001 UTOPOLV VL
amofnkevovtat 611 101 BEoE1S pviung, 6oL ftav amodnkevpéves ot £il6odot Tov

oTaolov EKELVOVL.

Téhog, 10 mAéov ovolaoTikd ototyeio tov FFT eivor 1 petopévn vtoloylotik moAv-
TAOKOTNTA TOV, ONAOAT, TO GLVOAKS TANB0G TPAEEWDV (TOALATAAGLOG LMY KOl TPO-
o0écewv). ['evikebovtag v mepintmon Tov Zyfuotog 2.148 umopovpe vo dovpe OtL
0 vmoroyiopds tov FFT N derypdtov (N = 2™) yiveton oe m otadwa (m = log,N). Ze
K60 otddo Exovpe N/2 meTtolovdes, SnAadn, (N/2) log,N netahobdeg cuvorkd. Amd
70 Zynpa 2.146 dwmetdvovpe 0Tl Yo ToV VITOAOYIoUO KAOE TeToloDd0g amotTeiTol
£vVag Iyadikog TOAOTANGIOGHOG Kot 00 pyadikés tpocbécels. ‘Etot, o N—onpeiov
FFT amottel (NV/2) log,N pryadikovg morhamroactocpovs kot N log, N pryaducég mpo-
obéoeig. Eidape oy mapdaypapo 2.2.4, 611 yio. Tov omevdeiog VTOAOYIGHO TOV
N-onueiov DFT, anatovvron N* pryaducoi moAlomhasiacpoi kot N(N-1) pryadtcéc
npocbioeic. Katd cuvéneta, To kEPOOG oe TPAEELC KO pa GE YPOVO VIOAOYIGHOV, ival
TOAD peydro, 0mmg eaivetal otov Ilivaxa 2.5 yia dtapopeticd TANn00¢ detypdtov.
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Evdewctcd avoaeépeton 6Tt yio N = 1024 10 k€pdog avtd yivetot LeyoahdTEPO TOV dla-
KOG10, dNAAOT 0 ¥POVOG VTOAOYIGHOD UEWDVETOL TOVALYIGTOV KOTA dVO TAEEIS PEYE-

Bovc.

Mivakag 2.5
Mryodixol morlomloaociaouor yia tov vwoloyiouod tov DFT kar tov FFT

DFT FFT Abdyog Miyadikav
N IMn0o¢ Miyadikov [MM0og Miyadwikdv — [MoAlomAacloacpumdv
[HoAromAaclocpmy [oAamlaociocumv (#DFT / #FFT)

2 4 1 4
4 16 4 4

8 64 12 5.3

16 256 32 8,0

32 1 024 80 12,8
64 4096 192 21,3
128 16 384 448 36,6
256 65 536 1024 64,0
512 262 144 2304 113,8
1024 1048 576 5120 204,8
2048 4194304 11 264 372,4
4096 16 777 216 24576 682,7
8192 67 108 864 53 248 12603

Oa wpémel va toviotel 0Tt 0 FFT adyopOpog, mov potic avamtdydnke, epapudletan
pnovo yro TAn0og derypdTmv mov gival dvvaun tov dvo (radix—2). To yeyovog avtd
amotelel GALmoTe Kot Tov meploptopd tov FET, dnhadn 61t dev pmopel var epapplo-
o7Tel, £T01 OT®G TAPOLGIAGTNKE €0, Yia TVYi0 TANO0C onueimv — dmwg o DFT.
Yndapyovv mtorrol FFT aiyopiBuotl ot debvn Birioypapia ot omoiot a&lomotovy ta
SLOPOPETIKA YOPAKTNPIOTIKE TNG E1GO0L KOl EMLTVYYAVOLY VYNAOTEPEG EMOICELS.
"Etot, cuvavtodpe alyopifpovg mov epappoloviat povo yia tAnbog onueiov mov
elvar duvapelg Tov téocepa (radix—4), 1 adyopiBpovg HOVo Yo TPayLATIKEG E1G0-
dovg (real-valued), 1 aiyopiBuovg yio tAn0og onpeiov Tov ivar TpdTol apBpol
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(prime length).

H mponyovpevn avéiveon Paciotke otov amodekozioud aro ypovo (DIT). Me napod-
oo TpOmo Bo UTOPOVCOUE VO EMLYEIPCOVUE OTOIEKATIOUO GTH GUYVOTHTO.
(decimation—in—frequency, DIF) «ataAfyovtag o’ évav FFT aAiyopiBuo
(Sande—Tukey, 1966), o0 omoiog £xet TNV 16100 VTOAOYIGTIKT TOAVTAOKOTNTO LLE TOV
avtiototryo DIT aiydpiBpo. Xapaktpiotiké tov DIF aiyopiBuov ivai 6Tt ot ToA-
AOTAOGLOGHOT GTIC TETOAOVOES YivovTal HETE TNV AOpOIoT TV EIGOSMV Kol OTL Ta.
delypata 16000V elval 6€ KOvVoVIKY dtdTasn, eva ta deiypato €000V Gg [N Kovo-

vikn duataén (bit-reversed).

YrevOopiletor téhog, 0TL 0 FFT dev amotelel kdmoto véo petacynpatiopd Fourier,

OAAG pio aodotikh akyoplBikn pnéBodo yia tov vroAoyiopd tov DFT.

Aoknon Auroa&ioAéynong 2.12

[Tocot pryadikol TOALOTANGLOGLOT OTOLTOVVTOL Y10 TV VAOTOINGT) TNG YPOLUIKNG
oLVEMENG dV0 akoAovdidv pnkovg N 1 Kabepid, 6mov N dHvaun tov 600; Yoro-
yiote ™ ypopuikn cuvéEMEN (o) amevbeiog 6To medio Tov ypdvov, (B) uEcw tov TENT-
0V G cvyvotnTog e xpriomn Tov DET kot () péc® Tov Tediov TG GLYVOTNTOG LE
yxpnon tov FFT. Katactpdote wivaka o onoiog va deiyvel to TAnog tov tpdéewmv
GLVOPTHGEL TOV aplpod tov onueiov N. [a mtoleg TiES Tov N Hog GOUPEPEL VO,
vroloyicovpe T ypoppkn cuvéEMEN pécm tov FET kan oyt amevdeiag;

Iuvoyn evotnrag

21y evoTnTo 0L YVOPIGOE TOV TayD petacynpaticpd Fourier. Avanto&ope tov
OAyOPIOLO amodeKATIGHOV GTO YPOHVO Yo TNV TEPIMTMOT TOV TO TANHOG TV oNpel-
@V givar dvvaun tov dvo. Eidape 61t vapyovy moArol adydpBpot yio Tov Toyw vro-

Aoywopo tov DFT, 1 vroAoylotiki] moAvmAoKoTnTa TV omoimV, gival ¢ tdéemg

o N log,N Kot 6t tov N2, 6mec supPoivet pe Tov amsvbeiag vroroyiopd tov DFT.
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Iovoyn kePpalAaiou

270 KEPAANLO OVTO HEAETGOLE TO GNUATO, SLOKPLTOV XPOVOL OO TNV TAELPE TOV

mediov g cLYvOTNTOG Kot EIdLE OTL:

H petéfoaon amd to medio Tov ¥pdvov 6To TEGI0 TNG GLYVOTNTOG EMTVYYAVETOL LIE
t0 petaoynuoticpd Fourier dtakpitod gpdvou (e€icmwaon avaivong), Eved 1 LETA-
Baon amd 1o Tedio TG cLYVOTNTAG GTO TEGI0 TOL YPOVOL YIVETAL LLE TOV OVTIGTPO-
@o petaoynuatiopnd Fourier dtokprtod ypovov (e&icwon cvvieong).

Katé ™ petdpaon omd 1o medio tov ypdvov 6To TESI0 TG GLYVOTNTAG 1) EVEPYELN
oV onpoTog dotnpeitan (Bedpnua Parseval). [Ipoxeitor oty ovoia yio v avao-
TOPACTOCT) TNG 1010, TANPOPOPLNG [LE LUPOPETIKO TPOTO.

O DTFT &vog onpotog d10Kpttod ypovov Eivat [io GLUVEYNS KoL TEPLOJIKT] GUVAPTNON.
O DFT &vog onpatog dtokpttod ypdvou memepacuévng dtdpketog ival pia mepto-
dwkn| akolovbia.

Toaybdg petaoynuoticpog Fourier (FFT) givat kabs adlyopBpoc o omoiog €yel vo-
AOYIGTIKY] TOAVTAOKOTNTA LKPOTEPT) 0O eketv Tov anevbeiog VIOAOYIGLOD TOV

DFT. H ocvvnong vroloyiotikny moivmiokdtnta tov FFT gival g ta&emc tov
Nlog,N, evé exetvny Tov DFT givot g taemg Tov N
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Anédoon ayyAikwyv 6pwv otnv eAAnvIiki

band-limited

bit reversal

circular shift

decimation in frequency
decimation in time
discrete Fourier transform
domain

dual

energy—density spectrum
fast Fourier transform
magnitude spectrum
phase spectrum

radix

sampling frequency
sampling rate

shift

spectral overlap

twiddle factor

zero padding

TEPLOPIGLLEVOL EVPOVG
AVTIGTPOPT SLASIKOV YNeimv
KUKMKN oAloOnoN 1 petatomion
OTOJEKATIGHOG GTI GLYVOTNTOL
OTOJEKATIGOG GTO YPOVO
SloKpLTog petacynUoTiopog Fourier
7edio, YOPOg

duttog

QAGLLOL EVEPYELOKNC TUKVOTNTAG
Tay0g petacynuoTiopog Fourier
QAL LETPOL

pacpa eaong

paon

oLYvOTNTA dEryHOTOANYioG
pLOU6G SerypoTonyiog
oMobnon, petatdmion
(QOCUOTIKY] ETKAALYT
TOPAYOVTOG GTPOPNG

TPocHNKN UNdEVIKOV GToLYEIDV






Wneiaxka @iAtpa
nengpacpévng kKpouotikng anokpiong (FIR)

Ikonog

270 KepOAa1o ovTo O UEAETHEOVUE TOL YOPOKTHPLOTIKG KOl TIG IOLOTHTES TV YWHPIO-

KWV QIATpwV TETEPACUEVHS KpovaTiknS amokpions (Finite Impulse Response — FIR).

Eriong, Bo yvopicovue tig 000 mo onuovakés uebooovg oyedioons tovg kot Go. ava-

Aboovue extevars t uéBodo tawv wapalvpwv. To FIR piltpo. ypnoiuomwoiodvior evpo-

T0TO. 0TV YHNPLOKY ETECEPYATLO. OHUATOS AOY® JDO TOAD GHUAVTIKDV 1010THTWV TOD

opovolalovy, kol Ti¢ omoles emiong Oa eletdoovus 0w: T YPOUULKT] OTOKPLON

@paong kol v evotadeio.

MNpoodokwpeva anoreAéopara

Orav olorinpaoete ) uelétn tov kepaloiov avtod Bo. elote oe Géan va:

2yeoralete 1 yevikn oounj vog FIR ynetarxod piltpov

Ivapilete ta TAEOVEKTHUATE TOVGS, YLA TO, OTCOT0, GAAWGTE KA1 TO, YPHOLUOTOLODUE
KaOopilere tic mpodiaypapéc evog FIR piltpov

Yroloyilete to uétpo e amoxpiong cvoyvorntas evog FIR gidtpov

Karavoeite to polo ¢ ypouyuixng amokpions pacns oty oLloTHpnon e HopPHS
TO0V OUOTOS

Yroloyilete tyv andxpion paons ara piltpa avta
2yeoralete éva FIR gidtpo ue ) uébooo twv mapabopwv

Eényeite u eivar pélnioro gpidtpo kou oe 1 mleovekrel 1 uéBodog oyediaong Pélti-

otwv FIR piltpwv oe ayéon pe exeiviy twv mapabopwy

Emiiéyete v amorrovuevn oxpifeio twv ovvredeatav tov FIR piltpov yio vo emi-

Tevy o0V T EMBOUNTE, YOPOKTHPIOTIKG,

‘Evvoigg kAeidia

Lemepoouévn kpovotikn amokpion

2OUUETPIKT KPOVOTIKT] OTOKPLON
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o [popixn omwoxpion poaons

* Evotabero twv FIR piltpawv

* MéOodog oyediaong ue mopabopo.

o Xvvdptnon mopadipov

* Ddaguo mopabopoo

* Davouevo Gibbs

* Béluoro pilpo

o Ylomoinon ypopiknG omoxKpiong ¢acns

* Kpavuon twv ocvvieleotwv

Eicaywyikég Mapampnosig

T ypoyyuird, ynpioxd pilipo oo Qo eletdoovue o10 KePdLolo 0wTO TAPOVEIGLOVY
TETEPAGLEVIS YPOVIKNG OLGPKELOS ATOKPITH OE EIGOJO LOVOOIOIOS KpOVoHS. 2Th JlE-
vy fifrioypagia to. covavrodue wg Finite Impulse Response #§ FIR piltpa. Amwote-
AODV 0VOL0GTIKG. UEPIKN TEPITTWOTN TWV PIATPWY GTEPNS KPOLTTIKNG 0moKplong (IIR).
Amo o ypoyura yneioxa piltpo, gpotinovvrar ooviiwc ta FIR évavtt twv 1IR,
Aoy ¢ evotabsias oty LEITovpYia TOVS KOl THS YPOLUIKNGS OTOKPIoHS TOD TOHOD-
o1alovv ot Pact. 2to kepalaio avto Qo eCETAooVUE TO. EION KO TA YOPOKTHPIOTIKO,
v FIR piltpwv kot Oa ueletnoovue t uéBodo oyediaons toovg ue ta wopddovpo.
T¢Aog, Ba mweprypdwovue doués viomoinang twv FIR piltpwv, kabw¢ kol ta mpo-
SAnuazo wov mpokdTTovy KaTA TNV VAOTOINGY CVTH. ATOPAITHTO YVWETIKO VOO -

Opo amotelel n DAy TOL TPONYOVUEVOD KEPALOLOD.

1o Kepdloro ovto TEPLLOUPAVEL TIG 0KOAOVOES EVOTNTEG:
4.1 Xopoxtnpiotika twv FIR piltpwv

4.2 Tomor kou mpodiaypapéc twv FIR gpiltpwv

4.3 MéOodor oyedioons twv FIR pilipwv

4.4 Oéuoza viomoinong FIR piltpwv
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4.1 Xapakmpiotika Twv FIR giAtpwv

H yevucn dopn tov FIR @idtpov €xel dnwg eaivetal oto Zynua 4.1. Amoteleiton ond
plo ypoppn kabvotépnong (delay line), 6mwov olcBaivovv ta delypoTo TOL GNUOTOG
€16000V X(71), Kot 0O TOVG TOANUTANGIGTES A(m). Ta amote éoHATO TV TOAAATA-
GLOCUOV TpooTiBevtal yio va GOV TNV TEMKY ££000 Tov iktpov y(n). Eivon mpo-
QovEG 0TL M €£000¢ V(1) €lvat 0 YPOUUIKOG GUVOVAGHOG TOV SEIYHATOV E1GOO0L X(7):

N-1
)=y A(m)x(n—m) @.1)
m=0

Av 1o onpa e16660v oto FIR @iktpo givar n povadiaio kpoven d(n), tote 1 ££006¢
ToV (KpoLuoTIKT amdkpion Tov piktpov 1 Impulse Response) Oa eivar dradoykd ion
ue ke Evav amd toug ovvtereotéc h(m). 'Etol, éyovue memepacuévn 6e yPOVIKN
dudpketa kpovotikn andkpion A(m) yuo ta FIR eidktpa (Finite Impulse Response). H
eElowon dpopav (4.1) amoterel T oyéon e166d0v—eE6d0L Tov FIR @idtpov. Emi-
ong EEpouLE OTL Y10 TN GLVAPTNGY HETAPOPAS LGYVEL,

N-1
H(z) & h(n) & H(z) =Y h(m)z™ (4.2)
m=0
O Pabpog N tov giktpov yopaktnpiletal amd To TANO0G TV OpOV TS KPOLGTIKNG
anokplong (TAnbog cuviehestmdV A(m)).

___________________ Tpopu kabvotépnone
6(n)T x(n)i} Do) [T a0 eeNe) [ éx(n—N-i-l)
Ho)| H(n)) W) hN)) HN-1)|
h(n)
E@ "ttt
T ¥(n)

Mapadaiypa 4.1

INa to FIR @iltpo tov Zynuotog 4.2 va ypagel 1 e&icmon e16660v—e£0d0v Kol M

ouvaptnon petopopdc. Emiong, va oyediaotel 1 KpouoTiKy omdKpLoTn Tov GiATpov.

Ixnpa 4.1

Aoun FIR ynpio-
K0V QiATpov.



142 KEQAAAIO 4: WHOIAKA OIATPA MEMNEPAIMENHI KPOYXTIKHLZ AMMOKPIZHI (FIR)

L | x(n-2)

5(n)T x(n) o x(n—l);

n

Eyipa 4.2 3 1/3 1/3

Phpioxo piltpo

, , é \ h(n)
UEOHC TIUNC UE 13
n

TPELS OPOVG. y(n)

Avon

To @iktpo tov Zynuatoc 4.2 ival FIR, 816t ) kpovoTiky Tov amdkpion givol meme-
PAGUEVNC XPOVIKNG dtapkeLag (Tpelg Opot). Kabe dpog tng KpouoTiKNng amdKpiong
gtvan ioog pe 1/3, 660 dnAad1| o avtictoryog cuvtehestns ToL PiATpov. H e&icwon
£10000V—e£000V (e&lomon dapopmdVv) givat 1 akdAovON:

1
y(n)= E[x(n) +x(n—-1)+x(n—-2)]
H oyéon avtn delyvet 6T 10 @idTpo TOoL Zynuatog 4.2 gival Eva ymelokd cueTnU
péong tung (averager). Me m fon0eto g oyéong (4.2) n cuvdptnon HETAPOPEg
€xel g eENg:

H(z) Z%(1+z_1 +z7%)

Apacmpiomra 4.1

No oyedraotel évag amrog ynorakos dwpopiotng (digital differentiator). Na ypa-
@&l M oYéon €16000V—€EOO0V, 1| GLVAPTNON LETOPOPAS KOL VO GYESIOGTEL 1] dOuN
Tov @iAtpov. Emiong va oyedlactel 1 KpOLGTIKN TOL ATOKPLOT).

O amAoVGeTEPOG YNPLAKOG S1apoptots Oa £xetl 6080 y(n) T dtapopd 6v0 dradoyt-
KOV detypdtmv g €160d0v x(n). 'Etol 1 oyéon e16600v—e£6d0v TOoV pidTpov Ba givar
y(n)=x(n)=x(n-1)

H ocvuvéptnon petapopdc pmopel va vtoAoyiotel av AGBovpe T0 HETOGYNHOTIGUO—Z
KoL TOV 000 LEPDV TNG TPONYOVUEVIC GYEONG:
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Y(z2)=X(2)-z'X(z2)=

H(z)=%=l—z1

H dopn tov @iltpov givor oAb amhn kot £xel ¢ €ENG:

x(n) o x(n-l);

1 Y-1

&

Ortav 1 gicodog elvar n povadiaio kpovon, 1 ££080¢ ToOL EIATPOL (KPOVOTIKT OTd-

Kpton) Ba 16oVTUL LE TOVG GLVTEAEGTES TG APYLKNG OXEONG E16OO0V—EOO0V, dnAa-
on e 1 kar—1. H pope1| g KpovoTikng amokpiong Exel og eENg:

1
T
(—&T N

L

4.1.1 Tpappikn anékpion gpdaong

"Eva ¢iAtpo €xet ypoppikn andkpion edong (linear phase response) 6tav 1 dtapopd
@aong O(w) petald €16600L Kot £660V Y10, GILLOL YOVIOKNHG GLYVOTNTOS @, SIVETUL MOC:

0(w)=-aw 1§ O(w)=b—aw (4.3)

Omov a kot b o100epég oL e€apTdVTAL O TO YOPAKTNPLOTIKE TOL PidTpov. Otav ot
OPUOVIKEG GUVIGTAOGES EVOG GNUATOC, S1EADOVV 0td GUGTNLOL TTOV £XEL YPOUIKT OTTO-
KpLon edong ooupmva pe v (4.3), vrokevtor Oheg otny id1a xpoviky| kabvotépn-
on lon pe o sec, e OMOTELEGLLO VO UMV KOTAGTPEPETOL 1] LOPPT] TOL GY|LOTOG. AVTO
yivetor eovepod av okeptovpe 6Tt cos(wt + 0) = cos(wt—aw) = cos[w(t—a)]. Xto Zynuo
4.30 @aivovtot o1 600 OPHOVIKES GUVIGTMOGEG OO TIG 0T0leg amoteAeital Eva onua,
oV £Yovv UNdeVIKN dlapopd dong yia £ = 0, KaBdg Kot 1 Lopen Tov onpatog. To
onua Tov eoaivetal oto Zynuo 4.3p amoteleital omd TIC (d1EG GUVIGTAOOES, TOL £YOVV
OLLMG VTTOGTEL SIPOPETIKY YPOVIKT KAOLGTEPNON 1| L0 G TTPOG TNV AAAN, £TGL OCTE
va Exovv dtapopd pdong yia ¢t = 0 ion pe 7. To amotélespa givat 4Tt 1 LOPPT TOV
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Ixfipa 4.3

Abo apuovikés
7ov Jivovy dLago-
PETIKI LOPYI] YIa
70 oOVheTO ONUAL
avaloya (e
UETOLD TOVS Opyi-
K1} O1000p0.
pdone. o) Apyixn
oropopad poons 0.
p) Apyaxn diopo-
PG PACHG T.

onpatog €xet oAAdEet prlucd. Tlap® 6t to avBpdmvo GO aKONG OEV givat gvai-
6ONTO OTIC PACIKEG LETATOTIGELS TOV OPUOVIKADV EVOG GNUATOG, L0 TETOL0 OAANYT
00 umopovGE VO £XEL KATOGTPENTIKA OTOTEAEGLOTO, GE TEPUTTMCELG TTOV EVOLULPEPEL 1|

HOPON TOV GNHOTOC (TNAETIKOWVOVIES, KAPOLOYPAPT L0, EIKOVEC KTA.).

1 T T
0.5 A
0 - -
_1 VAl |
0 500 l 1000 1500 0 500 l 1000 1500
2 T T 2 T T
1k i
O -
ot i
_1 1 1
0 500 1000 1500 0 500 1000 1500
(o) ®)

INo va €yet éva FIR @idtpo v 101010 TS YPOUUUIKNAG 0moKplong edong, Oa mpé-
TEL VO TOPOLGLALEL KATO10C LOPPTS GLUUETPIN GTNV KPOVLoTIKY ardkpion A(n). 'Etot,
éotm éva FIR @iltpo pe N 6povg oty Kpovotiky anokpion A(n) (n =0,....N-1),
omov to N givau mepttTog aptfpog Kot ot dpot A(n) mapovstdlovy T GLUUETPiaL:

h(n)=h(N —n—1) (4.4)

Torte, T0 PIATPO OVTO £XEL YPOLLIKT ATTOKPION PAGTG. AG TTAPOVLLE, Y10 TPAdELY IO, TNV
OmOKPLGT GLYVOTNTOG TOL PIATPov Y1 N = 5. @étovpe oV (4.2) z =e/® Kot £govps

4
H(e™™)=") h(m)e ™" =
m=0
= 1(0)+ h(1)e ™ +h(2)e ™ +h(3)e ™ + h(4)e ™4
= 20 h(0)e 2 + h(1)e® +h(2)+ h(3)e ™ +h(4)e /"]
= e PO[h(O0)(e? + e PO) + h(1) (e +e )+ h(2)] (4.5)
= ¢72°[2h(0)cos(2m) + 2h(1)cos(w) +h(2)|
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To pétpo g H() givar  mparypotikn tocotnta péca oty aykoAn. H edon g
16ovTaL pE TN QAon Tov dnpovpysi o Opoc e7*?. O vmoAOYIGUOC TG divetl
N -1

O(w) = 2w. Zm yevikn mepintoon eidtpov uikovg N Oa sival O(w) = —Ta) .

Emopévmg o cuvteleotnc avaroyiog g oyéong (4.3) woobtan pe (N—1)/2. Zoumepa-
opatkd, éva FIR @iltpo pe cuppetpikny KpouoTiky amdKpion Kot Teptttd TAn0og
0PV EYEL YPOUULKT QAOT], KoL OT®G EI0AUE AVTO £XEL MG GLUVETELN TN (POVIKT] Kalbv-

oTEPNOT OAOV TOV OPLOVIKOV TOL GNHOTOC KOTA delypotoL.

Yrapyovv técoepig dapopetikol tomot FIR gidtpov ypappknig edong, avaioya pe
70 av 10 TANB0G N TV GuVTEAESTMV TNG A(7) €lvan dpTio N Teptttd Ko av 1 A(n) glvar
GUUUETPIKN 1| AVTIGVUUETPIKT. X& OAEG TIG TEPTTMGELS O VITOAOYIGHOG TOV HETPOV
KaL TS PAomNg TG andkpiong cvyvottac H(e'”) yivetatl 6Twg 6To TPOoNyoHUEVO
TOPAdELY LN, KO OTOOEIKVOETAL OTL 1] PACT] EIVOL YPOLLLUKT.

MNapadeiypa 4.2

Noa vroroyiotel ) andkpion cuyvotnTog (LETPO Kal PAcM) Yo To GIATPO TOV TP~
delypatog 4.1.

Adon

2
H(e™®)= h(m)e ™ = %[1 +e O 4o 20 = ée*ﬂ” e/ +1+e7]

m=0

- %e-fw[(ef“’ +e )+ 1] = %e‘j‘”[2 cos()+1]

. 1
To pétpo g H(™) givar 5[2 cos(w)+1]. H pdon tg vmoroyiletar amd T @daon

Tov dnpovpyei o pryadicdc e’ ko n omoia ivon O(w)=—w.

Apaompiomnra 4.2

Na vroloyiotel n amoKpion cuyvoTNTag (LETPO Kol GAGT) TOL PIATPOV TOL TTEPT-
ypdonke otnv dpactnpotnta 1/ kepdiaio 4.
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H andicpion cuyvomnrag H(e') vroloyileton av ot oygon H(z)=1-z"" Bécovpe
z=e/?:

NOJ

0 _e
H(ejw)zl_e—jw —e 12 [612 —e Jz]:je 12 [28111%]
To pétpo g H(€'”) eivau:
| H(e”)[=2sin .

VA 1 AOCT) 1600TOL LE TT/2 TOV EGAYEL 1] ULYOdIKT HOVADO KoL —@/2 amd Tov ekOeTL-
K6 Opo:
T
0(w)=——-—
(@)=~

4.1.2 Euoradsia Twv @iAtpwyv - NMoéAor kal pndevika

>ta FIR @idtpa 1 é€odog e&aptator pdévo amd Tig TIHéG ¢ 160d0v x(n—k) e
k=0,..., N-1. Kopio kabvotepnuévn tiun g €£000v y(n—k) 6ev GUUUETEYEL GTOV
vroroyopd mc. ‘Etol 1 kpovotikn amdkpion eivol memepacpuévn Kot 11 GLVAPTNOoN
HeTaPopds Tov Qiltpov H(z) mov divetan omd v (4.2) dev £YEL TAPOVOLLIGTY|, ETO-
UEVMG OeV ExEl TOAOLE TTOV dNUovpyoHv actdbela. Ola avTd £Y0VV MO UTOTEAEC LA
™V €voTadela Tov PIATPOL, TOV GNUAIVEL OTL Y10 OTTOLOONTOTE TEMEPACLLEVO GE TAGL-
TOG GOl E10000V, M £E000¢ eivar emiong memepacuévn o uéyebog. H Béom 6mov 1
H(z) undeviletan (undevikd) pmopel va Kaboplotel, £T61 MOTE VO, EXITVYYOVETAL OO
70 QIATPO TOAD KOAT ATOPPIYN KATOIWV OO TIG OAPLOVIKES GUVIGTMGES TOV GTLLO-

T0C.

Aocknon Auroa&loAéynong 4.1

Ye éva FIR @iltpo 1 kpovotikn andkpion €xel Toug TEvie Opovg g ioovg pe 0,2.
[Moteg amd T MOPOaKAT® TPOTAGELS Eivar aAn0elg Kot moteg Wevdeic Ko yiaTi;

a. To piktpo yperaletor t€o0EPIS LovAades KaBVGTEPTONG Yo THY VAOTOINGN TOV.
B. Ot cuvteleoTég TOL PiIATPOL ivan 6.

v. Kabe cvvteheotg €xetl tiun 0,3.

0. H xaBvotépnon edonc mov dnpovpyet to ¢iltpo ivon 2w.

€. [ ouyvotta detypatoinyiog 44,1 kHz n ypovikn kabvcstépnon mov onpovp-
yelton og Kabe appovikn tov onpoatog etvan 27, = 50,5 psec.
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Igvoyn gvotnrag

To FIR giltpa mwopovoialovy 10100Tepa. YopoxTnploTiKa, To. OT0L0, EIVOL OTopaiThTo
OTIC TEPIOOOTEPES TEPITTWOTELS WHPIOKNG ETECEPyocios anuotog. To mpwto amo ovtd,
n evotabero, opeiletor oo yeyovog ot n éCooog y(n) ara FIR piltpo. vwoloyiletor
HOVO 00 TIUES THS ELTOOOD X (1), ETOUEVS TO PIATPO. OEV EYOVY KAGAO GVATPOPOIO-

mong. To alro yopartnpiotiko, 1 ypouuIKy awokpion oons, Aaufavetar otoy n

KpPOVGTIKY OTTOKPIOH TOV PIATPOD EIVOL COUUETPIKT.

4.2 Tonoi ka1 npodiaypagég Twv FIR piAtpwv

O 1pdémog pe Tov omoio Kupimg kabopiletar ahAd Kot XPNGLOTOIEITOL EVOL YNPLOKO
@iATpoO glval n cvumeplpopd Tov ot cuyvotnTa. H cupmepupopd avtn mteptypdpe-
Tol amd TV ATOKPLIoT GTN GLYVOTNTO TOV GIATPOL, TOGO G 0,TL £YEL GYECT UE TNV
EMIOPOGT TOV GTO TAGTOG TOV SLUPOPMOV APHOVIKDOV TOV GNLATOG (0TOKPIoT TAG-
TOVG), 0G0 KOl GTO TPOTO LLE TOV OTOL0 ENMNPEALEL TN PAGIKY GYECT TOV UPLOVIK®OV
(amoKpion Aaong). Aedopévou Ot 1| AmOKPIoN GTH CLYVOTNTO TV YNPLIKMOV GLGTY-
patov etvol TepLodikn, apkel vo, kaBopioTel | GLUTEPIPOPA TOL YNPLAKOD PIATPOV

otV meployn and 0 wg .

H amokpion edong ota FIR ¢idtpa pmopet vo gival ypoppikn av 1 KpOUGTIKH ornd-
Kpton A(n) elval GOUUETPIKN N AVTICLUUETPIKT). TNV ATOKPLON LETPOL TOV PilTpov
evoLaQEPOV TPoLG1ALovy TOGO Ot amOKAIGELS amd TNV eMBLUNTY ATOKPION GTIG
{mveg d1€levong Kot OmoKOTNG, GO Kol 01 cLYVOTNTEG TOL Kadopilovv Ta Oplo TV
Lovov autdv. Olo vt To YopaKTNPICTIKE TEPTYPAPTNKAY GTO KEQAAAO 3, Tapdi-
ypapog 3.4.5 kot waitepa oto Zynua 3.9. Xto Zynuo avutd HTopOovLE VO SIOKPIVOLLLE
TIG EMOUEVEG TOPUUETPOVC:

J, glvail n amdxMon (amd ™ povdoa) otn Ldvn dtEAevoNg
0, glvar 1 andxion (omd o undév) otn {dvN amoKomNg
w, glvat 1o 6p1o g {ovng diEhevong

W, glvai To 6p1o g {OvNg amoKomng

27 €lval 1 KUKMKN oLy vVOTNTO OELYILOTOAN YOG

To gbpog g {bvng petdfaong eivor Aw =@, —®, . Xovibag T @, Kot w, opilo-
VIOl Og KAAGHOTA TOV 7T, VO 0L amoKkAicels 3, kot & opiCovran og dB pécw twv moco-
rov 20 log(1 + 4,) ko 20 log(d,), avtictorya. EmmAtov, og yapakmmpiotikd oye-
dtaong pumopel va Bewpnbei to pé€yioTo amodektd mAnboc N twv cuviehestdv h(n)

oV PiIATpOoV. O1 TPONYOVUEVES TPOSLOYPAPES OLPOPOVY TNV TPAYLLOTIKT] GUUTEPLPO-
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pa evog FIR @idtpov. Otav ta peyehn o, 8, kar Aw teivovy 610 UnodLv, 1o amaitov-
pevo TA00¢ N TV GUVTEAEGTOV TEIVEL GTO GTELPO KOl 1 AOKPIGT) TOL GIATPOV TTPO-

oeyyilel v Wovikn anokpiorn (Biéne Zynua 3.8).

Napadeiypa 4.3

Ot wpoodraypapég FIR giktpov givar 0,01 dB xvpdtoon (amdxiion) ot {dvn 61é-
Agvong, —60 dBs ot {mvn amokomng, w, = 0,47 ko {ovn petdPaong ion pe 0,27. Na
eEnynoete Tt akpPdg onpaivel KoOeUd 0md TIG TPOSYPOUPESG AVTES.

Avon

2Opeova e to Tponyovueva, Ba mpémetl omd o OilTpo va diEPYovTaL OAEG O GLYVO-
teg péypt 1o 0,47, Ko va amokdnTToVToL OAES 01 GLYVOTNTES Thve amd ta 0,67, H
C{ovn petdfoong Ppicketar amd 1o 0,47 péypt to 0,67, Zn {dvn diéhevong n amod-
KAom amd ™ povada ivat 6, kot TpocdlopiCeta amd m oyeon:

20 log(1 +6,) = 0,01= 8, = 0,001

> {dvn amoxomg woyvet 20 log(d,) =—60=0d, = 1/1000. Avtd onpaivel 6Tt povo T0 Eval
Y001 amd TO TAGTOG TV GLYVOTITMOV GTIV TEPLOYN oVTH SEpyeTan amd TO PIATPO.

Apaocmpiomra 4.3

Noa oyedtactel n 0mOKPIoN LETPOL GTN GLYVOTNTA WOOVIKOD VYNTEPUTOV PIATPOV
pe {ovn dtélevong to 1/N g cvyvotnrag Nyquist. H tiun tov N givon dikn cog
EMAOYT).

H cvyvémra Nyquist eivat ion pe 7 (oo g ovyvottog detypoatoinyiog). Etol, 1
{ovn diérevong Tov vynmepaTod eiktpov Ba £xel ebpog T/N. Av emaéEovpe N = 10,
TOTE N ATOKPLON LETPOV TOV GIATPOV GTN GLYVOTNTA £XEL OTMOS POIVETOL GTO EMOLLE-
VO XyMLLoL.

|H(e)| 4

>

0 97/10 « 2r
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Aocknon Auroa&ioAdéynong 4.2

YTy emouevn TpOTAcY Vo ETAEEETE TN COGTN ATAVINGT).

1. 2¢ évo {wvoodiafoto FIR piltpo n ovadTepn ovyvoTnTo. GmoKOTHS EIVOL:
— MeyoAvtepn and 7
— Mpdtepn amd @

— Meyalvtepn and 27

IUvoyn evotnrag

O1 tHmot TV ynoeakdv eiltpev mov propodv va oxedtactovv oc FIR @iltpa mot-
KIAAOVY KoL UITopovV Vo, £x00V OAEG TIC LOPPES 0TS Pabumepatd, {mvodiafatd Kot
vynmepatd. Exiong ot mpodiaypagiés Toug pmopet va givat ToAd avotnpég TO60 6N

Lovn diérevong TV GLYVOTNTOV, 0G0 Kot 6T DV 0moKOTNS.

4.3 M£8od&o1 oxediaong Twv FIR @piAtpwyv

H dwdwacio yio ™ oyediaon FIR giktpov tepirapfdverl tov kabopiopd tmv mpo-
Sypae®V TOV GIATPOV, TOV VTOAOYICUO TOV GUVIEAEGTMV TOL GIATPOL UE pio amd
T1G dSabéoieg pebddovg, Tov KaBopIGHO TG OOUNG VAOTOINGNG, TV AVAAVOT] GOOA-
UATOV AOY® TOV TEXEPAGUEVOL UKOVG TOV GUVTEAEGTMV KOOME Kot TNV ETXAOYT Yo
VAOTOINGN HE AOYIGUIKO 1} VALKO.

Inuovtiko Prpa ot dadikacio oyedicong tov FIR eiktpov eivar va vroloyiotodv
01 GLVTEAESTEG /i(n), DOTE TO PIATPO VoL TANPOL TiG EMBLUNTEG TTPOSIOYPAUPEG LETPOV
Kol pdong otn ovyvotnto. Ot HEB0dOoL TOV YPNGLLOTOLOVVTAL EVLPVTATO ELVOL KUPIMG
o1 emdpeveg tpetc. H pébodog tov mapadupwv (windows method), n pébodog oye-
dlaong PértioTmV eidtpov (optimal method) ko 1 péBodog g derypatoinyiog otn
ovyvotnta (frequency sampling method). Edd 6a mapovsidoovpe t uébodo twv
napabipmv mov givan amdr). H pébodoc oyedicong Bértiotmv @idtpmv divel Ty KoAd-
TEPT SVVATI OTOKPICT] GLYVOTNTOG Y10 GVYKEKPIUEVO TANB0Gg cuvtereatmv. OAeg ot
puébodot pmopotv va dmcovy FIR @iATpa YpOopUKAG pAacnC.

4.3.1 Mé8080g Twv napadupwv

H pébodog tov mapadvpmv amotelel pia oyetikd omAn dwadikacio oyediaong FIR
QIATp@V. Ot cLVTEAEGTEG /(1) TOV 180VIKOL QiATpoL VIToAoyilovTal amd ToV avTi-
oTpogo petacynuotiopnd Fourier g andkpiong cvyvotntag Hy(e):
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(o). Idavikn amdxpion ooyvoTn-
106 Pobomeparod ynpioxod pii-
0oV Nuicelog {ovng
(half~band) ko1 () n avticroyn

hy (1) = ifﬂ Hy(e’®)e’™ de (4.6)

To ypaupa D ypnoiponoteital yio va dSnimaoet tnv emBounty (Desired) 1 1davikn
GLUTEPLPOPA.
MNapadeiypa 4.4

No oyedraotet Eva Babumepatd ¢iATpo Le cuyvoTnTo OmOKOTNG 0, = /2 (MUCEWNG
{ovng 1 half-band), tov omoiov N Wavikn amdkpion 611 cLXVOTNTA SiVETAL GTO

ynua 4.40.
Adon

Be@polpe 6TL 1 CLYVOTNTO SEYHOTOANYIOG EIVOL KOAVOVIKOTOINUEVT GTI LOVASH
(w, =21 ). Ano ) oyéon (4.6) o1 cuvtereotég h(n) vroroyilovtal og e&ng:

1 T 0] joon
hD(n)=%j_ﬂHD(ef Y/ de =

1 o
=— e’”dw =
27 -0, 4.7)
08NN, o -z2 l sin(nr/2)
T no, 2 (nm/2)

H ypoguwmn topdotaon tov cuviereot®mv divetatl 6to Zynua 4.4p, and 0mov eaive-
Tow OTL 1] KPOLGTIKY amdKplon elvat cuppetpikn. Eropévmg, to piktpo Ba Exetl ypapt-
wikn omdkpion edong. Amo ) oxéon (4.7) ivor pavepd O6tL ot 6pot ajp(n) eBivovv
GLVEYDG OALG, dev undevilovtal TOTE, LIE OTOTEAEGO 1) KPOVGTIKT| amdOKplon va etvat
Gmerpn.

L

H,(e”) 4

Ixfipa 4.4

v
-
o
o
—_—
—e
—y

=

0 /2 T 2

KpovoTikh omokpion (ke dev- T . A 1 © 1 1

TEPOG TUVIEAETTIG, EKTOS

TV KEVIPIKWV, EIVOL UOEVI-

KGS). (o) (B)
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H amokomn g kpovoTikig amdkpiong /y(n) yia [n|>M, dote autn va €l menepa-
GUEVO UNKOC Kot VoL StoTnpel T GUUUETPIa TG, EXEL OC OMOTEAEGLLO VO dALOI®OEL N
mtovpuevn 1Baviky amoxpion ot ovyvotnta. H adioioon vty gival eppavig oto
ZyMua 4.5 6mov deiyvovtal ol OTOKPIGES GTN GLYVOTNTA Y10 KPOVGTIKY AITOKPIoN
pe 13 Eymuo 4.50), 25 (Zymua 4.5B) kot dreipovg 6povg (Zynua 4.5y). H avrtictot-
M amdipion cvyvomtag H(e), eppavilel kopdrmon og 6An ™y éxtaon g {Ovng
dtéhevong Kat g {dvng amoKomg, eve mopovctdlel dtumAdtuovon g (dvng netd-
Baonc. H epgdvion tg xopdtomong eivatl yvoot) wg porvouevo Gibbs, kot AapPd-
VEL TN LEYIGTN T TNG KOVTA OTIG acuvEéysleg g H(e'), oty meployh g {dvng
petéPaong. H péyiom avti tipn kopaivetot mepimov 6to 9% tov HYovg g acuvE-
YEW0G Ko TopopéEVeL otabepn ave&aptnta amd to pnkog 2M + 1 TG KPOLoTIKNG 0md-
Kkprong. o {dvn g amokomng 1 Ty tov 9% avtictoyyel og 21 mepimov dBs efo-
c0évion, Tiun Tov dev gival 0modeKTN Y10 TPAKTIKEG QapuroyEs. ‘Etot, yo ikavomot-
NTIKY TPOGEYYLION TMV WAVIKOV LOPPOV TOV d18popmv GIATpmV, dev cuVIGTATOL O

oameveiog TEPLOPIGLAC TOV UNKOVG TG KPOVGTIKNG amdkpiong /(n).

|H1(ejw)|

Y

w
\H(e/)
. w
|H3(ejw)| A
-0, 0 o, )

IxAua 4.5
Amoxpion ovyvo-
mrog fobvrepo-
700 piltpov ue (o)
13, (B) 25 Kou (y)
ATEIPOVS OPOVS
otV KPovoTIKH
OTOKPIOH,.
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"Evog 00K110¢ TpOTOGC, Y10 VO TETVYOVLLE IKOVOTOTIKY TPOGEYYIGN GTNV ATOKPIoN

ouyvotrag evog FIR giktpov, gival va ypnoiponombei pia tenepacuévn akoiov-
Oio cvuvteheotOV W(n), Tov KOAElTOL TOPABVPO, Y10 VO TPOTOTOIGEL TOVG GUVTEAE-
o1€G hp(n) g e€lomong (4.7). H véa kpovotiky amdkpion A(7) TpoKOTTEL ™G TO YvO-
uevo hp(n)w(n). Me tov TpoOmo OV TEPYPAPETOL GTO LYo 4.6 EAEYYOVTaL TA TPO-
Bapota ovykiiong (patvopevo Gibbs) Tov petacynuaticpov Fourier ota onpelo
acvvéyelag g H(€®). Zro Tyfua 4.60 ancucovileton n embounty omdxpion H,(€”)
7oL 10avikoD Paburepatod piltpov nuicelog (ovng (half-band). AkpiPmg dimha dive-
TOL 1 OTEPLOPIGTN GTO ¥POVO KPOVGTIKY amdkpion fipy(n). 1o emduevo Zynua 4.63
dtvetar n amdkpion Hy(”), 6nmg mpokdmtel omd v amokomy TG /y(n) yio M=8.
Ed® eppaviCetar kaboapd o pawvopevo Gibbs. Akorovbwg, oto Zynua 4.6y. divetan
to mapdbupo w(n), To omoio elvar pn undevikd oto ddotnuo —8 <n <8 kot undév
1 || > 8. 1o apiotepd pépog divetar to paoua tov mapaddpov W(e®). Tto Tyfua
4.60 divetal n TEMKN KPOLGTIKY amdkpion /(n) 1 omoio TPOKVTTEL OO TO YIVOUEVO
h(n)w(n), omd ToAAATAOGIOGUO dNAAOT onueio TPOG OTUEID TV dVO YPOVIKMV 0KO-
Lovddv. H avtictoym tedky andkpion H(e'”) mpokdntel puotkd amd T cuvEMEN
e H(¢”) pe v W(e®). Zto Zyfuo avtd £xetl peindei arodntd to pavopevo Gibbs,
aALG €xel avénBei n (ovn petdPaong Tov eiltpov. H tedikn KpovoTiky| andkpion
h(n) Tpémel va oMctnoet oto ypdvo yo va yiver ortiorn (causal), Kot emopévaog euot-
KOG Tpaypotomomaoiun (n A(n) gvpioketon OAN ota Oetikd n). H ypoviky avt oAd-
obnon TPaKTIKA avTIoTOLYEL GTNV TPOSHNKN TNG YPOUUIKNG OmOKPIoTG PACTG TOV
glodyovv ta FIR @iltpa. Avtod yivetar EekdBapo amd ) oxéon (4.5), 6Tov 0 Kovog
TOPAYOVTOC TOV ONUIOVPYEL TN YPOUUIKT OTOKPLOT] PACTG EXEL TPOKVYEL AKPIPDS

S10TL 1] KPOLOTIKN ATOKPLIGT] TOL GIATPOV €)EL YIVEL aUTLOTY.

A&ilel va onpetdoovpe €0m 6tL 1 adENGT TOL TAHOVG TOV GVVTELEGTMY TOV TPO-
KOTTEL OTAV TO UNKOG TOV TTapalHpoL etvarl LeYOANTEPO, EYEL MG OMOTELEGHLO VAL YIVEL
otevotepn N (dvn petdfaong, dnradn to ¢iltpo mo andtopo. Amd v GAAN, TO
€100g TOVL YpNoILOTOIOVUEVOL TapabVpov Oa exnpedoel TNV Kuudtmon otig {dveg

S1EAELONG KO OTOKOTNG.
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piltpav.

Apacmpiomra 4.4

Me 1 Bonfeta g e&icmong 4.7, vo, VTOAOYIGETE TOVG GUVIEAEGTEG TNG KPOVOTL-
KNG amoKpiong Wovikov fadumepatod piltpov pe cuyvoTnTa amokomng w, = w/N
(N—th band 1} N—{oviko ¢iktpo). H emhoyn tov N givon dikn Gog.

4.3.2 1516TnTEG KaI TUNOI TWV Napadupwv

H cuvéptnon W(”), mov ivot 1o gdopa tov mapadipov w(n), omoteheitol omd Evay
KOPLO AOPBO OV TTEPIEYEL TNV TEPICCOTEPT] PACUATIKY EVEPYELD TOVL Tapadvpov,
Kkafmg Kot amd TopdTAevpovg AoPoVS TOL YEVIKA EAATTMOVOVTAL YPNYOPa. (Xyn Lo
4.67). To gvpog ¢ Lovng petdpaomg tov eiktpov eEaptdtot amd To EDPOG TOL KVPL-
oV AoPovd g W(®). Zmv tehikn H(”) emdpovv emiong ot mapdmhevpot AoPoi g

W(e"™), e166yovtac 6 auTh] HKpr Kupdtoon 6e OAES TIC sLYvOTNTES. To PAsHA [Lag
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GLVEPTNONG TOPaBVPOL TPETEL VoL £YEL GTEVO KVPLO AoPd, 0 omoiog va meptéyel 6GO
TO JVUVOTOV TEPIOCOTEPT POCUATIKY EVEPYELD, LE TAPATAELPOVG AoB0oVg TTOL Vo @Bi-

vouv ypryopa. ATd T TAEOV YVMGTEG GUVAPTNGELS TOPaBUp®V glvar ot aKOAOVOEG:

A. To tetpaywviko mopabupo (rectangular). Avtictotyei 6TV oA 0IoKOTN TG 0KO-
AovBiag /1,(n). H axolovBio fapovg divetar amd ) oyéon:
| _N-1 <n< N -1
wg(n)= 2 2 (4.8)
0 OTOVONTTOTE AAAOD

B. To yevikevpuévo mapddvupo Hamming:

27n N-1 N-1
+(1- = -——<n<
we(m) =14+ 7 @)e0s) 2 <" (49)
0 0TOVINTOTE OAAOD

To mapabvpo avtod yia a = 0,54 divel to yvwotd TapdOvpo Hamming. Mo tnv Tiun
oA TOV @, 0 KEVIPIKOG AoPdc g (™) mepiéyst 1o 99,96% g GLVOMKIHG PAGHLO-
TIKNG EVEPYELOG, VM emttvyyavovtal —52 dB eEacsBévion ot (dvn amdppyng twv
QiATpov ov oyedtdlovtat. H popen tov mapadopov w(n) yio N = 17 gival oot tov
XyMuatog 4.6v.

H pébodog oyediaong tov FIR @idtpav pe ta mapdupa, mop’ 6Tt amkn, dev aipet 0
Baowod peovékmnua tov FIR @iltpov, va amattovy moALo0g GUVTEAEGTES KL, ETTO-
HEVAS, OVENIEVES AMOLTNGELG GE VAIKO Yio TNV LAOTOINGT Tovs. Me KaTdAANAN
¥pnon Tov Tapabvpov Hamming kot GAA@V Topadipov £xet yivel duvath 1 peioon

TOV OTOLTOVUEVOL VALKOV DAOTOINGONG TOV QIATP®V.

MNapaderypa 4.5

Na derybel ypapikd 1 enidpacn Tov TANO0VE N TV GUVTEAEGT®V TOV TaPABVLPOL
Hamming (ko1 koté cuvéneio Tov TAR00VG TV GUVIEAEGTMOV TOL GIATPOL) GTA XOPO-
KINPLOTIKA NG omdKpiong cuyvotntog evog FIR eidtpov nuicelog {dvng.

Avon
Xpnowomolmvtag Tig oxécelg (4.7) kot (4.9), éxovpe yio Tovg cLVTEAESTEG /(1) EVOG

FIR @iAtpov nuicelog {dvng pe ™ xpnomn tov mapabvpov Hamming

Mm=%mmmm=%%§§%9

_N—lSnSN—l

2 2

[0,54+ 0,46 cos(%m)]
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H oyéon avt Ba ypnoipomomBet yuo va oxediactodv dvo FIR eiltpa, To TpdTo pe
N =17 ovvteleotég kau T0 devTEPO e N = 29. O VTOA0YIGUOG TG ATOKPIOT|G GLYVO-
mrag Yo o dVo eiATpa, yivetal Onwe akpPdc kot otn oxéon (4.5). Ot ypapiké
TAPACTAGELS TOL ZyM oo 4.7 eaedncav pe ™ fondeia tov MATLAB Kot pe spap-
LOYR TNG TTponyovuevng dtadikaciog. To 600 mpdTa Zynuata, SEiVOLY TOLS GLUVTE-
AEOTEG TOL PIATPOL Ko TNV amdKpiom cvuyvotntas Yo N = 17. Ta dbo endueva, mapov-
o1élovv 10 @iATpo pe N = 29 cuvteheotés. AT T GUYKPLoN TV 000 OMOKPIGEMV OTN
oLYVOTNTO, YIVETAL POVEPO OTL M ADENOT TOV GLVTEAEGTMV TOV Tapadvpov 0dNYel 6€
mo pkpn {ovn petdfaong (transition band), dpa kot To amdTOpHO GIATPO, Oy OH®G
Kot o€ peyaAvtepn e€ocbévion ot (dvn amokong. o va TeTOYEL KATL TETO0 O GYE-
dlaotg pénet va ovalntioet ot PifAoypapio SopopeTikod TOTOL Tapadvpo.

0,6 T T T . 0 T T T
h(n) [H()|
04} ;
0,2} i
0,2 - T T
—04}1 i
0 -oooOOéo oéooooo - ’
Il Il Il | L L L /\.
-0.25 510 15 20 0.6 T
0,6 T T ) O T T T T
h(n) H(e)|
041 ]
0,2 i
02} |
¢ ? —0.4r .
0 foccaooip o 4)o o (LO OFPomooo
. . N . . N ANEAWAWAY
025 10 20 30 0.6 =

Ixnpa 4.7

Bobvreporo FIR
QILTpo oyedlooé-
Vo UE IéKo. eQTaL
KO EIKOGIEVVEQ,
OVVTEAEOTEG. 2T
oebTepn mepimrw-
an to Yiltpo eivai

L0 OTTOTOUO.

Acknon Auroa&ioAéynong 4.3

[Moteg amd T1¢ 0 KAT® TPOTAGELS, TOV 0PopovV 61N oyediaon FIR giktpov pe

1éBodo v mapabvpwv, eival cOoTEG Kot yioti;

1. H cuvéaptnon tov mapabddpov emdpd anevbeiog 610 QAGHO TOV GLLOTOG.

2. To tehd pidtpo €xel evpotepn Lodvn petdfaong

3. To teTpayviko Tapabvpo mov diveron amd T oxéon 4.8 £xel capdvta Evav Gpoug.

4. H g€acbévion ot {odvn amokomg tov eidtpov e€aptdrar amd to 160G TOL Ypn-
GLLOTOLOVEVOL TTapabipov kat Oyt o To TANH0G TV Op®V TOV.
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Apaompiomra 4.5

Me ™ Bonbeia Tov mapadipov Hamming v vtoroylotody ot GUVTEAEGTEG TOL (Gil-
Tpov g dpactnplotntag 4 /Kepdiawo 4 ya va yiver FIR @idtpo pe déxka eptd dpoug.

Me KoTdAA Ao Loy1oHKS Vo GYEOLOOTEL 1] AITOKPIOT LETPOL KOl PACTS TOL GIATPOL.

O1 ovvtereotég Tov third band @iAtpov Ba PpebBolv av ot dpot /1,(n) TG dpactTnproTTeS
4.4 TOAOTAOCLOGTOOV e TOVG OPOVG Wi(n) TG oyxéong (4.9) Yo o = 0,54 ko N =17.

4.3.3 Mé8080og oxediaong BéAtiotwy FIR @piAtpwv

O 6pog pélnioro FIR piltpo onpaivel v enitevén tov KoAVTEP®V dSVVATOV TPO-
SaypaQ®OV GTNV ATOKPLoT GUYVOTNTOG e TO HIKpOTEPO MANO0G cuvtelestmy. H
pnébodog oyediaong Pértiotmv FIR ¢iltpov avantdybnke otig apyég g dekaetiog
Tov 70, ko £xel Kodkomon el 6 TPOYPULLLO VITOAOYIOTN LLE OMOTEAEGLOL VO, ETVaL
gOkoAn N epapuoyn ™e. H pnébodog mapéyet mAnpn Eleyyo g kKopdtmong ot (ovn
SLEAELONG KO OMTOKOTNG, EVA T GIATPO TOV TPOKVITOLY GO QVTH EVOL TAVTO TTLO
OLKOVOLUK(G 0€ TANO0C GLUVTEAEGTMV.

LUuvoyn gvortnrag

H pébodog oyediaong Bértiotmv FIR ¢idtpov eivar n kodvtepn exthoyn, 6tav givat
dwbéoipo to avtictoryo Aoyopiko. H pébodog mapéyet minpm Ereyyo g KupdTm-
ong ot {@vn 61EAeVONG KO ATOKOTNG, EVA TO GIATPO TOV TPOKLITOVY OO OLTH
gtvon Thvta o owovopka og TAnbog cuvieleotav. Avtifeta, n uébodog Twv mapa-
BOpwv elval ToAD amAn Kot propel vo ypnoiporoindet 0tav dev vdpyel To oma-
paitnTo AoYIGKS Yio TNV Tponyovuevn uéBodo. Alvel Tavta tnv 1010 KOPUAT®ON
ot Lovn petdfaong kot t {dvn amokonng, VG deV TapEYEL EAEYYO OTA OPLOL TOV
Lovav. 1o Zynua 4.8 divovtal gIATpo oV £0VV GYEO0CTEL DOTE VO, £XOVLV TIG 116G
mpodwaypoeéc. H oyedioon pe ta mopdbupa divel eEnvia évo GUVTEAEGTES, EVO L

™ 1éEB0d0 TV PBEATIGTOV GIATPOV Gopdvta E1 GLUVTEAEGTEG.
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0 . .
HEy
cedBs —40r
(o) —60F
—80|
0 100 200 300 400 500 ,
SoyvoTnTa Hz IXfipa 4.8
0 . . . . . (a) Amorpion uétpov FIR
' 20t i WHEL0KOD PIATPOV CYEIIATUEVOD
[H()] ue 7o mapabopo Hamming xou
oedBs —40f ] eénvra éva ovvtedeotés, (P) Ano-
®) —60 i Kpton pétpov Péitiotov FIR
-80r . . . . I Pabvreparov pilpov. To omar-
0 100 200 300 400 500  toduevo miijbog twy cvviele-

Zoyvotnto Hz  stov eivon oapdvra é4.

4.4 ©¢para ulonoinong FIR ¢piAtpwv

4.4.1 Aopég npayparonoinong Twv FIR giAtpwv

Ot dopég mpaypotonoinong tov FIR ¢idtpav gival otnv ovsio oynuotikd dtoypap-
LLOTOL Y10, TOVG SLOPOPETIKOVGS, OALG BEmPNTIKA 1603VVALOVS TPOTOVS TOL UTOPEL VA
opyavmbel n cuvaptnon petapopdc H(z). H mo dwadedopévn doun givail n dpeon M
transversal. ['lo T dopun avt, Tov Tapovoidletal oto Zynua 4.9a, n oxéon petald
TOV ONUATOV £16000V—-££000V TOV PIATPOL ExEl G EENG:

N-1
y(n)="Y h(m)x(n—m) (4.10)
m=0

Xopewva pe v e&iocmon autn N dpect dopn amattel yio TV TPoyLOTOToiNeT| TG:
*  N-1 6éoeig pvnung yio v omobnkevon Tov detypdTmv x(n).

* N 0éoeig pynung yio v omobnKevon TV GUVIELESTOV A(m).

* N TOAOTAQGLOGLLOVC.

*  N-1 mpocbBéces.
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Ixnpa 4.9

O1 600 Kvp1oTEPES
OOUES TTPOYUOTO-
roinong FIR gi)-
v (o). Augon
(Transversal) kai
(B) ypouyurcijc
Paog.

x(n)

h(1) h(2)

x(n)

@ e e

h(0) } h(1) } h(2) h(3)

2 —

¥(n)

®
Tpomnomoinon tng transversal doung amotelel n doun YpoUMKNG @dong. Zn doun

ovt (ZymMua 4.9B) ta detypoto Tov TPOKELTOL VO, TOAAATANGIOGTOVV LE 10100G GuVTE-
AE0TEG AOY® TNG GLUUETPIKNG KPOLOTIKNG amdkpiong (A(n) =th(N —n—1)), ipota
nmpootifevtal Kot petd morldamiacidlovial. AToTEAEGO 0VTOV Vol VO oonTeiToL
uovo €vag moAhamiaclacog yio kabe 600 delyuarto. H eElomwon ei1c6d0v—e£0d0v
GTNV TEPIMTMOT QLTI YPAPETAL MG

N

2
y(n)= 2 h(m)[x(n—m)+x(n—N +1+m)] (4.11)

m=0
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H dopn ¢ ypappiikng @dong yio va vAorom el amattel Toug HoeoH moAAATANGL0-
oloVG o€ GYéom Le TNV aueon, kot Ppioketl epappoyn ota FIR @idtpa ypoppukng

(AoNG (CLUUETPIKY] KPOVGTIKTY OTOKPLON).

Mapadeiypa 4.6

I'a o FIR @iAtpo nuicelog {ovng tov mapadelypatog 4.5, vo vTtoAoy1oTobY Ot LoVA-
deg KaBuoTEPNONG KoL 01 TOAAATAOGIUGTEG TOV OTOLTOVVTOL Y10, TV TPOLYLOTOTOIN-

o1 TOV pe GpEesT) SOUN KO SOUT YPOLLUKNG (PACTG.
Adon

Xoppova pe 1o Zynua 4.9a, éva FIR @iltpo pe N cvvteleotég amartel N—1 ototyeia
Kkofvotépnomng, Kot N TOAAOTANGIOGTES Y10l TNV TPOYUOTOTTOINGT) TOV LE TV GUEST) SoUN.
Yy mepintoon pog (N = 17 cvvtedeotés) ypetdlovon 0éka £EL povadeg kabBuotépnong
Ko OEKOL EPTA TOAAATAAGIOGLOL. AVTIOETO, Y10l TNV TPOYLLOTOTOINOT| TG OOUNG VPO
KNG pdiong, xperdlovron (PAEme Zymua 4.9) déxa £&1 povadeg kabBvuoTépnong, deKaenTd
TPoceTES Ko evvén ToAlamAactacpol. [Ipémetl va onpeidoouyle, 0Tt 6To GIATPO OVTO,
pe Baon my ekiowon (4.7), opketol cuvteheoTég etvart UNdEV eneldN] To GIATPO etvor M-
oelag {ovng. 'Etot, 0 aptipudc tov molamioctocidy givol axdun tkpdTepoC.

4.4.2 Ypalpa andé myv kBAavrion Twv ouvreAeoTWV

H viomoinon tev FIR ¢iltpov pe ynolokd kukiopata (hardware) covendyetot
TENEPACUEVT aKPIPELD AVOTOPEGTOGNC TOV GUVTEAEGTAOV TOV QiATpov. O meplopt-
OUOG OTNV OKPIPELD TOV GUVTEAEGTOV £XEL WG OMOTELEGUA TNV OTOKAIGT TV AP0~
KTNPIOTIKOV TOV GIATPOV 0o TIG apyLkéG TPodLoypapés. Ag onpewmdel 6t petd omd
tétoto aAdoyn éva eidtpo mavet va eivar fEATIoTo. To pavopevo avaeépeTal 6
debvn PBroypapio wg parviuevo memepaouévon unrovg AéCng (Finite Wordlength
Effect). Xto XZynpa 4.10 pe ) cvveyopevn ypapun divetatl n amdkpiorn tov eidtpov
OV GYESLAGTNKE OPYIKA, EVAD LE TN OLUKEKOUUEVT VPO dlveTOL 1] ATOKPLIGT| TOV
10100 EIATPOL OTOV Ol GLVTEAEGTEG TOV £Y0VV aKpifeta 7 bits.

Amodekvietar 6Tt kdOe avEnon katd 1 bit oty axpifela Tov cLVTEAEGTMOV PEATIR-
ver v omddoon Tov eiktpov kotd €51 dBs (PAéne emiong evotnta 1.2.2). Av 10 @ik~
Tpo €xel oxedlnotel pe Bempntiky andppyn otn {ovn amoxonng A dBs, tdte amat-
TOVVTOL TO MYOTEPO A/6 bits 6TV SVASIKN AVOTAPACTOCT) TOV GUVTEAEGTAOV Y10l VO,
unv oArowwBei n BempnTikn omdKpion ToVv PIATPOV.
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Aoknon Autoa&ioAoynong 4.4

"Eva FIR @iktpo e 31 cuvteleotés amantel yio v bAOTOINGT) TOV UE TNV GUEST] doun
a. 31 povadeg kabBvotépnong kot 31 ToAAaTAac1OGHOVGS.
B. 30 povaodeg kabBvatépnong kot 31 ToALATANGIOGHLOVG.
v. 30 povadeg kabvotépnong kot 30 ToAAATANGIOGHOVC.
0. 31 povéoeg kabvotépnong kot 30 TOAAATANGLOGLLOVG.

[owa omd 116 TApATAVE® TPOTACELS Eival GOGTI;

Acknon Auroa&ioAoynong 4.5

H fewpntikn anokomn evog FIR giktpov otn {ovn andppuiyng eivan 106 dBs. Ot
GULVTELEGTEG TTOL YPELALOVTOL Y10, TV VAOTOINGT TOL QIATPOV TPETEL VO, £XOVV OKPi-
Bela oe bits: 8, 12, 14, 18.
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Iuvoyn kepalaiou

Ta FIR ynowokd eidtpo mov avartoydnkoy 6to Ke@aiuo avtd Tapovstdlovy 500
Wuitepa YopaKTNPIOTIKA TOL givat emtBountd oty ynelokn eneéepyoacio onpo-
10G. Tn ypappikn andkpion ot edon Kot v gvotddeio. ['vopicape tov tpodmo mov
kaBopilovtotl ot TPodLYPAPES TV GIATPOV OVTMV KOL GTI) CUVEYELD LEAETI|COLLE
) pébodo oyediaong tmv FIR ¢iktpov pe ta mapddopa. Télog, pe ) pnébodo oye-
dtaong tov Bértiotov FIR gidtpov propodue vo Adfovpe ToAD KaAY amdKpion

oLYVOTNTOG LLE TOVG AYOTEPO dVVATOVE GLVTEAECTEC.
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To ke@aAa1o 4 avapépeTal TeEPLocOTEPO avarvTIKE ota FIR ¢idtpa.

MATLAB, Signal processing toolbox, MathWorks, 1994. To MATLAB pe to avti-
otoryo eyyepioto tov Toolbox, amoterel TOV KAAHTEPO TPOTO TEPALOTIGLLOD GTY|
oyediaon tov FIR, kabdg kot 6t peAétn g cuumepoopdg Toug o€ S18.PopPES
TEPUTTAGELG.

Anoédoon ayyAIkwv 6pwv otnv eAAnvVIKn

Averager Kokhopa péong tiung

Causal Atoto

Delay line I'poppn kabBvotépnong

Digital differentiator Ynolokdc Sopoplotng

Finite Impulse Response ITenepacpévn KpOVOTIKY ATOKPION
Frequency sampling method MéBodog detrypatoAnyiog 6T cuVOTNTA
Half band Huioelag (dvng

Linear Phase Resonse ATOKPION YPOUIKNG PAGTG
Optimal method Béitiom puébodog

Pass band Zmvn diéhevong

Stop band Z@®dvn amoppyng (amoKonng)
Third band Z®vng evog tpitov

Transversal Apeon

Windows method MéBodog mapabopmv






K E o
Wneiaka @iirpa aneipng kpouortikng anokpiong (IIR)

Ikonog

270 KePAAQLO QDTO UEAETGUE TO. WHPLOKG, PIATPO GTEIPTS KPOVOTIKNG ATOKPLONG. 2T0.
@ilTpa avTd, yia. TV VTOAOYIGUO TS EEOJOV, YPNOYUOTOIOVUE TIUES THS EIGOOOV,
KaBw¢ kot TiES TS €C000D T TPONYODUEVES YPOVIKES OTIYUES. ETOUEV®DS, ovope-
pouoote oe exovoinmria piltpo. To piltpa avtd mopovoidlovy wikpoTepn vToA0YI-
oTiKN TOAVTAOKOTHTO. EvavTt TV avtiototywv FIR piltpwv, alla Exovv un ypouyui-
K1} QmOKPIoN QOOHS. 2TOXOG HOG OTO KEPAAOLO OTO EIval N UEAETH TV UeBOOWV Tye-

otoong twv yneloaxav IR piltpwy kot 1wV Ipomwy vAOTOINCHS TOVG.

Mpoodokwpeva anoreAécpara
Orav olorinpaoete T ueletn tov kepaloiov avtod Bo elote oe Géan va:

o Xyedwalete IR pidtpa ue foon t ypopixn uédodo, t uébodo auetafintng kpoo-

OTIKNG OTOKPIoNS KO TH UEAODO TOV SIYpOoLIKOD LUETOCY NIUATITUOD

o Xyedialete omoioonmote TOmo Pidtpov (Pabvreporo, vynmeparo, diéevans (ovng

Kol amoppryng (ovng)

» Meidvete to. opotuato Aoyw T00 TETEPOTUEVOD UNKOVS LECHS, TPAYUATOTOLDOVTOS

0. PIATPO WG OOUES YOUNANG TAENHS 0€ OELPT. 1] TOPEAINLO.

‘Evvoieg kAeIB1a

* Avoldoyiko piltpa

*  Merooynuotiouoi ooyvotnTog

o Ipogixn uébodog oyedioons

* MéBodog ouetofAntng kpovotikng

o Aypopikog LETaTYNUATIOUOS

o Xpéflawon ovyvotyTog

* DPaIvouEVO, TETEPATUEVOD UNKOVS AECHS

* Opioxoi kvKlot
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Eicaywyikég Mapampnosig

Ivapiooue to. pilzpo dmepns kpovotikng arwokpions (IR, Infinite Impulse Response)
oty Evotyro 3.4 tov Kepaloiov 3. Eidaue 0t1 1 auvaptnon uetapopag evog Ttetoi-

0V QPIATPOV OIVETAL OO TH TYET.

M
E az™’
—_i=0
H(z)=—=% CRY)
1+ E bz
i=1
omov a;, b; o1 cvVTEAEGTES TOV PIATPOV KOU TOVAGYIGTOV EVOS OO TOVS GVVTEAETTES b,
eival 01apopog 1ov undevog. O aptbuog N wpoadiopiler v 1aén tov iltpov, 10
omoio yio vo. givar aitioto mpovmobéter ott N 2 M. T va givor éva tétoto gpiltpo
evatabic Oa mpémer 6Lot o1 TOLo1 TOV Va. fpicKkovTal 6TO ECMTEPLKOD TOV UOVOOLALOD

KOKAoV 010 eminedo—z. H avtiotoryn eliowan d1apopwv tov piltpov sivai:

M N
Y=Y ax(n—i)=Y by(n-i) (5.2)
i=0 i=1

omov x(n) kot y(n) ot axolovlicg e100d0v ko e£odov, avtiororya.

Eidoue ot yio v viomoinon evog piltpov ypeialouaote mollomloolootes, obpor-
otéc ka1 otoiyeia kabvarépnons (Zynua 3.4), kor avapepOnkoue oTic O10QOPETIKES
odouég mpayuoatomoinans tov (Zynue 3.5), kabwe kot aTic SOUES TPOYUATOTOINGHS
PIATPOV VYNNG TOENS WS TOVOVATILOD OOUDY TPDTHS KO OEVTEPHS TALHS O TEIPO.
n wopalinio (Zynua 3.6).

Ano tn axéon (5.2) yivetar pavepo ot ta IR piltpa sivou emovalnmtikd 17 avodpo-
HIKG, (recursive), ue v Evvoro. 0Tl Oeiyuata e €000V ypPRoYOTOI0DVTOL OTTO TO
GOOTHUA. YLOL TOV DTOLOYIGUO TWV VEDV TIUDV THS ECOO0D GE EXOUEVES XPOVIKES OTIY-
uég. To yeyovog owto mapovoidlel ueyaA0 TAEOVEKTHUA A0 GTOWH VIOAOYIOTIKIG
rolvmloxotnrag, oc oyéon ue to. FIR piltpo. Me aAlo Aoyia, yio vo. exitdyovue pio.
emBounty amoxpion ypelolouooTe oRUAVTIKG AIYOTEPOVS OVVTELEOTES Yia. évo. IIR @IiA-
0 o€ oyéon e 10 ovtiotoryo FIR piltpo. Ao v dAln mhevpd duwg, vmdpyovy 600
oofapa petoverxtiuora: (a) o [IR giltpa eivar aotady, av o1 ooviedeotés b, dev Eyovv
EMAEYEl GWAGTA, ONAOON AV 01 TOAOL THS GVVAPTHGNGS UETOPOPAS PPIoKOVTOL EKTOS TOD
Hovaoiaiov kvokiov (PA. evotnta 3.4), kou (P) ta IR piltpo. dev Exovy ypouii) amo-
Kp1on aons oty (v JIEAEVONS, 0TS Eyovy To, un emavolnrrikd FIR piltpo ue

OUUUETPIKI 1] OVTIGOUUETPIKY KPOVOTIKY OTOKPLOH).
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To xvpio avtikeiuevo tov TapovIos kepalaiov eivar n oyediaan IIR piltpwv, 1 ue
Ao 0Y1a, 0 DTOLOYITUOS TV GOVTEAETTOV a,, b, 0TOV pnag divoviar o1 Tpodiaypo-
PES TOV PIATPOV. AEYOVTOS «TPOSIOYPOPES TOV PIATPOVY, EVVOODUE KOPIWS TNV ETL-
Qounty amoxpion atn ovyvornto (Zynuota 3.8 kot 3.9). 1o Géua s oyedioons tétoi-
@V PiAtpwv 10 ovtyustwTioous non oty Evotnra 3.4 ue v tomobétnon twv molwv
KOl TV UNOEVIKWVY ato enitedo—z. Avth givor n mpaty uéfodog ayedioong, n omoio.
OGS dev elval CLGTHUATIKY, ELOIKG Vi, PIATpa VYNANG talng. Etol, extog amo oo,
070 TOPOV KePdAaio Bo yvwpicovue kot 000 dlreg uedodovg: ™ ueGodo e oueTd-
PAntng kpovoTikng amokpions Kot T uéGodo tov drypouyurod uetooynuotiouod. Ot
uébooor avtég faocilovrar otn HETATPOTH EVOS AVAAOYIKOD PIATPOD GE WHPLOKO PiA-
0. Mo tét0100 TPOGEYYLON YPNOIUOTOIEITOL EVPEWS VIO TOALOVS AOYoug Kabwg: (o)
01 TEYVIKES TYEDLOTNGS AVOAOVIKDY PIATP@YV EIVAL TOAD OVETTOYUEVES, () KaTodnyovy
ovviBwg ae ADoels KAE1oTHS Lopng, (y) dlatiBevtal £Toiuol TIVOKES Y10, T ayedioon
OVOAOYIKOV QIATPWV, KOl (0) 0 TOAAES EPAPLOYES ATOITODVTOL WHPLOKG. PIATPA. TO,
0TOola. VO, TPOTOUOIWVOVY YvoTa avaloyika piltpa. Etol, apyilovue to ayediaouo
EVOS WNPLOKOD PIATPOV GTO TO KAVTIGTOLYO» AVAAOYIKO KOl OTH GUVEYELD. KAVODUE
VY KaTGAANAN peToTpomn T0L T8 YNEloko. Lo v KaADTEPY KATAVONoH TWV GYETI-
K@V eVvolmv, Bo KAVvovuE (o IKPT] avapope. aTo, OVOAOYIKG PIATPa, OTHYV OUETMOS
emouevy evotnta. 2ty ovveyela, Go. yvawpicovue Tic 010popeg uedooovg ayedioons twv
1IR pittpwv (Evotyto 5.2) kou Qo ovlitnoovue yia Oéuoto. oyetixd ue tv viomwoin-
o1 tovg (Evomnra 5.3).



168

KEQAAAIO 5: WHOIAKA OIATPA ATIEIPHI KPOYITIKHY AMOKPIZHI (IIR)

5.1 Avaloyika @iAtpa

Onwc Ba dovpe oty endpevn evotnra, ta [IR ymoelaxd eidtpa propovv gvkolo va,
oyedoTOvV apyilovtag amd £vo avaloyikd GIATPO Kol KOTOTLY YPTCUOTOLOVTOS
KOTAAANAN amekovion Tov emmédov—s oto eminedo—z. Etot, 1 oyediacn evog ymoto-
KoL QIATPOL OVAYETOL OVGLUGTIKG GTT) GYESIOGT TOV KATAAANAOL avOAOYIKOD IATPOL
Kol oty peténerta petapaon and 1o H(s) oto H(z), 1ol dote to, emBountd yopo-

KTNPLOTIKG TOVL OVOAOYUKOL GIATPOV VoL S10TPOLVTOL KATE TOV KOADTEPO SLVATO TPOTO.

H oyediaon avaroyikov giktpov givar £vag Topéag yio Tov 0moio vIapyel TAoVG1
Bproypapio. Xtnv mtapovoa gvotnta B Teptypdyovpe G GLUVTOUI T YOPAKTNPL-
OTIKG TV TALOV YVooT®V Badvrepatdv (lowpass) avaroyikdv eidtpov. AkoAov-
Owg, Bo avapEPOvLE TOVG HETACYTLOTIGULOVS GLYVOTNTOG LLE TOVG OTOI0VG EVAL OVaL-
Aoywd Pabumepatd eidtpo petotpénetar oe vymrepotd (highpass), {ovodiafatod

(bandpass) 1 piktpo andppryng {ovng (bandstop).

[Ipv dpmg TpoywpGOvLE, 0G OOVUE TN YEVIKT LOPPT TNG ATOKPIGNS GUYVOTNTOS
&vOg avaroykoy Babvurepatod Giktpov, ®ate va eE0IKEIMOOVUE e TIG EVVOLEG Kol
Tovg ovpforicpobc. H amdkpion cuyvotntag vog ovaroytkoh eiktpov (avoAoytkon
GUGTNIATOC) TPOKVTTEL OO TN GLVAPTNCT LETOPOPAC H(s) avTOD Yl TIHLEG TOV §
TV GTOV AEOVO, TV QPOVTUGTIKMV j$2, ONAadT:

H(j2)=H(s) (5.3)

5=jQ
To pétpo ¢ kavovikomompévng amokpions cvuyvotntog (normalised magnitude
response) evoc un WavikoH avoloyikov Babumepatold eIATPoL PaiveTol GTO Xy
5.1. H popen ¢ amodkpiong eivor mapopota e ekeivn tov Zynuotog 3.9 ya vy mepi-

TTWGT) TOV YNOKOV GIATpOV.

H andkpion avt ovopdleTon «KovovIKOTOMUEV», EXEON 1] LEYIGTY] TIUT TOV HETPOV

ot {ovn délevong etvar ion pe ) povada (1 ion pe 0 dB). H xvpdrmon (ripple)

o {dvn dtékevong cupPoriletan pe KOl OVTUTPOGMTEVEL TNV EAQYLOTN TN

1
Vi+e?
Tov pétpov otn {ovn diéhevone. H péyiom tiun g kopdtwong ot {dvn omoko-
G cvpPoriletor pe 1/4. H tyun avt oe dB weobtan pe —20 log(1/4). Ot cuyvot-
86 £, Ko £ amotehoV TIg GLYVOTNTEG OTO Opio TS (wvig diéievong (passband edge
frequency) kot 610 dpio ¢ (wvns amokomis (stopband edge frequency), avtictot-
xo.. O Loyog TV 600 aLTOV GUYVOTNTOV ovoudletal A0yog ustafoong (transition

ratio) M| mapduetpog emiiextikotntac (selectivity parameter) kot cvpPoAiiletonr cuvn-
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IH(GQ)|

= SNNNNNNAN

Zavn : Zavn
diélevong | OTOKOTNG
X IxAupa 5.1
1 ! .
E ! Kavovikomomnuévny
A 1 1
0 ' '\/ \ o) ATOKPION TUYVO-
0 Q, Q, mrog fobvrepo-
Zodvn  |e— 700 AVal0yIKoD
petdpaonc @iATpov.

0mg g k, Snhadn k = % . T éva BaBomepatod eidtpo woyvet k < 1. Télog, o Adyog

S

& N .
\/27 ovoudletar rapdustpog draxpirotyrag (discrimination parameter) Kot
A -1

, , & , ,
== <<
ocuppoAriletor o¢ ky, SNradn £, m . 2ovbog woyvet k<<1.

5.1.1 Tvwora Ba8unepara avaloyika PiAtpa

e OLEC TIC TEPMTMGELS TV GIATP®V TTOL Bal aVOQEPOVLE AUECHS TOPA, O TTOYOG
pog Oa etvat 0 €€Ng: va Tpooeyyicovpe Katd tov KaAOTEPO SLVOTO TPOTO TNV ATO-
Kp1om £vOg Waviko eiAtpov to omoio £xetl képdoc ico pe 1 og 6AN ™ {Dvn diélev-
omng, k€pdog ico pe 0 ae OAn ™ {dvn amoxomng, Kot 1 {dvn petdfoong eivor punde-
ViKoD g0povg, dradr| dev vrdpyet {ovn petdfoong. Ta mo yvootd Pabvrepatd ova-

Aoy eiktpa eivorl Ta akdAovda:
®iltpa Butterworth. Ta faburepatd eiltpo Butterworth £yovv pdovo méAovg kot

TO UETPO TNG ATTOKPLoNG SV VOTNTAG diveTal omd T oyéon:

[H(jQ)|= ! = ! (5.4)

(1+(Q/QC)2N)1/2 (1Jne2(g/gp)m)l/2
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6mov N n 14&n tov eidtpov, L, 1 cvyvotnta amokonig (cut-off frequency), £, n

oLYVOTNTA 6TO Op1o TG {MVNG S1Ehevong Kot TO HETPO TNG OTOKPLOTG

1
N1+¢?

GLYVOTNTOG 6TO Optlo TG Ldvng déhevong. [lapatnpovue ot
. . . , 1 ,
a. o Q=0Q, to p€rpo NG AmdKPIoNG CLYVOTNTOAG 1GOVTOL LE T, dnradn
2

1
|H ( jQ)|:$, aveEaptnra omd v Tun Tov N. Avtd onuaivel 0Tt 1 1oYvG

TOL GNHOTOG VTOIWTANGIALETAL Y10 TN GLYKEKPIUEV cvyvoTnTa. H Tipn avtn

exppacpévn oe decibels (dB) woovton pe —3, dnAadn:

|H( jQ)|dB = 20log,,|H(jQ)|= 201og10(i) =-3.0103=-3dB.

72

B. Tw £ =0 1o pérpo ¢ amdKpiong toovtar pe 1, oniadn pe 0 dB, aveEdpnra amd
v T Tov N.

v. Emeidn n mapdymyog Tov pétpov g amdKkpiong eivol Tivtote opvnTiky yio Oeti-

KEG TIHEG TOV L2, cuverdyeTot OTL 1 ATOKPIGT) GLYVOTNTOG UELDVETOL LLOVOTOVIK(L
kaBdg to 2 avEdvetat. Me aila Adyo |H (j&, )| < |H (j&Q )| Yo 0<Q, <Q,.

INa ovyvomta aroxomn|g 2, ion pe 1 rad/sec (2, = 1) naipvovpe and ) oxéon (5.4)
0 ovopalopevo «mpmtotumo Pabumepato eiktpoy (prototype lowpass filter). Ot ypa-
PIKEC TOPACTAGELS TOL HETPOL TNG OTOKPLOTG GLYVOTITOS TOL KOVOVIKOTOUHUEVOL
Butterworth Bafvrepatod eiktpov pe 2, = 1 (Tp®OTOTLTOV) Y10l SLOPOPETIKES TULES
Tov N, paiveton oto Zynpa 5.2a. [Tapatnpovpe 6t abEnon g tééEng N tov eiktpov
odnyet og Pedtioon Tov (OVOV S1EAELONC Kol ATOKOTNG LLE TOVTOYPOV Lelmon TG
{ovng petaPaong.

O1 800 mapdpetpot ot omoieg yopaktnpilovy TANpwg éva @iltpo Butterworth givain
ouyvotnTa omokomng 2, oto —3 dB kou ) ta&n tov pidtpov N (PA. oxéon 5.4). Avtég
01 TOPAUETPOL LTOPOVV VO TPOGILOPLGTOVV OO TIG TPOOLOYPAPEG TOV PIATPOV, OTMG

auTég paivovtar 6to Tyfipa 5.1, dniadh o 6pro g Lovng diEhevong £, Ty eAdyL-
o TN TV péTpov ot {ovn Stéhevong 1/V1+g% , 1o 6pro g {bvng amokomng
Q, ko N péylotn T tov pétpov ot {ovn anokonng 1/4. Etot, amd v e&icwon

(5.4) &yovpe:
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| I : : ' 1
0.8 RN 0.8
=} N o
a Ny a
g 0,6 O és 0,6
04 D=2 0.4
0,2 o N=4 0,2
0 N=10\\ ST 0 O AN
0 05 1 LS 2 25 3 0 05 1 LS 2 25 3
Koavovikomompévn Zouyvotnta Kavovikorompévn Zvyvomta
(o) ()

Métpo

o o5 1 1,5 2 25 3 0 05 1 L5 2 25 3

Koavovikomompévn Zvyvotnta Kavovikorompévn Zvyvomta
® (®)
e, f =———— = (5.50)
1+(Q,/Q)" 1+e
o 1 1
HG2) =—————=—

1+(2)" A (5.58)

ADvovTog To GUGTN 0VTO TOV EEICMGEMY OC TPOS TNV TAEN N TOoV GIATPOL KOTO-
AMyovpe ot oyéon:
N_llogm[(fl2 /8] log,y(1/k) 56)
2 log,(@,/Q,)  log,(1/k) ‘

E&vmaxovetar 6Tt 1 tipn tov N mpémetl va gival aképatog aptdpog. Ty nepintwoon

OTOL M TIUN TOL VITOAOYILETOL OO TNV TOPAUTAV®D GYECT OV Elval akéPaLog, TOTE
0T GTPOYYVAEVETOL GTOV OUECMG LEYOADTEPO OKEPOLLO.
Télog, OM®G OVOPEPALE KAl GTNV apyn TS Tapaypdeov, ta eiltpa Butterworth

€yovv novo moéAove. Avtd eaivetatl amd ) oyéon (5.4). Ot Béoelg Tov TOAOV ThvE

IxAnpa 5.2
Amoxpion ovyvo-
mrog fobvrepo-
W0V OVaLOYIKDOY
piltpwv tomov (o)
Butterworth, ()
Chebyshev tomov
1, (y) Chebyshev
tomov 11 kai (0)
eleirtikod.
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Ixnpa 5.3
Béosic TV ToAwY
Pabvreparrv gil-
wv Butterworth

adne (o) N =1,
(B) N = 2 kou (y)
N=3.

GTO HyodKd EMIMEDO UTOPOVV VO VITOAOYIGTOVV G EENC:
Apov H(s)H(—s)= |H(jQ)|2 v s = jQ, n e€lowon (5.4) ypdopeTon og:

H(s)H(-s)=——— (5.7)

N
1+ (=51 22)
O oot g H(s)H(—s) Ppiokovtor mhved o€ Eva KOKAO aKTivag £, Kot og onueio mov

GOTEYOLVV TO €va amd To AAL0. AVTo TTpokvmTel and v e&icmon (5.7) pe undevi-

GO TOL TAPUVOUACTN TNG, ONAIN:

Q—Sz = (=Y = /PN =01, N 1 (5.8)
KOl GUVETAG
s, =Q.e/e/CTIN g =0,1,...N —1 (5.9)

Y10 Zymua 5.3 detyvovtal ot Bécelg Twv mOAMY Sopopwv idtpmv Butterworth tééng
N=1,N=2 ko N = 3. O1to6 ot 0oV Bpickovtal 6To aploTepd NEninedo sival avtoi
OV AVTIGTOLOVV 6TV H(s), evd ekelvol Tov 6e£100 NUETITESOL AVTIGTOLYOUV GTNV
H(—s). YnevBopiletot 6T yia va glvat évo avaioyikd cuotnpo evotafés, Tpémet ot
TOAOL TOL VO fpicKovTal 6TO apleTEPO NETITEDO.

[IoAog g ) [T6Aot g ) [T6Aot TG

H(s) U H(s) U H(s) us
LN ey, L
o .4 w4 o An/3
»
Kvxhog Koxhog ,
axtivag Q. oxtivog £, K?K}‘Og
axtivag Q.

N=1 N=2 N=3
(o) ® )

Elvat edoAo va dodue 6tL 1 GuvapTnoN LETAPOPAS TV TPOTOTVTIOV (2, = 1) Pabv-

mepaT®Vv piATpov Butterworth mpdng, dedtepng kot tpitng tééng sivar avtictoyyo:
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1

kot H(s)=———.
) 24257 +25+1

1 1
H(s)=——, H(s)=—————
s+1 S2+\/5S+1

Mapaderypa 5.1

Yroloyiote v T6EN evog Pabumepatov Butterworth giltpov to omoio mapovsidlet
eEaobévion 1 dB oto 1 kHz kot 40 dB ota 5 kHz.

Adon
Ao T TPodLoypapEC TOL oG divovTat Kot Le Baor T YeVIKN Hopen TG amdKpl-

omng ovyvotntog evog Pabumepaton eiktpov (Zynua 5.1) £xovue ot

1Olog10(1;2J =—1dB , ondte mpoxvmtel &7 = 0,2589
+¢€

F,=1kHz, onote Q, = 2xF, = 271000 rad/s
1010g10(%) =-40dB , omote A = 10*

F.=5kHz, ondte Q, = 2zF, = 275000 rad/s.

Avtikofiotovtog Tig TIHég autég otny e&icmon (5.6) Bpiokovpe ot

2 2
v < Jogi(1/k) _ Ing[(A -1)/e ] _ log(38621)
log,o(1/k)  2log,o(2,/2,)  2log(5)

=3,281

A@o¥ 1 Ta&N Tov eiktpov Tpémel va eivarn akéPatog aptOpdS, GTPOYYLAEDOVLE TO ATO-
TEAEGLOL OVTO GTOV OUECMG PEYOADTEPO OKEPOLO, N = 4.

Aoknon Auroa&ioAéynong 5.1

Yroloyiote TV TaEN Kot Toug TOAOLS £VOG PBabvumepatov eiltpov Butterworth to
omoio mapovctalel eEacbévion 3 dB ota 500 Hz xon 40 dB ota 1000 Hz.

®iLltpo Chebyshev. Yrndpyovv 600 tomot pidtpwv Chebyshev. Ta eidtpa tHmov 1
glvatl eidtpa pdvo pe mOAoLG T 0TOi0 TOPOVGIALOVY OLOIOUOPPT KUUAT®GT GTN
Covn d1éAevong Kot LOVOTOVIKY GUUTEPLPOPA TN (dvn amokonng (Zynua 5.2p). To
HETPO TNG amoOKPLong cLyvoTNTag TV Babvrepatdv gidtpov Chebyshev tomov I
dtvetot amd ) oxéon:
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1
(1+&73(2/ Qp))”2

|H(jQ)|= (5.10)

OTOL € 1) TOPAUETPOG TOV PIATPOV TOL GYETICETAL UE TNV KLUAT®OT 0T {DVn Oté-
Aevong, 2, n cvyxvétnta 6to Opro g LdvNng dErevong Kat Ty(x) ToAvdvopo
Chebyshev 1a4&ng N, to onoio opiletal mc:

cos(N cos™" x), |x|<1

(5.11)
cosh(N cosh™ x), [x[>1

Ty(x)= {
Ta @iltpa Chebyshev tomov 11 givan @idtpa pe mOAOVG Kot undeviKd, mTapovctdlovy
LOVOTOVIKT) GUUTEPIPOPA 0T {dvn dtEAELONG KAl OLOOLOPPT] KLILATOOT 6T (dvn)
amokomng (Zynua 5.2y). To undevikd otny mepintmon avtdv TV eiATpav Ppicko-
VIOl TAV® GTO POVTAGTIKO GEova Tov emmédov—s. To pPéETpo ™G amdKplong Guyvo-
mrog dlvetat amd ) oyéon:
. 1
|H(j2)|= _ 5.12)
(1 +e[13(2./0,)1T, /Q)])

omov Ty (x) elvar kot TdAl To Tolvdvopo Chebyshev 1aéng N, kot 2, n cuyvotnTa
670 6p10 ™G {DVNG OMOKOTNG,.
Elhawrtika @iktpa. To eddemticd eidtpa 1 ¢idtpo Cauer Tapovstdlovy opold-
Hopo1 KupdT®mon T060 ot {dvn d1EAevong, 060 Kot 6t (dvn amokonmng (Xynuo
5.28). Ta pidtpa avtd Exovv TOAOLE Kot UNOEVIKE KOl TO HETPO TNG AMOKPIONG GTN
ouyvoTNTO diveTot amd TN oyéon:
1

1/2

(1+2Uy(2/9,))

|H(j2)|= (5.13)

omov U,(x) n lakwBiavn (Jacobian) eAlewmtikn cuvaptnon téaéng N. Ta undevikd

Bpiokovtol mived 6ToV AEOVE TOV POVIOGTIKMV TOL ETUTESOV—S.

To eAdemtikd eidtpa ivor koAvtepa Tov giltpmv Butterworth kot Chebyshev, wg
TPOG TO YEYOVOG OTL OTOUTOVVTOL GIATPO LIKPOTEPNS TAENS, ONAdT| AMydTEPOL GLVTE-
AEGTEC, Y10 VO IKOVOTOU GOV TIG 1016C TPOdtaypapEg. Me GAA AOYLa, Y10l SEGOUEVT]
TéEN Tov PIATPOL KOl dEGOUEVEG TTPOSLAYPAPES, Eva EAAETTIKO @idTpo Ba Tapov-
o1alel v otevotepn Lovn petdfaons. Ao Ty GAAN Thevpd OU®G, N aTdKpLon
PACNC TOV EALEMTIK®V QIATPOV TAPOVGIALEL TEPIGGOTEPES UM YPOUUUIKOTITES OTT|
{ovn diélevong oe oyéon e ta avtiotoya @iltpa Butterworth 1 Chebyshev.
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5.1.2 MeracxXnparicpoi cuxvotrag avaAoyikwy PiATpwv

Ta @iktpa TOL YVOPICAUE GTNV TPONYOVLEVT LTTOEVOTNTA NTAV OAa Pabvmepatd.
Avté amoteloby T Pdor Yo T oxedlNcT) TOV LTOAOIT®V KaTNYopPLOV QidTpov. o
va oyedtdeovue Eva vymrepato, {ovodiafatd 1 andppiyng Lodvng avaroykd eiktpo,
Baocildpaote 610 ovtioToro avaAroyikd Pabvrepato (Tomov Butterworth, Chebyshev
N EAMemticd) Kot eKteAodE EVal LETOTYNUATIONO GLUYVOTNTAS. AVTOUS aKpBOG TOVG

LETOGYNUOATIGLOVS GLYVOTNTOG B0 Yvmpicovpe 6TV Tapodca VITOEVOTTA.

METATPOIIH BAGYTIEPATOY QIATPOY XE BAGYTIEPATO

Edv &yovpe éva Babumepatod avaroyko @iltpo pe cvyvomra 2, 610 6pio mg Lovng
dtélevonc, kot BEAovE va TO petatpéyovpe 6° éva dAlo Babumepatd ¢iltpo pe
ovyvomta 27, 670 Op1o MG LOVNG SIEAEVONG, EKTEAOVLE TO HETACYNHATIGHO:

Q
s———L 5 (Babumepatod oe Pabumepatd) (5.14)
P

Me aAra Aoyia, eav H (s) eivar n cuvaptnon petapopds tov apyikod fabumepatod
@iktpov pe ocvyvomnta 2, 6to Op1o g LOVNG 81EAeVONG, TOTE | GLVAPTNON UETO-

@opag H, p(s) Tov véov Baburepatov giltpov Ba eivor:

Hip(s)= Hp(s)
N

Q (5.15)

METATPOITH BAGYTIEPATOY @IATPOY JE YWHIIEPATO

['a ™ petatponn evog Pabumepatod avaroykov eiktpov pe cuyvotnta £, 610 6plo
™ Ldvng Siélevong, og vynrepatd Gidtpo pe cvyvotnto 27, 610 6p1o G LOVNS
O1éXeVONG, EKTELODILE TO LETOACYUOTIGHO:

’

s 3 PP

(BaBumepatd oe vynmepatd) (5.16)

H ocvvaptnon petapopds Hyp(s) Tov vymrepatod Giltpov TpokHTTEL amd TV OvVTi-

GTOUYT] TOV 0pYKoV BabumepaTod GIATPOL GOUPOVO LLE TN CXECT:

Hyp(s)=H,(s) 00 (5.17)
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METATPOIH BAGYTIEPATOY ®IATPOY JE ZONOAIABATO

['a ) petatponn evog Pabumepatod avaroyko eiktpov pe cuyvotnta 2, 6o 6plo

g {ovng diéhevong, og (ovodiofatd GilTpo pe cuyvotTNTES 2, Kot £, 6TO KATMOTEPO

Kot ovaTEPO Op1o TG {dvng 61EAeLoNG avTioTOLM, EKTEAOVIE TO LETAGYNLLOTIGHO:
s +0.9

s Q obvrepotod oe (ovodofatd 5.18
pS(Qu_QI)(B p « Bazo) (5.18)

Me dAAa AOY1a, 1 GUVAPTNGT UETAPOPAS Hpzp(s) TOL (mvodiafatod piATpov TpoKky-

TTEL AO TNV ovTioTolyn Tov fabumepatod eiATpov cOUE®VA UE TN oYEon:

HorO=IG) - 0i00 (519

g S(‘Qu _‘Ql)

Amo T oyéon oty yivetal ovepd 6T 1 TaEN Tov {wvodtafatol eiATpov Tov Tpo-

KOmTEL gival Sumhdcio TG TAENG Tov apykov Pabvrepatol iltpov.

METATPOITH BAGYTIEPATOY ®IATPOY JE AMOPPIWHY ZONHX

o petatponn evog Pabumepatod avaroykod eiktpov pe cuyvomnta 2, 6o dpto
g {dvng 61éevong, o iltpo amodppyms Lovng Le ouyvotnteg Q, Kot 2, ot OploL
TV {OVOV SIELELONG, EKTEAOVLLE TO LETOCYNLATIGUO:

S(Qu _Ql)
s+ 0,09

(Babumepatd oe amdppryng (dVNg) (5.20)

H ovvéptnon petapopds Hyy(s) Tov oiktpov amdppryng {dvng TpokOTTel amd Ty

avtiototyr tov Pabdvmepatod eiktpov pe Pdorn tn oxéon:

Hpg(s)=H ,(s) o s(9,-9) (5.21)

P+ 0.0,
MNapadsiypa 5.2

No petaoynuotiotel to Tpdtg Taéng Pabvrepatd eiktpo Butterworth pe cuvaptn-
on petagopag H(s) = Q /(s + Q,), omov Q, = 2x rad/s, 6~ £va LovodwaPatod eidtpo
pe ovyvotTeg ota opa g Lovng diéhevong 2, = xr rad/s kon Q, = 3z rad/s.
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Avon

|H(jQ)| |H(jQ)|
A

Y
©
Y

©

Q 9
()

Ta pétpa tov amokpicewv cvyvoOTNTAC TOL 0pYlKoL Pabvmepatod @iATtpov
Butterworth kat tov {ntovpevov {wvodiafatod eidtpov, eaivovtal 6to Zynuo. 5.4.
E@doov pog divetal n cuvaptnon petapopds tov fabumepatod GiATpov, 0 VITOAOYL-
GUOG TNG GLVEAPTNONG HETAPOPAS TOL {nToduevov (owvodiafatov gidtpov yivetal
gbkola pe Bdon 1o petaoynUaTiopd cuyvoTNToS TG oyéong (5.18).

. s +0Q.9 _272/_S2 +3w-mw _ s*+37°
Ps(Q,-9) s3r—m) s
Apa aviikafiotdvtag ot oyéon (5.19) Bpiockovpe ) (ntoduevn cuvdptnon peto-
@opag tov {ovodiaPatov eiktpov:

Hyp(s)=H(s) 2 27s
S2 +3n.2 = 5 B = 5 5
§=— LS +37 ] s°+2ns+3m
—— [+2m

N
N

ITopatpodpe 6TL M TEEN TOL PIATPOL TOL TPOEKVYE Eival SUTAAGLO AVTHE TOV OPYLIKOD
Babvmepaton gidtpov. Emiong, evkola damictdvoupe 6t yio s = 0 govpe H(s) = 0.

Ixnupa 5.4
Méwpo g amoxpi-
ONG TUYVOTHTOG
(o) Tov opyirod
Pobvrepotod kou
(B) Tov {yrovue-
vov (wvooiafotod
avaloyikod gil-

pov.

Aoknon Auroa&ioAéynong 5.2

H cvvéptnon petagopds tov devtepng tééns tpwtdtumov (2, = 1) Babumepato
@iAtpov Chebyshev tomov I pe xopdrwon otn (dvn 61Ehevong Tov iomn pe 1 dB,
dtvetar amd ™ oyéon H,(s) = 1/(s* + 1,098s + 1,103). Na mpocdiopiotei 1) Guvép-
NG LETAPOPES TOL OVTIGTOLYOL VYNTEPAUTOV PIATPOL, TO OTOT0 £XEL GLYVOTNTO
amokomng 4 rad/s.
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Igvoyn evotnrag

2Ty evOTNTa 0VTH YVOPIGOUE TO AVOAOYIKA GidTpa, To omoio eivat kupiog Te006-
pov tonov: Butterworth, Chebyshev I & II kot EAAeuttucd. [Ipdkerton otnv ovaio,
Y10 TIG LOOMUOTIKES EKEIVES GUVOPTNGELS Ol OTTOLES, [LE SLOPOPETIKO TPOTO 1| KaDE-
pia, Tpoceyyilovv TNV KapumdAn evog wavikod eidtpov. ['vopicapue eniong, Tovg
LETAGYNLOTIGLOVG GTT GUYVOTNTO TOVG OTOL0VG XPTGLLOTOLOVLLE Y1l VO UTOPE-
GovLe vo Tdpovpe Eva emBountd Pabumepato, vynmepatd, (ovodapatd 1 andp-
puymg {ovng avoloyikd eiltpo, £xovTag og avapopd Evo TpwtdtuTo Pabvrepatd

avaAoYIKo iLTpo.

5.2 Xxediaon IR yn@piakwyv piAtpwv

Onwg kot oty mepintwon tov FIR ¢iltpov, étol kKot €dm, vrdpyovv ToALEC pébo-
dot oyediaong IR eidtpaov. H mpdt Kot o amAn amd avtég, pag eivot 1on yvoot)
amo to Kepdiato 3, kot glvat avtn g anevbeiog Tomofétnong Tmv ToAmv Kot punde-
VIK®V TOV QIATPOL TAV® 6TO Hyadtko eninedo—z, Tpocdtopilovtog Guesa T cuvap-
TNON UETOPOPAS KOl KATE GUVETEL, TOLS GLVTEAESTEG TOV QiATpov. H pébodog avtn
€xel TePLoGOTEPO BE@PNTIKY Kol EKTAdEVTIKN onuacio mapd tpoktikn a&io. Yrdp-
YOULV Kol GALEC TEXVIKEC, KATA TIC 0Toiec 1 oyedioom Tov QiATpov yiveTon amevbeiog
670 1edio—z, 6mwg N péBodog TV mpoceyyicewv Pade 1 n uébodog tov elayioctmv

TETPAYDOVOV, TIG 0Toieg OU®G 08 B0l TPayLOTEVTOVLE.

[eprocdtepo cuvnOiGEVO gival Vo XPpTGUYLOTOLOVLE TEYVIKEG Ol OTTOIEG LETATPETOVY
&va avoroyiko @iltpo og ynowoko. Kat edd vrdpyovv drapopetikéc pébodot peto-
TPOTNG VOGS OvOAOYIKOD QIATPpOL Ge ymelako. Epeig Ba avapepbovpe otic 000 mo
YVOOTEG 0O OVTEG, TN HED0JO NG OUETAPANTNG KPOVOTIKNG Kot T néBodo Tov
SUYPOUUIKOD LETOCYTLOTIGLOD.

Téhog, B Tpémel va emavaldfovpe 6T vAomomcipa kot evotadn IR eidtpa de pmo-
pel va £xouv ypappiky omokpion edong. Etot, ot mpodiaypapés tov giltpov Ba ava-
PEpovTaLl LOVO GTO HETPO TNG OOKPLIoNG OT) GLYVOTNTA. AVTO dev onpaivel 6T
@aon Ogv gival 0VGLMO0VG ONUAGTNG. ZNUAiVEL OTAMG TOC, 0POV UETPO Kot PACT
elvar aAANAEVOETa, SEYOLAGTE T PACT OTMG QLTI TPOKVTTEL Amd TN SLOSIKAGI0 TYE-
oloong. Av KAmowo, EQpOPLLOYY| OOLTEL YPOLUKY (AT, TOTE Ba TPEMEL VoL GYESIAGOVLLE
éva FIR @iAtpo pe GuPUETPIKN 1 AVTIGVUUETPIKT] KPOLGTIKY OOKPLON.

5.2.1 F'pagikn pédodog

Tn ypagwn péBodo oyediaons eiktpav ) yvopicape 6to Kepdiato 3 (sevotnra 3.4).
H pébodoc avtn avaeépetar kot og yemuetpik | o¢ uéBodog oyediaons faoctouévn
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OTOVG TOLOVS KO 0TO. UNOEVIKG. XOPE®VA e T HEB0do avtn, 1 oxediaon evog IIR
YNELKoD PIATPOL YiveTal e KATAAANAN TOT00ETNON TOV TOA®Y KOl TOV UNOEVIKOV
TAvV® 610 povodiaio Kukio oto eninedo—z. H tomobétnon evog moAov kovtd 6to pova-
dwaio KOKAO 0dnyel oe PLeyGAES TILES Y100 TN GLVAPTION LETAPOPAS GE GLYVOTITEG TTOL
Bpickovtar kovtd otov mOAo. AvticToya, 1 vTapén evOg UNdEVIKOD KOVTA 1 KOL TAV®
GTOV HoVadLaio KOKAO 0dMYEl 6€ TOAD JUKPEG TILES 1) KOl UNOEVIGHO TG GUVAPTIONG
LETAPOPAC KO KOT™ EMEKTACT TNG ££000V TOL PIATPOL (GLGTHLOTOC). AvunBeite OTL,
Yo vo givat vetabég o piltpo mov Ba oyedtactel, Do Tpémet ot TOLOL TOL Vo, Bpi-
GKOVTOL GTO E0MTEPIKO TOL povadiaiov kukAov. Ta pundevikd pmopel vo Bpicikovtan
omoLONToTE 6T0 £Minedo—z. TEAOG, 01 TOAOL KOl TOL UNOEVIKA Umopel va. elvat TporypLo-
TIKol N pryodikoi aptdpol. v mepintmon OUmG Tov KAmolotl arnd Tovg TOAOVG 1) Ta.
undevikd gtvar pryadicot, Tote avtoi Oa mpémel va eppavifovrar wg {evyn cvluydv.

To IMapaderypa 3.10 avaeépetor 6to oyedacud evog IR eidtpov pe ) ypoapikn
puébodo. Ag mpoomabricovpe va tn Buunbovpe oyedidloviag t eopd vty £va omTAd

CovodiaPatd eiltpo.

Aoknon Auroa&ioAéynong 5.3

Yyediaote ynolakod @idtpo to omoio va e&acbevilel Tig cuyvotnteg 0 Kot 7 Kot va
EMTPETEL TN OLEAEVOT) TOV GLYVOTHTAOV YOP® amd TN GLXVOTNTO 77/2.

5.2.2 Mé8080¢ apeTaBAnTnG KPOUGSTIKAG

Yromdg oG SOUP®VOL UE T (éBodo ¢ opetafiintns kpovorikns (impulse invariance
method) stvar va oyedidoovpe éva IIR @idtpo Tov omoiov 1 povadiaio KPOVGTIKY|
amoKpion A(n) vo 1600VVOEL Le TN OEYHOTOANTTNUEVT KPOVGTIKN OOKPIoT EVOG
KOTAAANAQ EMAEYUEVOL AVOAOYIKOD GIATPOV, dNAON:

h(n)=h(nT)=h(t)

n=0,1,2,.... 5.22
t =nT ( )
omov T m mepiodog derypatoinyiog (PA. Zynqua 5.5a, B).

H cvvaptnon petapopdc H(z) 1000Tal e TOV HETAGYNUATIGUO—Z TNG OELYLUATOAN-
TIUEVNS povadiaiog KpovoTikng amokpiong A(nT), Sniadn:

H(z) = Z{h(nT)} (5.23)

H avaloywn cvvaptnon petapopds H(s) iwoobtat pe tov petacynuoticpd Laplace
NG KPOLGTIKNG amoKkplong A(f).
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IxApa 5.5

(o) Kpovortikn
amoKpIon Kal
UETPO paouaTog
ovoAoyikod gij-
wpov, (B) ke (7)
deryuoTolnyio e
KPOVOTIKHG TOD
oValoyIKoD ue
nepiodo T1 < T2

h(t) /\ |H(j)| \

N 0

I —»>
H, () \ J

()

hy(n) —»‘ ‘« T,

™

Y10 onueio avtd Oo Tpémel vo, eEETAGOVIE TO AMOTEAEGHLO TNG OELYLOTOANYIOG TNG
AVOAOYIKNG KPOVGTIKNG OMOKPLoNG, ONAndN T amotéleopa g oyéong (5.22). Ag
BopnBovpue otL, 6tav Aappdvoovpe amd Eva avaroykd o detypota pe polud F, =
1/T derypdtov avé dgutepOAETTO, TO PAGUA TOV OEYUOUTOANTTUEVOD GNLOTOG TTOL
TPOKVTTEL £IVOL L0 TEPLOGIKT] EXOVAAYT TOV OVOAOYIKOD PAGHOTOS, e TEPI0dO F.
2OVETMS, av 0 pLOIGS detypaToAnyiog etvol LKpOTEPOC amd TO SIMAAGLO TNG LEYL-
GTNG GLYVOTNTOG TOV VILAPYEL GTO AVOAOYIKO PAGHA, TOTE O TAPOVCIUGTEL TO (POL-
VOUEVO TOV avemapKovg puBuov detypoatoinyiog (aliasing), 6Tmg awtd deiyvetal 6To
Yynpo 5.5y, T'iveton pavepod 0tL 1 mepiodog derypatoinyiog 7' 0o mpémet va elvat
OPKETE LKPN, Y10 VO OTOQVYOVUE 1) TOVAAYLIGTOV VO, EAOYLGTOTO|GOVUE TO (POLVO-
pevo owtd. Eniong, katolafoivoope 0t 1 péBodog g apetdfANTNG KPOLGTIKNG dEV
givat kaTdAANAN Yo T oyediacm vyNTIEPAT®OV PIATPOV, EEALTING TOV PAIVOUEVOL
aliasing wov opovclaletal 6to PAco AoYm TG derypatoAnyiog. o Tovg Adyoug
aVToVGE, N LEB0dOC ypnoomoteitan Kupimg yio Ty oxedioor Pabumepatdv kot {mvo-
SoBoTOV YNPLOKOV GIATPOV.

H amewcdvion tov onpeiov omd 1o eninegdo—s 6To eninedo—z e TV apUeTaBANT Kpov-
OTIKN 0mdKPLoT YIVETOL HEC® TG OYEONG:

z =€ (5.24)
lNas =o +jQ ko z = ré” Ppickovpe Ot:

r=et
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w =QT (5.25)

Emopévog, yio 6 <0 éyovpe 0 <r <1, evod yuo 6 > 1 &govpe > 1. Otav 6 =0, 101¢
r=1. Avtd onpaivel 611 10 aplotepd NUIETITESO TOV § ameKovileTal 0TO E0MTEPL-
K6 Tov povadiaiov KOKAOL 6710 z, evd To 6e&i Nueninedo Tov s anewoviletal 6To
eEmTepcd Tov povadiaiov kHkAov oto z. Eniong, o déovag jQ answoviletal mavm
670 povadlaio KOKAo Tov emmédov—z. H aneikdvion avt dpmg dev elivar aneikdvi-
omn éva Tpog Eva. Aoy T0 @ givol povadikd oty mEPLOYN (—7, ), 1| ATEIKOVIOT @
= QT ovvendyeton 6TL 1} TEPLOYN TV GLyvoTNTeV —7/T < Q < /T aneucoviletal 6TIg
avtiotoyes Tipés — < w < w. Emumhéov, dpmg, kai 1 meployn cvyvotntev /T < Q
< 37/T anewovileton eniong oty 010 TePLoY] — < @ < 7, KOl YEVIKA TO 1010 GLL-
Batver yio 116 ovyvotreg 2k—1)n/T < Q < (2k + 1)n/T, dmov k axéparoc. Apa, 1
OTTEIKOVIOT TNG OVOAOYIKNG oLy vOTNTOG L2 6T GLYVOTITA @ TOL YNOLUKOV YHPOL
givan pio TOAAG—GE—EVaL OmEKOVIOT], YEYOVOG TTOV AVTIKOTOTTPILEL TO POVOLEVO TOL
avemopkovg pudpov detypatoinyiog. H 6An aneikdvion tov emimédov—s 610 enime-

d0—z eaivetol 6to Xynua 5.6.

Eninedo - s
3z

Eninedo - z

N

z=esT

N 5

Movadaiog
KOKAOG

Ixnpa 5.6

H omeixovion tov
EMTEIOV—S OTO
EMTENO—Z TOUPW-
vo. ue ) ayéon

z =¢e"T. Awpidec
evpoog 2n/T (yia
o < 0) tov emime-
dov—s amsikovilo-
VIOl 0€ ONUELD TOD
Hovadiaioo
KOKAOV TOV EmITE-
oov—=z.
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Napadsrypa 5.3

1
(s+1)(s+2)
Noa vroloyiotel 1 cuvaptnon HeTaPopds Tov ynetokov IR @iktpov to omoio mpo-

Avoroyiko Badumepotod giktpo £yl cuvdptnon petapopds H(s)=

KomTel pe T peBodo G AUETARANTNG KPOVGTIKNG OTOKPIONC.
Avon

a. Ymoloyilovpe TV KpOvuoTIKY OTOKPIOT) TOV OVOAOYLKOL QidTpov amd Tov avti-
oTpoPo petacynuoticpd Laplace g H(s), OnAadn:

TSR [ SR Uy O DR U G
Wt)=L {H(S)}_L {(s+1)(s+2)}_L {s+1 s+2} ¢ e, 120

B. AapPavovpe deiyparta amd v A(t) aviikabiotdvtag to ¢ pe to n7. Ta delypata

OV TPOKVITTOVV AVTIGTOL(OVV GTO GTOLYElR TG akoAovBiag A(7), cOUP®VO e TN
oyxéon (5.22):

O T Y
t=nT ’ T

v. Ymoioyilovpe ) cuvdptnon petapopds H(z) amd Tov HETAGYNUATIGULO—Z TNG
h(nT), 6nwg vrayopedeton amd T oyéon (5.23):

1 1 (eT—e?T)z!

S l—e T - l—e2Tz7' (I-e Tz H(1-e?Tz7h ’

H(z)=Z{h(nT)}

|z[>e”

A¢ mpooTaONGOVE TP VO YEVIKEVGOVLE TN dladtKacio oyedioong Kot TovToypo-
va va, arodeiovpe 0TL M H(z) pmopel vo vodoyiotel angvbeiog amd v H(s), yopig
va ypelactel va vtoloyicovpe v A(f) ko v A(nT). Ag Bsmpnoovpe Eva ovoroyl-
KO @IATpO T0 0m0i0 £)xel N d10popeTIKOHS TOAOLS. H cuvaptnon petopopdg Tov pmo-

pel va ypopel Mg OVATTUYLO LEPIKDV KAAGUATOV LLE T LOPOT:

H(s)= Z Ce (5.26)

Omov p;: 01 TOAOL TOL CVOAOYIKOD GIATPOL Kot C;: 01 GUVTEAESTEG TOV AVATTOYHOTOG

o€ UePIKE KAAGLLOTOL.

H avtictoym kpovotikn andkpion Oa siva:

N
h(t)=) Cee" (5.27)
£=1
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Av amd avt) TNV KPovuoTikh andkpion Adfovpe detypata avd T devteporento (1 =

nT), 10te B0 TAPOLLLE TNV SELYUUTOANTTNUEVT] OTOKPION:

N
hnT)=> Cee™" (5.28)
g=l
Téhog, 0 petacynuotiopdc—z g oxéong (5.28) Oa pog dmaoet tnv embounth cuvap-
NGO HETAPOPAS S10KPLTOV YPOVOL:

H(z)=Z{h(nT)}=i (;;ST -1

i l—e’t z

(5.29)

[Mopatnpovtag ™ dodikacio Tov TePLypAPETUL 0md TIG 6YECELS (5.260) émg (5.29),
SOMIGTOVOLE OTL TO dVO EVOLAUESH GTASIO VTOAOYIGHOV NG A(f) kot g A(nT) Ba

pmopovoay va woparelpfovv kot va vroAoyicovpe anevbeiag mv H(z) (oxéon 5.29)

am6 v H(s) (oyéon 5.26) avikodiotdvtag 0 s — p, pe 10 1— e 27! , ONAadn:

- C - C

H(s)= S S H(Z)= Yy ——— (5.30)
;S—Pg &Z:‘l—ep‘“ﬂrz_l

H oyéon (5.30) avopépetor otny mepintwon evog GIATPOL TOL 0010V 01 TOAOL Eival

dtapopetikol petald tovg, dnAadn| €xel tdhovg mtorramidttog 1. H mepintwon @il-

TPOL UE TOAOVG HEYOADTEPG TOALATAOTITAG EEPEVYEL OO TOVG GTOYOVS TOL TAPO-

vtog kepaiaiov, kat de O LG OTAGYOANCEL.

Mapadeiypa 5.4

AT 10 avadoyikd GIMTPO pe GLVAPTNON HeTapopdc H(s) = (s + 0,1)/[(s + 0,1)* + 9]
va tpocdiopiotel avtiotoryo IR ymelakd eiktpo pe ypron g peboddov g apetd-
BAnTng KpovoTIKNG.

Adon

[Mopatnpodpe 6L 0 avoroyikd Giktpo Exel Eva undeviko oto onueio s =— 0,1 kot
éva. Ledyog ovluymv moAwv p:=— 0,1 £ /3. Exppalovpe mv H(s) og avamtuypo uept-

KOV KAUGUAT®V:

Hisy= 05, 05
s+0,1—j3  s+0,1+ /3

Kot vroloyiloope v H(z) pe Pdon ™ oxéon (5.30):

o ,-0IT -1
H(z)= 1 0,5 N 0,5 _ 1-(e cos3T)z

e (OIT LT (01T - 1_(2e—O,lT COS3T)Z_1 Lo 02T -1
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Aoknon Autoa&ioAdoynong 5.4

Me 1t péfodo g apeTtdBANTNG KPOLOTIKNG OTOKPIONG VO, VTTOAOYIGETE T GLVAP-
o petaeopds H(z) ynelakod IR eiktpov mov avrtictoryel 6to ovaroyko Pabv-
nepatd eiltpo H(s) = 1/(s + 1)(s* + s + 1).

5.2.3 Mé8080¢ SiypappIKoU HETACOXNHATIGHOU
H pébodog g apetdfintng kpovaotikng amdkpiong yia ) oxediaon IR ymoelokov

oiAtpov givar katdAANAn yo Babvmepatd kot opiopéva {ovodiafatd eiltpa. Oa
acyoAnfobue topo pe ™ péB0SO TOL Srypappikoy petaoynuaticpov (bilinear
transformation method), 1 omoia TovAdyioToV dgv BETEL TETOLOVG TIEPLOPIG OV, TTpo-
KELTOL Y1l VOV OOtk LETAsNULOTIGUO TOV TEdIOV—s GTO TESI0—2. ZOUP®VOL [LE
TOV HETAGYNUOTIGUS 0T, OTAV oG dlveTol 1) GuVAPTN oY peTapopds H(s) Tov ava-
AOY1KOU QIATPOV, UTOPOVLE VO VTTOAOYIGOVUE TN GLVAPTNGN HETAPOPAG H(Z) Tov

avTiGTOrOL YNELKoL GIATPOL, avTiKaOIGTOVTOG TO S 1E T0 (z — 1)/(z + 1), dnAadn:

H(z)= H(s)

S =

-1 (5.31)

z+1

Me dAha AoV, 1 OTEKOVION OO TO EMIMEDO § GTO €MiMEDO z yiveTal pe faon

oyéont':

z—1

(5.32)

S:
z+1

[N vor S1epgLVICOLLLE TOL XOUPOKTNPICTIKE TOV STYPOUKOD LETAGYNLLOTIGHOV, 0G Ogm-

pricovpe 6Ttz = ré” kar s = 6 + jQ. Tote, N oxéon (5.32) umopel va ekppactet wg:

_re/—1_ =1 . 2rsinw

= = + 5.33
re’®+1  1+7r* +2rcosw ]1+r2+2rcosa) (5-33)

Q Q

Ao T oxéon ot mTopatnpovUE OTL, €av < 1, 118 6 < 0 Ko €6v r > 1, Tt 6 > 0.
AvT0 onpaivel 0Tt TO aPIETEPO NUETITEDO TOV § OMEIKOVILETOL GTO EGOTEPIKO TOV

povadiaiov KOKAOV 610 eninedo—z, evd To de&l nuieninedo Tov s anewoviletal oto

[1T Hoyéon s =(z— 1)/(z+ 1) pmopei va ypaet kot o sz + s —z + 1 = 0. [Tapatnpovpe 6t
N tedevtaio oyéon lval YPOUUIKT MG TTPOG S KO YPOLUIKT MG TTPOG Z 1} SIYPOUUIKT O
TPOG S KOL Z.
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eEmTEPIKO TOV povadiaiov kKoKAoL (PA. Zynua 5.7). Apa, amd Eva eveTadEC avaAo-
yYikd @iktpo maipvoupe Evo evotabic ynoeakod eidtpo. Otav r =1, 10t€ 0 = 0 KOL:

Q =tan% (5.34)

Eninedo—s jeQ

7 \

Eninedo—z \

OTEKOVIOT TOV ATEWOVIGT) TOV

s=j>° s=0
A A
’ %/ '
oneOVIoN TOL \s \
§S=°

q\

Movadiaiog
KOKAOG
Q
A 1
Q=tan %’
</
-7.T -t/2 0 : .o
/2 T

H oyéon peta&d tov cuyvotitmv ota dVo medio s kot z eaivetol oto Zynua 5.8. Tive-
Tl PavePO OTL OAN M| TEPLOYN T®V GLYVOTHT®V L ameikoviletal povo pio popd oty
neployn — 7 < w < 7. [Ipoxettan emopévmg, yo puo Evo—mpoc—éva amekdvion. H amet-
KOVIon OpmS, avutn tvar pun ypoppkn. [Hopatnpeital, dnAadn, Ho Topapdpeoon i
otpéfAwon Tov cuyvotnToV (frequency warping), eotiog g [N YPOUUIKOTNTOG TNG

Ixnpa 5.7
Ameixovion tov
EMTEOOV—S TTO
EMTEOO—Z UECW
70V O1YPOIKOD
LETATYNUOTIOUOD

Ixnpa 5.8

My ypoyyurreny
oyéon uetald twv
oValoyIKaY Kol
WHPLOKDY GOYVO-
TV A0y 0V
O1ypayIKoD UETO-
OYNUOTIONOD



186

KEQAAAIO 5: WHOIAKA OIATPA ATIEIPHI KPOYITIKHY AMOKPIZHI (IIR)

GUVAPTNONG TNG EPATTOUEVNG. AVTN 1] OTPEPAWGCT TV GLYVOTHTOV Dol TPEMEL, OTIMG
0o dovpe ot Guvérela, va AapuPaveTol vToyT katd ™V oyedioomn gvog IR eidtpov.

2YOALO. GYETIKG. LUE TOV O1YPOLUIKO UETOTYHUOTIOUO:

2z-1
1. Xe opiopéva Pipiic 0 Stypoppkodg LETACYNUATIGHOG opileTal g § = ?Z—H ,
z

omov T'n mepiodog derypatonyiog. ATOSEIKVVETOL OTL O GUVTEAEGTIG % dgv

glvon omopaitntog, aeol analeipeton katd T Sodikacio avTioTdduong g oTpé-

PAwong, 6nwc Oo dodue 6T0 TOPAdELY O, TTOV CKOAOVOEL.

2. T ta pabomepatd ko vynmmepatd eiltpa, N Tédén ™ H(z) mov Tpokvntel, givat
Ot pe v taén g H(s). o mapdderypo, omd éva devtepng tééng Pabdurepatod
avoAOYIKO QiATpo Ba mhpovpe Eva devTepng TAENG Pabumepatd ynelokd eiltpo.
Opog, ya ta LovodwPatd eidtpa Kot ta eiktpa andppymg Ldvng avtd dev 16y0-
gl Xty mepimtoon avtn, n taén g H(z) eivar duthdota g Taéng g H(s).

3. Evotabn avaroyikd @idtpo 0dnyodv o€ evoTad ynelokd eidtpa.

MNapadeiypa 5.5

To mo amAd avoloyko Pabvmepatd idTpo amotereital and Evay avTIoTATN Kot Evay
mokvet. [lpokertat yia to yvwotd «RC kdkAopo», 1 £€£060G Tov omoiov AapPdve-
TOL Ao TO AKPa TOL TUKVOTH (ZyMua 5.9a). Me ) uébodo Tov dtypappkod HETo-
GYNUATIGUOV, VO, 6YEJNCTEL TO AVTIGTOLO YNELokd QIATPO, TOV 0TTOIOV 1| GLYVOTY-
ta amokonng va givan 30 Hz, 6tav n cuyvotnta derypoatonyiog etvor 150 Hz.

Avon
H ovyvomta arokonnig tov embountod ynoetokov eidtpov givat (BA. oxéon 1.13)

1 1 2
w.=QT =2xF, 7 ZnSOﬁ = gn: 0,47. H cuyvémto avtr) tov emmédov—z

N

0,47

givon ) avtictoymn g cuyvottag Q. = tan(%) = tan( ) =0,73 tov gmmédov—s

(BM. oyéon 5.34). O vroloyiopog mov HOMG EKTEAECAE amOTEAEL T AeYOUEVT] OVTI-
otaBuion arpéflwans (prewarping). Emopévmg, autd mov yperdletar va oyxedidcov-
e givan éva avaroykd Babumepatd eidtpo pe cuyvomto amokomng Q.. To mpwtod-
Tomo (2, = 1) avaroywko Pabvrepatd @iktpo 10 omoio avtiotolyel oto anid RC

KUK Ampa £xel GuvapTon petaopas H,(s) = 1/(s + 1). Extelodpe, enopévog, Evav
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LETAGYMUOTIONO cuyvoTnTog and Babumepatd o Pabumepatod (oyéon 5.15) vy va

vroAoyicovpe To avaroyko Baburepatd iltpo To omoio £xel ', = 0,73.

Hp()=H,)| 1 _ 07
s s+0,73

$ +1
0,73

= ,S
QL‘

I'vopilovtog ) cuvaptnomn HETAPOPAS TOL avaroykoD Baburepatod ilTpov, epop-
pélovpe Tov drypappukd peTacynuaticpud (oyéon 5.31) ywa va mpocdiopicovpe v

avTIoTOLYN GLVAPTNOTN HETAPOPAS TOV EMOVUNTOV YNPLOKOV GIATpOL:

H(z)=H,p(s) = 0,73  0,42(1+:z7")
1= =
s = z—1 1-0,16z""
+0,73 ’
z+1 41

ITopatnpovpe 6Tt TPOKELTAL Y10 VAL YNPLUKO GIATPO TPAOTNG TAENG, OTMS KoL TO OVTi-
6ToY0 avaroyiKo @idtpo. H e&icmon dtapopdv Tov @iATpov mov mtpokHTTEL givart

y(n) =0,42[x(n) +x(n—1)] +0,16y(n—1),

EVO 1 SO TPOYUATOTOINGNG TOL PaiveTol 6To Zynua 5.9p.
R
x(n) O’é 2 >(+) >
i : o
x(?) T c ¥ 0,42 0,16

(o) ®

IxApa 5.9

(o) Avaltoyiro
pobvrepoto pil-
PO TPWTNG TACH,
(B) yngroxé pil-
PO TPATNS TACNS
tov [apadeiypo-
70¢ 5.5.

Aocknon AuroaioAéoynong 5.5

H cvvéptnon petapopds tov Tp@tdTumon avaloykol Badvmepaton gidTpov Tpod-
™G tagng eivan H(s) = 1/(s + 1). Zyxedidote 10 avtictoryo vynrepato HIR ymea-
KO @iATpo, TO 0Toi0 Vo £)el GuyvOTNTA ookomng 30 Hz yia cuyvotnta derypoto-
Mwyiag 150 Hz.

[pwv Tpoywpnoovpe oto oyxediooud IR eiktpav tédéng peyolbtepng me mpdmc, Oa
NTaV KOAO VO GUGTNOTOTOGOVE TN dtadikacio oyedioong pe ™ puébodo Tov
Stypappukov petacynuaticpod. H dtadikacio avtr, 6mwg edvnke and to apdaderypo
5.5, amoteleiton amod Tt ENG GTASNL

1. Emiéyovpe to mpmtotumo (2, = 1) avoroywd Babumepatod eiltpo.
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2. Meraoynpotifovpe ovtd oto Pabvmepatd N to vymrepotd N to (wvodafotd N
70 amdppyMg LdVNS PIATPO TO 0TOI0 EYEL YOPAKTNPLOTIKEG GLYVOTNTEC L', TOV

OVTIGTOLYOVV OTIG EMOVUNTEG GLYVOTNTES @ TOL YNPLIKOV PIATPOV.

3. Epoppdlovpe Tov Stypopikd HETOGYNUATICUO GTI GLUVAPTIOT LETAPOPAS TOV
OVOAOYIKOD GIATPOL TOV HOAG VTTOAOYIGULLE.

Napaderypa 5.6

Me 1 péB0d0 TOV SLYPOAUIIKOD LETAGYNUATIOUOV Va oxedtaotel fabvmepato IR
YNeLoKo eiAtpo pe cuyvotnta amokonng 150 Hz yo puOud derypoatoinyiog 1,5 kHz.
H oyediaon va Paciotel 610 tpotdTLno Paburepatd avaloyikd iltpo devtepng

téEng Tomov Butterworth.
Adon

INo tov Tpocdiopiopd g cuvaptnong Hetaeopds H(z) tov embountod IR ynoeuo-

KoV @iATpov, akorlovbovpe Ta Topandve 6Tddln Gyediaonc:
1. Emiéyoupe 1o mpototumo (2, = 1) avoroyud faburepatd ¢iktpo. Xty npokeipeé-
1
wn mepintoon stvar to Sevtepng téng Butterworth giktpo H ,(s)= —F——
5T+ \/Es +1

2. Metaoynuortilovpe to TpotodTumo Pabumepatd oe fabunepatod pe cuyvotTo 0mo-
Kxomng 2, = tan(w /2) =tan(2.7/2) =tan(2z150(1/1500)/2) = tan(0,1z) = 0,32
€QopIOLOVTaG TOV LETACYNHATIGHO cLYVOTNTAG TNG oYéong (5.15):

Hyp(s)=H,(s) 1 1

1 s =

— §= 2
Q0,32 0,32 ( S )Jr,ﬁ( S

0,32 0,32

] 0,475 +4,355+1
+

3. Epappolovpie Tov Stypopukd HETAGYNUOATIOUO 6TV TEAgLTain oYéon:

H(z)=H_p(s) 1 _0,07(1+2z7" +272)

2 - -1 )
s = _ _ 1-1,14z7"+0,41z
EETRNPY il BAVEY ()
+1 z+1

To {ntobdpevo ynoako eidtpo etvar devTepng TAENC, OTMG KOl TO AVAAOYIKO OO TO
omoio apyicape T oxediaomn, kat £xel eElcmon Slopopmv:

y(n) =0,07[x(n) + 2x(n—1) +x(n—2)] + 1,14y(n—1) — 0,41y(n-2).
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Aoknon Autoa&ioAdynong 5.6

Yyeolaote éva {wvodwoPfoto IR ynoelako eidtpo dbtepng t6éng Tov omoiov 1 {dvn
dtédevong va kopaivetor petaén 200 Hz kot 300 Hz, 6tav n cuyvotnto detypoto-
Mvriag etvon 2 kHz. H oyediaon Tov gidtpov va faciotel ot péBodo Tov drypayt-
KOV UETAGYNUATIGHOD, EQOPUOCUEV OE ovaroyikd ¢iktpo Butterworth.

MNapadeiypa 5.7

Na oyedidoete Babvmepato IR ymelaxd eiltpo to omoio va e&acbevilet povotovi-
Ké 1 ovyvotnteg. H (dvn diélevong tov eiktpov va ekteivetor uéypt ta 125 Hz,
eva M e&acBévion ot {ovn avtn va punv vaepPaivet ta 0,5 dB. H péyiom e&ocbé-
vion 610 0ptlo ¢ Lodvng amokomg va givat 15 dB, evd 1 suyvotnta 6to dpto g
C{ovng amokomng va givar 275 Hz. To 6do chotnpa Aettovpyet e cuyvotnta dety-
poatoinyiog 1 kHz. H oyediaon va yiver pe Baon Tov StypopLikd LeTOo)NHLOTIOLO.
Adon

Ao T1G TPOdIaypopES oL pag divovtatl KotaAafaivovpe 0Tt TpdKeLTaL Yo KATOL0
Babvmepatd @iktpo tHmov Butterworth (apov mpémet va mapovctdlel LovoTovikng
eEooBévnon yia Odeg Tig cuyvotNTES). Agv yvopilovpe dpwmg v Téén tov eiltpov.
AVt pmopovLE VoL TNV TPOGOIOPICOVLE OO TIG TIHES TV GLUYVOTHTMV Kot eE0cOe-
vicewv mov pag divovtat. To avaroyiko Babvrepatd ¢piltpo mov (ntape va tpooc-

dlopicovpe Kot 6To 0moio Ha ePapUOGOVUE TOV SUYPOUUKO LETAGYNUATIGUO, Poii-

vetal oto Zynua 5.10. 'Exovpe yU avtd 1o eidtpo:

[HGQ)|
A

1
V1+e2

SN

QY

IxApa 5.10

To apyiko oval.o-
YIKO QIATPO T 10
onoio Qo. mpokv-
wel o (roduevo
pobvreporo IR

WHPLOKO PIATPO.
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1010g10( ) 0dB = & =0,122

8

101og10(Ai]_15 dB = A4*=31,623

= tan( ] = tan( ) = tan(w) =tan(0,125)7=0,41

) = tan( QZT) = tan(w) =tan(0,275)z=1,17

Q= tan(
2
H 16&n 0V @iktpov pmopel tdpa va Tpocsdlopiotel e T PorBeta g oxéong (5.6):

2 2
1 lom|(4° 1)/ g5y 2,40
2 logy(Q,/2))  2log,(285) 0,91

=2,63

Apa to avaroywd Baburepato gidtpo mpémet va elval tpitng tééng (N = 3).

Am6 10 onpeio avtd TAEOV, LTOPOVLE VO akoAoLOTGoLLLE Ta Tpin 6TAdI0 GYEdinoNS

evog ynowokov IR giltpov, 6Tmg o yvmpicape Tponyoupéveg:
1. Emiéyovpe to mpmtoTumo Babumepatod gpidtpo.

Eidape 011 t0 mpwtdéTLTO Pabumepatd gidtpo Oo mpémer va givor tHmOL
Butterworth tpitng té&ne. H cuvéptmon petapopds avtov etvor (BA. evomta 5.1)

H(s)=1/(s’ + 25" + 25 + 1),

2. MetaoynuartiCovpe to Tpototumo Paburepatd o Pabvrepatd eiktpo pe cuyvo-

mto. 610 Oplo G Lovng dérevong fon pe Q) =0,41. T'a va ekpphcovpe Opmg

To petacynuotiopnd and Babvmepatd oe Pabumepatd g oyéong (5.15), mpénet

va yvopifovpe ™ cuyxvomto 2, Tov TpwtdTLRoL PikTpov, INAadH Tov GikTpovy

mov €yel 2, = 1. Avtd pmopel gvkora va yiver pe Pdon tn oyxéon (5.5a) kot To
yeyovog 6tL N = 3.

1 1
1+(Q,/Q)PY  1+¢
1 B 1
1+(Q, /1)° 140,122

= Q,=0,702

Epapuolovtag m oyéon (5.15) éxovpe:
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HLP(S):Hp(S) 1o 0.702
_p _Y
Q" 041

s=1712s

1 1
U S +25% 4+ 2s+1|s=1712s  (1,712s)° +2(1,712s)° +2(1,7125)+1
~ 1

5,025% +5,865" +3,42s5+1

Epappolovpe tov Stypopitkd HeTOGYNUATIOUO GTNV TEAELTAIN GYEON:

H(z)=Hp(5) 1
3 2
S = _ _ _
z+1 5,020 27| w586l 27| 43049 22
z+1 z+1 z+1

H oyéon avt) anoterel T cuvdptnon petapopdg tov ntovuevovu IR ynoelakon

oiAtpov.

Iuvoyn evotnrag

21NV evOTNTo AT YVOPIcaUE TPES dtapopetikés Lebddovg yia 1o oxedaouod 1R
ymoetokov eiltpov. H Tpdt ftav n ypaeiky péBodog katd v omoia 0 Tpocdlo-
PIGHOG TNG GLVAPTNONG UETAPOPEG TOL GIATPOL YiveTal e amevbeiog Tomobénon
TOV TOA®V KOl UNOEVIKOV TAV® oTo eminedo—z. H deutepn pébodog Ntav exelvn g
OUETAPANTNG KPOLGTIKNG OOKPLIOTG. ZOLP®VOL LLE OVTT, TO GIATPO OV GYedALoV-
LE €XEL KPOVOTIKT OOKPION TN OELYLOTOANTTNIEVT] KPOVOTIKY| OTOKPICT) TOV ETL-
Bupntov avaioywkov eidTpov. Alamietdcaue 0Tt 1 pEB0dog ot elvar KatdAAnAn
v To 6Yedlacpd Kupimg Pabumepatdv KabOS Kol optopévov (ovodapatdy eii-
tpwv. Télog, 1 Tpitn péBodog NTav exeivn Tov Srypoppkod petocynuaticpov. [po-
KELTOL Y10, VOV LETOCYNLOTIGUO KOTA TOV 0010 TO 0ploTEPO NUITENITEDO TOV EML-
TEO0V—S OMEIKOVICETOL UM YPOUUIKY, OAAG OUMG 1e [l EVO—TTPOC—EVa OTTEIKOVIOT),
070 €0MTEPIKO TOV HoVadLaiov KOKAOV Tov emumédov—z. H pébodog eivar katddin-

AN v T oxediaon IATP®V 0TO0VINTOTE TVTOV.

5.3 YAonoinon IIR yn@iakwy @iAtpwv

Xy TponyoOUeEVT evOTNTO LEAETHGOLLE TIG TEXVIKES oyediaong TV IIR ynelokdv
QIATPOV Kal pabape vo tpocsdiopilovpie T GVVAPTNGOT HETAPOPAS Kat TV eEicmon
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Stapopmv LTI cvotnudtomv dtaxpitov ypovov. To tedevtaio otddto givorl 1 vAomoi-
NoM TOV PIATPOV AVTOV, GTE VO EMITEAECOVY TO GKOTO Y10 TOV 0TT0I0 0VTd GYEOLA-
omkav. H viomoinon tov IIR giktpov, dnwng kot avt) tev FIR ¢iltpov, propet va
vivel eite og kukAopotiky popen (hardware), gite pe mpoypappaticpd (software)

€VOG VTTOALOYIOTIKOD GUGTHOTOG YEVIKOV 1] EO1KOV GKOTTOV.

Ievikd, 1 e€lowon dapop®dV evOg GIATPOL elvar pio LITOAOYIGTIKY| dtadikacia (Evag
aAyop1Oog) Yo TOV VITOAOYIGUO TNG akoAovBiog €£000V y(71) TOV GLGTNUATOG, OO
v akoiovbia £166d0v x(n). Opmg, OTmg eldaue Kot oty evotnta 3.4.4, o1 vToAo-
yicpot avtol umopovv va yivouv e €va S1apopeTiko, aALd 16od0vapo, chvolo &t
omoemv dpopav. Kabe éva t£1010 civoro eElomaemv opilet tio VITOAOYIGTIKY 10~
dwacio N évav alyopdpo yio v vAomoinon tov cuothpatos. o kdbe éva cuvo-
Ao e€loMGE®V PTOPOVLLE VO, GYedIGcOVLE Eva dtdypapiLo Babpidmy To omoio va omo-
teAeitan amd ototyeio kabvoTEPNONG, TOALATANGIOCTEG Kot 00poloTéG. AVTO TO 016~
ypappo Babpidowy to yapaktnpicape og doun mpoyuatoroinong (realisation structure)
TOL GUGTNHOTOC. XTNV TEPIMTMOT KOTA TV 0moia To sVt (piltpo) viomomOel
TPOYPOUUATIOTIKG (software), To dudypappe faduidev i 1lwodbvaua to chHvoro TV
eE1000EMV H10POPDV, LETATPETETOL GE £V GUVOAO EVIOADV (TPOYPOLLLAL) TO OTTOT0

CTPEYEL GTO GLYKEKPLUEVO VITOAOYICTIKO GUGTN LA,

To epadTnpa, PEPata, mov pmopet va yevvn el otov avayvootn givar to yoti Oo mpémet
VoL £YOVLLE OLOUPOPETIKEG OOUEG TPOYLLOTOTTOINGONG EVOC GIATPOV, Y10 TOPASELYLLDL, GLLECT|
popon tomov 1 1 2 (Zynua 3.5), o oepd 1 wopdAinin (Zynua 3.6), omd T oTIyun
OV £YOVUE GYESLACEL TO PIATPO, YVOPILOVILE TOVG GUVTEAEGTES TOV KOl KOTE GUVETELL

UTOPOVLLE VO VAOTTOMGOVLE TNV €EI6MGN d10POPDY TOV £XEL TPOKVYEL G EXEL.

H andvinon oto epdnpa autd gtvor 0Tt ot S1épopes SOUES TPAYLOTOTOINGNG TOPOV-
610V SLOPOPETIKA YOPUKTNPLOTIKO (O TPOG TNV OTULTOVUEVT DTOAOYVIOTIKT TOAD-
mhorotnro. (computational complexity), tn puvijun (memory) Kot To TPoPANUATE AOYM
oV mEemEPaouEvon unkovg Aé¢ns (finite wordlength effects).

Otav Aéue vroloyiotikn rolvmlorxotnta €vvooOUe TO TAN00G TV aplOunTIK®V TPd-
eV (TOAMATAACIUGULAOV, SLOPEGEMV Kol TPOGHEGEMV) 01 0TTO1Eg AMALTOVVTOL V0!
ToV VTOAOYIoUO KaOe delypatog e€660v y(n). [lpv amd Aiyo xpovia, aVTEC Ol TPELG
TPAEELG TAV Ol LOVASTKES TTOV YPNCULOTOLOVGALLE Y10, VO LETPIGOVLE TNV VTOAOYL-
OTIKN TOAVTAOKOTNTA. XTIG UEPES LOG OLMG, LE TNV EVIVTIMOGLOKT TPOOS0 TOL £)EL
GLVTEAEGTEL GTO GYESIOOUO KOt TNV KATOGKELT TOADTAOK®V KOl OTOTEAECUATIKDY
TPOYPOUUATILOUEVOV OLOKANPOUEVOV KUKAOUATOV YNPLOKTG ETEEEPYAGIOG GO~
tog (digital signal processors, DSPs), GAlot mapdyovteg mailovv emiong poro cTov
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TPOGOLOPIGHO TNG VITOAOYIGTIKNG TOAVTAOKOTNTOGC, OTMG Y10l TOPASELYLLAL, TO TANOO0G
TOV TPOCTEAAGE®V TNG LVAUNG 1 TO TAN00C TV cuyKkpicemv S0 aplOumy.

Otav Aépe wviun evvoovpe 10 TAN00G TV BEcEMV LVAUNG TTOL OTALTOVVTOL Y10 TV
amofnKevoN TOV JSEIYUATOV £10000V Kot €£600V, TOV TOPAUETPOV TOV GLGTHUATOG,

KoODG Kol TOV EVOIIUES®Y OMOTEAECUATMOV TOV TUYOV TPOKVITOLV.

Téhog, 0 TPOPA AT AOY® TOL TETEPAGUEVOD UKoV AEENS, T OAMMG AOY® TNG TTENE-
POCHEVNG oKPIBELOG, aVAPEPOVTOL GTO PAIVOUEVO KPAVTIONG ToL OTTOi0, EVOTTAPYOVV GE
OTOLOONTOTE YNPLOKT VAOTOINGN €VOG GLGTNUATOG €1TE KUKAWMUOTIKY, €iTE TPO-
YPOUUATIGTIKY. Ot TOPELETPOL TOV GLGTYLLOTOG TPEMEL OTOPAITITO VO, AVOTAPUCTO-
Bovv pe memepacpévn axpifeta. To amotelécpata TOV TPOKHTTOLY TN SLUOIKOGI0L
VTOAOYIGHOV KAOE delypaTog €600V TOV GLGTNHOTOG, TPEMEL VO, GTPOYYVAELOOVV
(rounded) 1 va. aorkomovv (truncated) 6to KatdAANAo pKog AEENG (KatdAANAN akpi-
Bela) mov emPaArel 0 VTOALOYIGTIAG N} TO KUKAMLLO TTOV YPTGLULOTOLOVE Y10 TNV VAO-
moinon. Oha avtd etvor TtpofAnparta to oroio ExNPeAlovY CTLOVTIKG TV TEMKY| LOG
TOPOCT CXETIKA LE TO TTO10 dOopN Tpaypatomoinong Oa mpémetl va emaélovpie. Amo-
OEUKVVETAL OTL O1 SLPOPETIKEG OOUEG TTPAYLLOTOTOINGNG EVOG GUGTHILOTOC, EVO givat
1GOOVVOLEC GTNV TTEPIMTWGN TOL YPNCILOTOLOVLE Amelpn axpifeta, Tapovstdlovy
TOAD S10POPETIKT] GLUTEPIPOPE HETAED TOVS Y10 TEMEPAGUEVT OKPIPELaL.

5.3.1 Nenepaopévn akpibeia kai uAonoinon lIR yn@iakwyv @iAtpwyv

Onwg avopépape TPONYOLUEVOG, 1] TEMEPAGUEV akpiPela KaTd TV LAOTOINGT) EVOG
oiATpov elodyel cedipota o omoia vroPaduilovy v amddoon Tov GikTpov 1 Kot
odnyobv og actdfeln Tov 6A0V GuaThpaTtoc. Lo va yivel katavontd avtod, og dovue

TO EMOUEVO TTALPASELY LA
Mapadeiypa 5.8
H ovvéptnon petagopdg evog artiatov IR @iktpov debtepng tdéng sivat:

H(z) =1/(1-1,845z" +0,850586z %)
No eéetaotel n evotdbeia Tov @iktpov. Na emavainebdei n dwodwkacio oty nepi-
TTMGN TOL Ol GUVTIEAECTEG ALVOTAPIGTAVOVTOL e akpifela 600 deKadkdY yneiov.
Avon
H mopoyovtomoinon tov mapoavouacts 001yel 6TV 1I6030OVOUT LOPPT Y10 TN GLVEP-
mon petapopds H(z) = 1/(1 — 0,902z ") (1 — 0,943z, To chompa £xet SV0 Tporypa-
TIKOUG TOAOLG ota oneio z = 0,902 kot z = 0,943. Apo¥ 10 HéTpo Kabe TOAOL lvar
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Ixnpa 5.11

Kpovatixn omo-
KpLON TOV OVOTH-
unazog tov lapao-
oeiyuorog 5.8 yia

akpifeia twv

ovvreleotay (o)

dmeipn kot (f) dvo
OEKOOIKDV

wneiowv.

UIKPOTEPO TNG HOVADAG, ONAAdN 01 TOAOL BPIGKOVTOL GTO EGMOTEPIKO TOV LLOVOILOIOVL
KOKAOL 670 eminedo—z, T0 cvoTUa eivar gvotabég. [lapatnphote OTL 1 KPOLGTIKY
amokpion A(n) Tov cuetipatog ivar pdivovca (Zynua 5.11a), dnwg axkpPog amot-
teltot yio éva euoTafég cVGTNHA. AG GTPOYYVAEVGOVLE TOP TOVS GUVIEAEGTEG TNG
H(z) ota §Ho dexadikd ymoio. Avtg yiveranw H(z) = 1/(1 — 1,85z + 0,85z ) petd.
v mapayovronoinon H(z) = 1/(1 —z")(1 - 0,85z7"). Hoapotnpodpe 6TL 1 VEA GUVAp-
on €xel molovg ota onpeio z = 1 kot z = 0,85. O évag moLog Ppicketal mivw GTOV
povodiaio KOKAO [Le GUVETELD TO GLGTN O Vo, UV eivat TAéov evotabég! Tpaypart,
o€014.LOVTaG KOl TTAAL TNV KPOLGTIKN AOKPlom /(1) Tov VEOU GLGTHUATOS (Zynpo
5.11B), mapatnpovpe 6Tt aVTH TOAD GOVTOUA AVEAVETOL LEYPL VO PTACEL GE LU0 GTO-
Oepn| TN, otV omoia Kot Tapapévet. Katd cuveénela, 1 KpovoTikn andkpion OV eival

aBpoicun kat’ andivtn tipn (oyéon 3.52) kot 10 cvoTa deV glvar EVoTUDES.

IM\drrog
IMAdtog

0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70

n—-» n—-»

(o) B

Ao 10 TOPAdELYLO AVTO £YIVE POVEPD OTL TO. COAALATA AOY® TNG KPAVTIONG TV
GUVTEAEGTAOV TOV GIATPOL, HTOPOVV VO, EXNPEACOVY dPAGTIKE T CLUTEPUPOPEL TOV.
Amodeicvietal 6Tt 1 evacincia TG amdKpPIoTg GLYVOTNTAG EVOS PIATPOL, 6TV KPG-
VTIOT TOV GUVIEAEGT®V TOV GIATPOV, pmopet va ehayloTomon el ov TpoyLOTOTOm|-
GOLUE TO VYNANG TAENS eikTpo, (ONAad TO PIATPO Le TOALOVES TOAOLE Kot UNOEVIKA),
®G GLVOVAGUO dOopMV deVTEPTG TAENG G Gelpd N Topdrinia (PA. vrogvotnto 3.4.4).

I'evikd, to cpdipato oto [IR eivat tpiov edov:
1. Zepdipoto Aoym KPAVTIONG TV GUVTEAEGTAOV TOV GIATPOV.

2. Zeaipata Aoym vrepyeidiong (overflow), ta omoia mpoépyovton omd Tig Tpoché-
GEIC TOV UEPIKDV OTOTEAEGUATOV GE KOTAXWOPNTEG TEPLOPICUEVOL UNKOVG,.

3. Z@dApato AOY® GTPOYYOAELGTNG TOV YIVOUEVMOV, TO, OO0 TPOEPYOVTOL OO TNV
GTPOYYVLAELGN 1] OTOKOTH TMV EVOLAUEC®V OPLOUNTIKOV TPAEEWV GTO JLOOEGLO
pnkog AéEng.

Ewd1kd yio to emavanmtikd eiATpo Tov LEAETALE, O L) YPOLULKOTNTEG Ol OTTOleg
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opeilovTal oTIC TPAEELS e TEMEPUGLLEVT aKpifeta, TpoKaAloVV cVVNOWG Kamoleg
TEPLOJIKEG TOAUVTMGELS 6TNV ££000, aKkouN Kal 6tav 1 €i6000¢ elvar undév 1 €xet
pio otafepn) Tipn. Avtég ot ToAavTOoelg ovopalovton opiakxol korior (limit cycles)
KoL 0QEIAOVTOL GTO GOAALATO GTPOYYVAELONG TOV YIVOUEVOV KOl GTA COAALATO
vepyeilong Kot v tpocheon.

To katd T6co Kabéva amd ta cEAALNTO AVTH EXNPEALEL TV TEALKT] GUUTEPLOOPA
evog pidtpov, eEoptdrot amnd: (o) To uMKog AEENG Kot Tov THTO TNG oPOUNTIKNG TOV
ypNoonoleital yio v vAomoinom, (B) tn pébodo kPavTiong TV GLVTEAEGTOV (A.).

GTPOYYOAELGT 1 aIOoKOTN) Ko (Y) TN SOUN TPOYHOTOTOINGNG TOV GIATPOV.

Iuvoyn evotnrag

21 evotnTa avTn id0E OTL TO GOAALOTO TTOV TOPOLGALOVTOL AGY® TNG TETEPL-
opévng akpifetag amoteAovv £va kaboploTikd Tapdyovio 6TNY ETLOYY| TOL TPOTOL
viomoinong evog IR eidtpov. Ta opdipoto ovtd apopovv Vv KPAvTIon TV cuvte-
AEGTAOV TOL GIATPOL, TNV VIEPYEIMOT KOTA TV EKTEAEOT TOV TPOGHLEGEWMY KOl TN
GTPOYYOAELGT KATH TOV VITOAOYIGHO T®V YIVOUEVAV. Q¢ yevikd kavdva, eldape 0Tl
o vYNANG Tééng IR yneloxd eidtpa, Oo Tpémel vo VAOTOI0VVTOL G GUVOVAGHOG

SoU®V devTEPTG TAENG, VIO TNV EAXYICTOTOIMNGT) TOV TOPUTAVE® COOALATMV.

Iuvoyn Kepalaiou

70 KEPAAOLO QVTO UEAETHOOLE TO YNOLOKE GIATPO ATEPNG KPOVGTIKNAG OTOKPL-
ong (IIR). H perétn avtn apopovce kupimg tn oyediaon Kot Ty vAomoincn tétot-
ov pidtpov. Eidape 6t amd 6Aeg Tig pedddovg oyediaong IR ynolokdv eidtpwv,
1 TAL0V GUOTNIOTIKT KO YEVIKY], ONAQON 1 TAEOV KOTOAANAT Y100 OTTO0ONTOTE TOTTO
eiktpov, glvar 1 pEB0SOG TOL Srypapkoy HeTacyNUaTIGHoV. Me T pnébodo avt
EMLTLYYAVETOL LI EVO—TTPOC—EVA, OAAGL LN YPOLLUKT], OTTEIKOVICT] TOV QOVTOGTIKOD
GEOVO TOV EMTESOV—S GTNV TEPLPEPELN TOV HOVASIOIOV KOKAOV TOV EMTESOV—Z.
Eniong, pe ™ pébodo avt and gvotadn avoloyikd GIATpa KOTOANYOVUE GE EVGTO-

oM ynoewakd eitpa.

H avdyxn oyedlaong eidtpov pe ™ pnébodo Tov SrypopLikod LETAGYNLOTIGHLOD LG
001 YNGE GTO VO, KAVOVUE Ui (UKPT avapopd 6Ta avaioywkd @idtpa. ‘Etot, yvopi-
oape to pidtpa Butterworth, ta gidtpa Chebyshev kot to EAkeutikd idtpa, kabmhg
KOl TOVG OVOAOYIKOVG HETAGYNULATIOCLOVS GLYVOTNTAS, DGTE Omd £VO TPMOTOTVTO

Babvmepatd @iltpo va pumopovpe vo taipvovpe to emtbountd vynmrepato, (ovo-
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Swpatd M andppryng Lovng eidtpo.

Télog, yvopicape ta oxeTikd pe TV vAomoinomn tov IR ynelakdv eidtpov mov
oyeddoape. Eidape 011, kuplwg AMdym g memepacpuévng akpifetog, To yneakd
GUGTNWO UTOPEL VO U1 GUUTEPIPEPETOL OTMG aPyIKA Elxe oyedtactel. 'Eva amd ta
Bacwd pétpa mov mpémel va AAPOVLE, Y10 VO EALAYLGTOTOMGOVUE TO, COAALATO
AOY® emepacuéVng axkpiPeiag, sivol va VAOTOMGOVLE To VYNANG TAENS eIATPOL (¢
cuvdvacud (og oelpd N TapdAinia) dSoudv debtepng TaENG.

BiBAioypaia kepaAaiou
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J.P.Proakis, D.G.Manolakis, Digital Signal Processing: Principles, Algorithms and
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1o fiprio avtod Ba Ppeite pia moAd koA Topovsincn OAmv TV HeBodwv cyedia-
ong IR ynmolakav eidtpov. Eniong yiveton o eoipetikn mapovsioon tov ava-
AOYIKAV OIATPp®V.

R.D.Strum, D.E.Kirk, First Principles of Discrete Systems and Digital Signal
Processing, Addison—Wesley Publishing Company, 1988 .

Mia EKTETOLEVT] OVOPOPA OTO AVOAOYIKA GIATPa Kot 6Tig peBddovg oyediaong IR @iA-
POV, L€ TOMG TOPOdELYHATA, YIVETOL GTO OEKOTO KEPAANLO LTOV TOV BifAiov.
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Anoédoon ayyAlkwv 6pwv otnv eAAnvIikn

Aliasing

Analog filter

Bandpass filter

Bandstop filter

Bilinear transformation
Cascade realisation
Computational complexity
Elliptic

Finite wordlength effects
FIR, Finite Impulse Response
Frequency warping
Highpass filter

IIR, Infinite Impulse Response
Implementation

Impulse invariance method
Limit cycles

Lowpass filter

Parallel realisation
Prewarping

Prototype

Realisation structure
Recursive

Rounding

Truncation

Dovopevo younAob (avemapkovg) pvOuov
derypatoAnyiog

Avaloyiko ¢iltpo

Zwvodofotd eidtpo

®iktpo andpprymg {ovng
ArypopLiKOGC HETAGYMUOTIGILOG
[Ipayuatomroinon oe cepd

Y TOAOYIGTIKT TOAVTAOKOTNTA
EX\eumtiog

DovopeVa TETEPACUEVOL PNKOVS AEENG
[Temepaopévn KpOVOTIKY ATOKPION
YtpéPAwmon cuyvotnTag
Yymmepatd eiktpo

ATELPN KPOLGTIKY] ATOKPLoN
YAomoinon

MéBodog apetdfAnTng KPOLGTIKNG
Optaxol KOKAOL

Babvmepatd gidtpo

[HopdAinin Tpaypoatomoinon
AvtiotaOuion otpéfrmong
[IpwtéTLTO

Aoy mparyatonoinong
Emavoinmtikog, avadpopkog
2TpoyyvAgvon

Amoxomn






Eicaywyn omv yn@iakn gikova

Ikonog

270 KeQAAALO aDTO YIVETOL TEPLYPOPT TV LOCIKDV YOPOKTHPLOTIKWOV TWV YHPLOKWOY
etovav. Tic yneiaxés eikoves Oo tig Bewpnoovue ws Wneiaka onluoto. oTis 000 oo~
otaoels. Qo yvwpicovue exions orolyeio amo ™) LE1Tovpyio, 100 avEpOTIVOL GLOTH-
Hoog opaong, to. omoia Oa fonbnoovy oty KOAVTEPY KOTOVONGH THS TANPOPOPIOS
Tov mEPIEKEL N yneLaxl exova. Eupoon Oo dwoovue aro. ion twv mpaewv oo umo-
POV VO, YIVOVY o€ Uio. ynelokn e1Kova. Oa 000uE ETIONS Tl EIVAL PACUA ULOG ELKO-
VOGS, TOV TPOTTO IOV DTOLOYILETAL KOL T GHUATLO. THS POOHS OTH GWTTI OVOTOPITTO-

01 THS TANPOPOPLAS TOV TEPIEYEL ] ELKOVAL.

Mpoodokwpeva anoreAéopara
Orav olorinpiaete ) peAéTn Tov kepaloiov avtod Ga giote oc Oéon vo:
» Extiudte 1o uéyebog iog wneloxng e1kovos

* Avayvapilete tov tomo (format) ue tov omoio eivar amoOnkevuévny oe apyeio uio.

gIKoOva

*  Kotovoelte ) GOUTEPLPOPA. TOD OVEPAOTIVOD GOGTIHUATOS OPOATHS TTIS OLOYOPETL-

KEG ATOYPOTELS THS OUADPOTHS
» Exteleite anAéc mpalels movaw o€ Wnelokes s1kOVeS

» Extiudze to mAnBog twv vmwoloyioumY TOL amaIToOVTOL YL Uio GOYKEKPLUEVT] OL0-

ool emelepyaciog TS WHPIOKNS EIKOVOS

» Karavoeite 1o poouo. e e1KOVOS Kol TOV OHUAVTIKO pOLO TOV TOILEL 1] PACH TOV

‘Evvoieg kKAeIBi1a

» Eixovoaroryeio

o Mofabuicerc s ouovpwons

» Miodidoraty povadlaio kpovon
*  N160140T0TH KPOVOTIKY YPOLUUT]
» Miooiaorary fobuido

* Amoxtnon e EIKovog
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*  Armokxaraotoon te EIKOVOS
* Beltiwon g eixovag

* Avdivon ¢ etkovag

o Teyvnti opoon

* Dwtevotyro

» Aoumpotnra

o J0VOpTHON UETOPOPAS OLOUOPPWTHS
o Tomkes mpocelg

o Kabolixés mpaleic

o [lpaceic onueiov

o [ewuetpixés mpalels

* Xwpixéc ovyvotnres

* Ddoua e1kovog

* Daon o0 PaoUOTOS THS EIKOVOS

Eicaywyikég Mapampnosig

H ynpioxn eicova eivor Eva oo to. S160160TATO. WHPLAKE. GIUOTO. TOD TOPOVOLALODY
ONUOVTIKO EVOLOPEPOV GTH TOYYPOVI] KOIVWVIO THS TANPOPOPLOS. 2T0 KEPAAALO AVTO
Oa yvawpioovue Ta GTOLYEIDON GVOTOTIKG. THS WHPIOKIS EIKOVAS, OGS EIVAL TO EIKO-
voaroryeio, to uéyedog e 1KOVaG, 01 TPALEIS TOV UTOPODUE VO, KAVOVUE TOV® OE
ovth kobwg¢ kai 1o Ao v vroloylouwy wov axoitodvral. Oa yvawpicovue emi-
ONG TS EIVOL TO PAGUO. HIOG EIKOVOS KO TOV TPOTO TOD GUTO UTOPEL VO, DTTOAOYLOTEL.
TElog, Oo. yvawpicovue otoryeio 0mo TOV TPOTO AEITOVPYIAS TOL AVOPOTIVOL OTTTIKOD
ovotiuotog. Ilepioadtepes TANPoPopIes 0 avayvwaTns UTOPEL Vo, el oTIS ovapo-

PEC NG eEAAVIKNC Kat ThE EevoyAwaong PifAoypopiag.

10 kepdloro ovto meprloufavel Tig axolovles evotnreg:
6.1. H yneioxn sixova.

6.2. H pvaioloyio ¢ opoorng.

6.3. Eion npalewv otnv emelepyacio tng Wneiokng eIkOVog.

6.4. To pacuo ¢ etkovog.
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6.1 H yn@iakn eikéva

H ewova amotelel otnv emoyn| Hog pio amd Tic SNUAVTIKOTEPES TNYES TANPOPOPLaC.
Tn cvvavtodue ®g ewcova axivitn (potoypapia) 1 Kivoduevn (tniedpacn), aomTpo-
povpn M €yxpoun. H ymoeloxn ewova amoterel 6,t1 mo cuyypovo, TOG0 6To YDOPO
g evnuépmong (Internet) kot tng ekmaidevong (multimedia), 660 Kot 6To ¥HPO TOVL
Oedpatog Kot g yuyayoyiog (yneokn mieopoon, DVD kti.). Xtnv mopdypapo

ot Oo peAETCOVE EIGOYOYIKA BEUATA TTOV CLPOPOVY TNV YNOLOKT| EIKOVA.

6.1.1 H eikéva wg Siodiacraro onpa

Méypt 10 TPONYOOUEVO KEQAANLO Elyape BE®PNGEL TA CIUATA OGS OC GUVOPTNGELS
pog povo ave&aptnng petafAntng, tov xpovov. H avaykn yio eneéepyacio tng win-
poeopiag NG e1KOVOG 00N YeL kAT’ apynV oTN HOONUOTIKY TEPLYPOPN TOV TEPLEYO-
pévovu mc. 'Etot, v aompdpovpn o v Hmopovpe vo, T d0OHE ®¢ [ d160140To-
T1 GLVAPTNG TOV GLVIETAYUEVAOV TOV YOPOL X KoL V:

= f(xy) (6.1)

Av1o onpaivel 0TI N f TEPLYpAPEL pio ETIPAVELN, 1 OTtolo EYXEL LEYAAN TIU OOV M
ewdva elvat o AEVKY], EVA Y10l LKPEG TILES TNG f M KOV TANGLALEL TO Lawpo. ZTnV
ovacia 1 f TEPLYPAPEL TNV AUOVPWOON TNS EIKOVOG o€ KABe Béon (x,y). H avamapd-
otaoT oLt eoivetal oto Zynua 6.1, 6mov TapovcidleTal 1 ewdva TUNIATOS TPO-

CMTOV Kol 1] AVTIGTOLYN GLVAPTNOT TG AUOVPOOTG f-

IxAupa 6.1

H eixdéva mpoow-
OV Kal 1] avTi-
otoryn 16016070
™ CVVAPTNON THS
oUaDPWONG.
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IxApa 6.2

H ynpioxn eicovo
armoteleitol amwo
HIKPES KOVKIOES TOL
EIKOVOTTOIYELO
(pixels). To Aevka,
glKOVOTTOLYEIO!
avTIaToLY00V 0T0
255 evao ta padpa
oro 0. Kobéva amo
T0L EIKOVOOTOLYEIO!
elvau éva. delyua
omo TH CVVAPTHON
ftx,y) mov avri-
otoryel oTny ovo-

Aoyiki] etkovo.

Xy mpaén, kébe eucova Yo vo vtooTtel ynelokn enetepyacio Bo mpémel kat® apynv
va petatpometl o€ ynoelokn. H dadikacio avt) etvon mepinov 1 idia OTtmg Kot oty
TEPIMTOGT TOV povodldoTatov onpatoc. Etot, Oa tpénet va Adpovpe iocaméyovta
delypoto g ovvaptnong fx,y) otig dtevbiveelg x kot y. H mokvotnta pe v omoio
0o AneOovv ta deiypata kabopileton kol oy mepintwon avt (S166106T0TN GUVAP-
TNnoM 670 Y®PO) amd To Hedpnpa derypatoAnyiog:

H orooraon 000 dadoyikdv deryudzwv oto eninedo (x,y) Qo mpémel va eivor [Kpote-

P QIO THY NUITEPIODO TWV TOYDTEPDV EVOLLAYDV THS TOVAPTHONS f(X, V).

Me dAha Aoyia, Oa mpémel vo AapAvovie To SElyaTo 0PKETE TUKVA, MOTE VO TPO-
Aafaivovpe Tig YpNYOpEg EVOALOYEG TNG AUAVPMONG TNG EIKOVOC. XTT GUVEYELD TOL
detypota Bo mpénetl va kPaviiotobv o€ Temepacévo aplfpo otabudv. Xvvnbog ot
0T60pES TOV YpNoLonotovVTaL sivar 256 (2%). 1 61afun 255 avTicTo oV e TO
Aevko evd ot otdlun 0 to pavpo. Etot, évag dvadukdg apbudg tov 8 bits (1 byte)
EMOPKEL Y10 VOL TEPTYPAWYOLLLE TNV TN TNG OHOVP®ONG EVOG OElYLLOTOG TNG EIKOVOC,
OV KoAEiToL Kot «gikovootoygion (picture element — pixel). Xtnv telikr| g popon

pio aomTpopavpn YNnelokn eikova Ba eivat OTmg aivetatl 6to Zynua 6.2.

Sxy)=f(ny,n,)

250 e
]

200

150

H ymooxm ewodva g popeng tov oyfuatog 6.2 Tapiotdvetor pofnpotikd og n kpo-
VIIGUEVT 0€ TAATOG GLUVAPTNON

= fy(m.m) (6.2)
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OOV Ol JLAKPLTEG YOPIKES LETUPANTEG 71, KOLL 11, AVTIGTOLYOVV GTIS GUVEYELG YOPIKES
UETAPANTEC X Kol Y. TN YEVIKN TEPITT®ON, N LEYIGTN TIUN TOV 71, Elvan M Kol Tov 7,
gtvar N.’Etot, pmopodpe va Oempiicovpe Tnv ynelokn eikova og pio uitpo aptopuoy
dotdoewv M X N, Tov KaBEVOS amd aVTOVG EKTPOCMOTMEL TNV T TOV AVTIGTOL(OL
gwkovootolyeiov. o mapdderypa, n eidva Tov Tynuotog 6.2 amotereital amd
M X N=25x25=625 eikovootoryeia.

X e101K0oD TOTOV EIKOVEG, OT®G £ival TO Keipevo N To o€d10, apkovHY 600 udvo 6Tao-
peg, ot 0 ko 1, Tov avTioToryohv 6To HaPOo Kot TO AEVKO. TNV TEPITTOOT) 0LTY] EvVa
pUovo dvadtko Yynoeio givar apketd yio Vo avoTopacTiGEL THY TANpoopia. Mia tétot-
oL TOHTOoV gwdVva amewkovileton oto Zynua 6.3.

l1 IxAua 6.3
lle_ - ‘::' ) 5 Xelpoypaen AEEN 6OV 1| TANPOPOPin EYEL KATAYPAPEL LOVO HE

povpa kot Aevkd gikovootoyeio (0 kot 1).

e mepintmon mov 1 ewova givor Eyypoun tote o€ Kabe 0éon (1,,1,) N f €xel Tpelg
TIéG (dvuopa), 01 OTTOIES AVTIGTOLYOVV GTIG TIEG TV XPOUAT®V KOKKIVO, TPAGIVO
rot umie (Red, Green and Blue — RGB). Otav, téhog, £yovpe dtadoyn ekdvov N
ouvaptnon f €xet pia emumAéov HeTaAnTy, T0 Ypovo ¢. To ofjua etvorl StaKplTod Kot g
TPOG TO XPOVO (1—n5):

S = fo(n,ny,n3) (6.3)

AvTo onpaivel 0Tt kKGBe KOV ATEXEL YPOVIKA OO TNV GAAN KATOL0 XPOVIKO dld-
otua. To dtotua avtd Ba Tpémet va sivor apketd pukpd, mepimov 1/30 sec, yio va
yiver duvat 1 mopovcioon g kivinone. H cuvéptnon avt) 6tov tpiodidcetoto ydpo
(x,1,0) patveton 6T0 Zynpa 6.4.

Ixnpa 6.4

H dwadoyixn
TOPOVTIOoH E1KO-
Vv oo OIver Ty
aioOnon e kivy-
ONG UTOPEL Vo
rapaotaldel podn-
LOTIKG G oOVap-
THON TPLOV UETO-
pAntaw.
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6.1.2 Iroixeiwdn Siodidorara yneiaka cnpara

"Eva die01d0tato ynotokd onpa pmopel va mopactadel ypopikd 0Tmg poaiveTol 6To

Zynuae 6.5a. To onpa £yel Tiun povo o ta onpeio tov mAEypuatog (KPavtion tov x
Ko y) Kabog eniong kot KPavtiopévo mAdtog. Ta mAéov oTotyeldon diedidoTata

YNOLOKO ofIota €ivat 1 016014eTaTh KPouaTikn d(1,,1,) (Zynua 6.5B):

1 =n, =0
8(mm) = " , (64)
0 0mOVONTOTE AALOD
1 S1GAACTOTN KPOVOTIKT YPOUUn d(7,) N d(n,) (ZyMquoe 6.5y Kot 6.59)
1 =0 1 =0
5(n)= " 8(m) = " (6:5)
0 OTOVONTOTE OAAOD 0 OTOVONTOTE OAAOD
kaBog Kot 1) diedidotarn Pnpatikn u(n,,n,) (Zynpa 6.5¢):
1 m=20xon =20
u(n,n,) = e , (6.6)
0 0mOLONTOTE AALOD

XPNOOTOIDVTOG TO, GTOLYELDIN CVTE GIHOTO LTOPOVLE VO EKPPAGOovLLE KEOE O16-
S146TATO YNPLIKO G0 MG YPUUUIKO cuvdvacud Tovg. 'Etot, yia to onpa f(n,,n,)

GYVEL:

Sm)= Y [ (1.8 = rm = 1) (6.7)

1p=—00 1y=—00

To onua fin,,n,), ONAadm, eivarl ypopukds cuVILUGHOG SIGOLACTUTOV KPOUGTIKOV.
Mia toA0 onpavTIKY 1010TNT ToL £ivat ETBLUNTY| Y10, To SIGOIIGTOTO YNPLOKA GTLL0-
Ta, etvar 1 Stoyoptopotnte. H 1010t ta aut) GUVERAYETOL TN OO LATIKY EKQPOAOT)
&vOC S160100TATOV GNUATOG f7,11,) O YWVOUEVOL dVO LOVOSLAGTUTMOV GNUATOV:

S (m,m) = fi(m)f>(m) (6.8)

Tnv W310tT0 0T TV €YEL TOGO M d(114,11,), 650 Ko N u(ny,n,).
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®

6.1.3 H yewperpia Tng eikévag

Onwg mpoavaeépbnie, 1 eikdva Bempeital mg 1 Katavour g tinpopopiog (Babudc
QUODP®ONG N XPOUE) 6T0 eminedo (x,)). Ta TeploGoTEPH ONTIKA GLOTHLOTO (POTO-
YPOPIKES UnyavES, Pivteokdpepes) omodidovy avaroyués elkOves, dNAadY, EIKOVES
OTOL 01 GLVTETAYUEVEC (X,)) dALA Kot 0 Babpdg apadpwong f etvat cuveyelg mocdT-
te¢. Avtifeta, o1 ynelakég IKOVEG, OV TPOKELTOL V. AmoONKEVTOVY GTI (VI UT| TOV
VIOAOYIOTH, 1) VO TOYOLV eneEEPYOTiog amd auTOV, EYOUV TN HOVO GE dakpttod aptd-
pd cvvtetaypévav (n,,1,), oL arotelobv Kot TS 0€celg TV eikovoototyeioy. Eni-

ong, kGOe eiovooTtoryeio AapPdavel TETEPUCSUEVO 0PLOUO TIULDV apadpOoNG.

O TpocaVUTOMGIOG TV GLUVTETOYUEVOV GE tia ynelaKY eikdva pmopel va ival
avBaipetoc. XT1g TEPIOTOTEPEG OUMC TEPUTTMOELS KOl KUPIMG GTIG TOIKIAES EQUPLLO-
Y€G AOYIGHIKOD TOV KUKAOPOPOVV GTO gUTOPLO, 1) APy TOV GUVIETAYUEVOV (71,,71,)

=(1,1) Aappdvetar onv enavm aptotepn yYovia g ekovos (Zyniua 6.6).

Ewovootoygio (1,1)
-

IxAua 6.5

a) H popeij evog
010016.0T0TOD
wneLoKxob onuo-
106. f3) Aiodraota-
T KpovaTiKi]. )
ka1 o) diodiaoroTy
KPOVTTIKN YPOLUUN].
&) Aooiaorary

PruoTir.

IxApa 6.6

2oviBwg to iko-
vootoiyeio. o€ o
WHPLOKN EIKOVa
eval OLOTETAYUEVOL
0€ OEIPES KOl OTH-
A& e mpadrTo avto
THG EMAVE OPIOTE-
PGS yoviag.
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Kabéva eikovoototyeio €xet TIg SIKEG TOV CLUVTETAYUEVEC. ZVUVETMG, Lo EIKOVO TOV
&xel M ewovoatoyygia ot d1evbvvon n; kot N atn dievbuven n,, TEPLEYEL GUVOMKE
N X M gwcovootoryeio. To péyebog g mAnpopopiog g e1KOVAG EVOL YEVIKA LEYA-
A0. AkOpa Kol PIKPEC G€ SLOGTACELG EIKOVEC TEPLEYOLV LEYAAO aplBUO EIKOVOGTOL-
yelov, yeyovdg mov Kabiotd ypovoPdpa v ymelokn touvg eneepyacio. o to Adyo
T, 0 EAeyyog adyopibumv enelepyaciog ewoOvag YIVETAL apyKa Gg Eva HKPO

TUNLO TG EKOVOC.

Napaderypa 6.1

Mia gucova pe daotdoelg 1.000 x 1.000 £xet ovvolka 1.000.000 gwcovootoyyeio. H
enelepyasio Tov TANOOLG TOV EIKOVOGTOLEIDV OLTAOV UE TOAVTAOKOVS aAYOPLOOLS
amortel peydio tAndog vroAoyisuav. [16co Arydtepot vtoloyicpot Ba ypelacTOVY
av doKIudoeL Kaveic Tovg adyopiBpovg avtovg oe £vo TUNUE TG EKOVAG peyéfoug
50 % 50 gwovootoyeimv;

Avon

To tpMpa avtd ™G edvag mepiéyet S0 X 50 = 2.500 ewovoaotoryeia, SnAadn TETPUKO-
GlEG POPEG AyOTEPD O’ OTL GE OAOKAN PN TNV €1KOVa. 'ET61, 01 amottodpevol vroloyt-
oot elvan TETpakdGIEG POPEG AYOTEPOL. ATTO AoyM YPOVOL, v OAOKANPT 1) EKOVA
aontovGE Lol OAOKAN PN PO Y10l T CUYKEKPILEVT) YN PLoKn enegepyacia, 1 SOKILY| TV
aAyopiOu@V HOVO GTO GUYKEKPUEVO TUALLOL TNG YPELALETOL EVVEN LOMG OEVTEPOAETTAL.

Apaocmpiomra 6.1

[Towog eivar 0 apBog TOV E1KOVOGTOLYEI®V Ul0G EIKOVOG LEGOIOV JLOGTACEMV;
[1660 ¥®PO 6T LV TOV VTOAOYIGTY| OTOLTEL 1] EIKOVE, QLT OV 1] TAT|POPOpPia
KG0e elkovooToL ElOV ElVOl KOOTKOTOMUEVN e dLASTKO apltBud Tov evog byte;
[Toc0g givar 0 xdpog avtdg av 1 idta 1 OV Elvar Eyxpopn;

Mia Tomikn| €1Kova pecainv dtaotdoeny Exel TAN00g etkovootoyygiov 512 X 512 =
262144. Av ka40e eikovooTtotyeio ypetdleton £va byte pviung yo omodrkevon (pe
éva byte pmopovv va avorapactadovy 256 dwfabuicelg tov ykpilov), tote 1 GLVO-
An ewcova arortel 262.144 bytes 1 0,25 Mbytes pviung. Ztnv mepintwon mov 1
ewodva glvan Eyypopn, kabe ewovoototyeio BEAet 3 bytes yia amobnkevon (1 yio kKGbe
xPOUO omd To KOKKIVO, TPAcivo katl umAe). ['io oAdKANpn TV eikdva ypetdlovrtal
ouvolika 0,75 Mbytes pviunc.
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Aocknon Auroa&ioAoynong 6.1

Mio acmpouavpn ewwova (1 byte/eikovootoryeio) 128 X 128 gikovootolycimv
ouykpltikd pe pia Eyypoun 512 X 512 ewcovoototyeimv, arottel yio arodnkevon:

o. 4 Popég AyoTEPN UVIUN.

B. 16 @opég Aryodtepn pvnum.
y. 48 popég Aydtepn pvnun.
0. 64 eopéc MyoTEPT UV UN.

[Towa amod Tic amavInoels eivol  GooT.

Ot obyypoveg 006VeG TV LTOAOYIGTMV £YOVV T SLVVATOTNTA VO ETOEIEOVY YN QLo
KEG €IKOVEG LEYAA®V dtooTdoemv. H duvatotnto anti) GuVOEETL GUESH E TNV AVA-
Avor NG 006vNg, 1 AAAM®G pe ToV aplBpd TOV EIKOVOGTOLXEI®Y TOL UTOPOLV VO
epupavicovv. H amhovotepn &yypoun o06vn, pe t cvuvodeia TV ovTictoy®y ne-
KTpOVIK®V KukAoudtov (kdpta Video Graphics Adapter — VGA), punopei va Topov-
cuaoet 800 x 600 = 480.000 £yypopo etkovoostoryeia. Me d1dpopeg TeVIKES elval
duvatd Vo TOPOVGLACOVLE GE [io TETOL0 006V TOAD LEYOADTEPES EIKOVEG,.

Téhog, Tpémel va oNUEIMCOVE OTL O ATOLTOVUEVOG YDPOG G€ bytes yio va amobnkey-
Tel M ewova eaPpTaTal TOGO amd To TANH0G TOV EIKOVOGTOLXEI®VY, 0G0 Kol omd TV
ToAVTAOKOTN T 6T S1dTaén Tovg. 'ETot, av TpdKeitat yio IKOva Tov mePLEYEL GYEOL0
1N Kelpevo Kabe e1kovooToyelo pmopet va eivart Lopo 1 Aompo, ondte ypetdleTol Lovo
1 bit yio tv mAnpoopia avth. Av 1) EIKOVO TEPIEYEL AGTPOUAVPT POTOYPAPIa e 256
dwPadpicels oty apavpmon, tote ypetdletat £va byte yio v arobnkevon kdde
glKoVooTolyEloV. XTI EyYpmueg ekOveg BELovE 3 bytes yia kKabe eikovooTotyeio. Me
ovyypoveg nebBddovg cupmieons g mAnpopopiag (image compression) ivat SuvoToV

0 OTOTOVUEVOS YDPOG AoBNKELOTG VAL EVOL PKETA LKPOTEPOG.

Mapaderypa 6.2

[Toco ywpo o€ bytes amartei yo TNy amobnkevon ¢ pio ewdvo dtuotdoewny 1024
X 1024 swovootoryeinv, Otov mepléyet :

o. Keipevo
B. Aompdpovpn ewova pe 256 daPabuicelg Tov ykpilov.

v. 'Eyypoun ewoéva
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IxApa 6.7
2opThG E1KOVOS
¢ eTaipiog
Hewlett Packard
(uovtélo HP
91954).

Avon
o. XNV mepintmon kepévou kdbe eucovoatotyeio ypetdletar 1 bit yia vo amobn-

kevtel. ‘Etot, ta bits mov amottovvtat eivor 1.024 X 1.024 x 1 =1.048.576 7
131.072 bytes mov 1codvvapovy pe 128 kbytes.

B. XtV mepintmon g aompopavpng sikovag ypetaletat 1 byte yia ke gikovo-
ototyelo, onote 1.024 x 1.024 bytes yio 6An TV a.6TPOUALPN EIKOVO TOL 1G0OV-
vapovv pe 1 Mbyte pviung.

v. T v éyypoun edva 1o 1066 00TO Elvar TPITAAGIO.

6.1.4 Tponol andkmong TG YPNPIAKNG EIKOVAg

H ymooxn eikdva mov, 0nmg avapépape, amoteiel Eva S1GO1UGTUTO SIKPLTO GTLLOL
670 Y®PO (x,y) pe KPavTiopéveg TIES TAGTovS, pmopel va Anebet eite amd avaioyt-
k&G ewcoveg gite amevbeiog amd GLGTANATO ANYNG YNPLIKDV EIKOVOV. TNV TPMOT
mEPITTOON, N AvaAoyikn ewova Ba petotpanel o ynoelokn pe ) fondea (to mbo-
voTEPO) eVOG capmT ekdvag (scanner). H cuokeun avt) capovel v eikdva amd
TAVO TPOG To KAT® o€ Ypappég pe T Ponbdela evog ETUNKOVE pOTO—AVIYVELTH
Emua 6.7). O poto—aviyvevtng o100€Tel Aapmtnpa AeVKoH pOTOC, ToL POTILEL pHio
otevi Apida g ewovag. To avakA®UEVO PG KATAYPAPETOL OO TO POTO—ELOI-
obnta kOTTOPO TOV AVYVELTH TTOL Ppickovtol o€ Ypouutkn diataén. Ot chyypovol
GOPMOTEG EIKOVAG Amodid0oVV TOAD KOAN ovaivon oty gikova. H avdlvon avtn
ekppaletal o€ gikovootoyeio avd ivioa (pixels per inch — ppi). Tumiég Tinég ovTig
g avaivong givor 75, 150, 300, 600 1 ko 1.440 ppi.

DoTOaVIYVELTIS

Emodveia
ohpwong

Av mtpoxertal ylo. avodloyikn eikova omd video (51ad0y1 EIKOVOV), TOTE 1) LETATPOT
GE YNOPLOKN KOV YIVETOL e TOYVLTOTA NAEKTPOVIKG KUKAGUATA, TOLG frame

grabbers. Ta KUKAGUOTO ALTA EKTEAOVV T LETOTPOTN KAOE OVOALOYIKNG EIKOVOC GE
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ymoeokn o€ Tpoypatikd xpovo (30 otrypotumoa/devteporento). [apdti n avdivon
TOVG G€ €IKOVOoTOtKEin 08 POAVEL AVTAY TTOL ATOSIdEL EVOIG GUPMTNGC, OF YEVIKES YPOLLL-

pEg Bempeitan oA IKOVOTOMTIKY Kol O1VEL EIKOVES TOAD KAANG TOLOTNTOG.

To cuetipoTe omevdeiog ANYNG YNOLOKNAG EIKOVOSG 0VOTTTOGCOVTOL TOV TEAEVLTOIO Koipo,
Kou 1) TeYvoroYia Toug Ppicketat og eEEMEN. 'ETa1, 01 yneloKEg OTOYPUPIKES UNXOVES,
7OV MO KUKAOPOPOVHY, £X0VV evoOUATOUEVT v RAM ko S16KETOL Yo KaTaympn-
o1 g TAnpoopiag. To gidmAo ™G EKOVOG OEV KATAYPAPETOL TAV®D GE PUAL, OAAN GE
pio pMTpo TOYELMOMV PMTO—0viXVeLT®V (A.). 600 X 350), T0 oNpa TV onoiwy KPa-
vrileton Ko KoToympeiton ot pvipn e pnyavnc. Ot eidveg autég £xovv BAceL 110
TNV TTOLOTITO TNG KAUGTKNG PMTOYPOPIOS, 0pov 1 avaAvcT) Toug £yl vitepPet ta 1.024 X
1.024 ewovoototyeia. To KuplOTEPO TAEOVEKTI LG TV YNPLOKMOY GUGTNUAT®V givar OTL
TOPEYOLY TNV TANPOPOPIOL GE YNPLOKT) LOPPT, TTOV UITOPEL EDKOAOL VOL aVTLYpapEL, VoL O10-
pop@mel Kot kupimg Vo TapopEVEL aVOAAOIDTN GTO YPOVO AGY® TG YNPLOKNG TG VPTG,

Ta cveTHpOTO AYNG YNOLOKNS EIKOVOS TOPEYOLY TN SLVATITNTO GTO YPNGTH VO
AGBeL TNV yMelokn ekova pe dopopeTikég avaivoels. 'Etot, tov diveton n duvatd-
T Vo SOKILAGEL TO AVEKTO Oplo TOGO GTNV avaAVoT|, 660 Kot 610 TANBog TV dta-
Babuicewv g apadpwong. 1o Zyniua 6.8 divetat dtodoykd 1 elkdvo TOV TPOCH-
7oV 1 omoia £yl ANeOel pe drapopeTikn kdbe Popd aviivon kot TAN00g Stofodpi-
cemv oL YKpilov. H mowdtta g ekovag vroPaduileton pe v eAdttmon g avd-

AVONC, OAAG TOLTOYPOVE, LELMVETOL KOL 1) OITOLTOVEVT] VTN Y10, 0TOBNKEVGT] TNC.

—=

q

[

Ixnpa 6.8

Ol wévte EIKOVES TOV
TPOCDOTOV EYODY
AngOet ue drapoperti-
KEG OVOADOEIS Kol
OTAITODY OLOPOPETI-
K1} pviipa.

(o) 300 ercovooror-
xeto/ivioo ue 256
owefobuicers me
oUODPWONG ATTOITODY
yio. omoBnievon 186
kbytes pviung

(B) 75 eikovooror-
xelo/iveoo, ue 256
oopabuioers me
oUODPWONS amouTody
yio. omoBnievon 12
kbytes pviung.

(y) 25 etkovooroi-
xelo/ivioo e 256
oefabuicers me
QUODPDONS OTAITODY
yio. omobnevon 2
kbytes puviung.

(0) 75 emovoaoror-
xeto/ivioo, ue 16 oia-
pobuiceis e opond-
PWONG ATOITODY YIC
omobnkevon 6 kbytes
MV,

() 25 eikovoaror-
xeta/ivioo, ue 2 oo-
pobuiceis g opond-
PWONG OTOITOVY YLa,
omobnrevon 0,25
kbytes pviung.
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Apaompiomra 6.2

[Toon pvhAun amanteiton yio vor QUAGYTEL G EIKOVE 1 TOPOLGO GEAIG TOL BiAiov.
Extiunote povol cag v amaitodpevn avaAvcTn G€ ppi ToL Gop®TY EKOVIG.

lNo pio amodextn TotdtNnTo 1KOVOG givan apketd 100 ppi. H avdivon oot avti-
ototyel o 100 eikovoototyeio/ivton og KaOe katehBvvon. Avtd onuaivet 6TL og pio
teTpayviky tvioo meptéyovrar 10.000 sikovootoygio. Mio oelida yoptiod A4 gival
nepimov 90 teTpaywvikég tvtoeg (8 X 11), emopévag Oa Exovpe suvorikd 900.000
gwkovootoyeio. Kdbe éva sucovoototyeio anattet povo éva bit yio v avTimpood-
mevon Tov (Lavpo 1 dompo). Eropévag n cuvoikn uviun Oa givar 900.000 bits 1y
112.500 bytes.

DuoKd, S1POPETIKEG ATOITNGELS OTNV AVAAVOT| TG ekdvag Oo odnynoovy ce dio-
POPETIKE 1eYED.

O ynoerakég eikoveg eivat opyavmpéveg kat omodnkevovtal o apyeia (files) dapod-
POV EWOV AVILOYO. LLE TOV TPOTO KOl TN GUGKELT] OTOKTNONG TOVG, AAAA KOL TNV 0VEL-
YK Yo, Yypryopn HeTdooom 1 otkovopikn amofnkevo. 'Etot, otnv apyn tov apyei-
ov vrtapyel ouvnBmg N TAnpogopia (header) yio Tov TPOTO TOL £YEL KATAYPAPEL 1
€Kova 610 apyeto. Ot kKupLOTEPOL TUTTOL CPYEI®V TOV TEPLEXOVY YNPLOKEG EWKOVES

givo ot axkdrovbot:
imagename.bmp

Tvmomoinon yio Eyypoueg ewdveg oe Windows. Ta ypdupato g KotdAnéng tov
ovopaTog Tov apyeiov mpoépyovtar amd Tov 6po «Bit Mapped», mov onuaivel avri-
ototyia eikovootoryeiov kat byte. Eivat apyeia aveldptnrta g cvokevng (device
independent), pmopovv dNAadT] Vo «ovoLyTovVy Ywpig TpOPANUE amd SLopOoPETIKOD

TOTOV AOYIGUIKO, YWPIg aALAYES.
imagename.tif

Tagget Image File Format. Eivot kot avt tuvmomoinon bit mapped wov ypnoiponot-
eltol amd OA0 GYESOV TO TOKETA AOYIGUIKOD Y10l EIKOVEG, KaOMG Kot OAQ ToL AELTOVP-
Y cvotnpata. H dtapopd pe v mponyodevn tomomoinon etvat 0Tt €06 ¥pnot-
pomoteiton Tivakag ovaeopds Yo TNV ETA0YN TOV XPOUATOV.

imagename.jpg

Yvumieopéves eikoves coppava pe o tpoéturo JPEG (Joint Photographic Experts
Group). Ot cuUTIEGHEVES EIKOVEG KATUAALBAVOLY AYyOTEPO YDPO LVIUNG KO ETTO-
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HEVMG, petadidovtal o ypiyopa péca 6to diktvo. Katd ™ cvumieon éva pépog g
TANPOPOPIaG GTNV EIKOVO YAVETOL, ETOUEVMS 1) OVAKTNGON TNG OEV YIVETOL LLE TNV OP)L-

K1 akpifeto.
imagename.gif

O 1Hmo¢ avTdg aPopd T €IKOVEC OV €ival KMIWKOTOMUEVEG COUPMOVO LLE TO
Graphics Interchange Format, pio tomomoinon yio £yypoueg EIKOVEG OV TOPOVGLY-

Covtan 1 petapépovtal oe dIKTLOKESG O106VVOEGELS Kat 6To Atadiktvo (Internet).

6.1.5 H ene&epyaoia g Yyneiakng eikovag

H enelepyasio g yneoxng eiovag mepopavel 6Tn YeVIKOTEPT TEPIMTTMON TOAAA
KoL S10poPETIKG 6TASI0 OvVAAOYQL LE

* TN LOPON KOL TNV 0PYIKT KATAGTOCN TNG WNOLUKNG EKOVAG
* 70 emBuunTd TEMKO AMOTEAEGLA.

>10 Zynua 6.9 divetal Eva Yevikd StdypapLpo oL TEPIAUUPAVEL TOAAE 0T To GTA-
St avTd Kabmg Kot T HETAEL Tovg oyéon. Etot, n mpaypatikn ewdva Oa kataypo-
@&l 0o T0 GUGTNHO ATOKTNONG TS YNELOKNG ekdvog (image acquisition system).
®a akolovOnoet 1o otddio g eaymyng Tov BopvPov (filtering) kot g 610pOHwong
(amokaTdoToong — restoration) GEUALAT®V TOV TPOKANONKAY €lte 0md TO PHECO UETO-
&1 €1KOVOG KOl GLOTHLLOTOC OTOKTNONG €iTE KOt atd TO 1010 TO0 GVOTNUA OTOKTNOTG.
To cpdipate avtd Oo Tpémnel va 510pBwBobY TPV TPOY®PTCOLILE GE ETOUEVO GTA-
S0 6NV enefepyacio NG EKOVOS. ZOAALATO TOV TOPOVGIALOVTOL GTNV EIKOVO KOTE
N S1dpKeLa TG AmOKTNONG TG eivan 0 Oeppikdg B6pvog N/kat o BOpVPOC ayUmY
(amd 10 sV aToKTNoNG) Kol 1 B0Amon g ewovag. H 60hwon tpokadeitan
oVVNO®E OO TNV OTTIKT CVOLOLOYEVELN TOV HEGOL (AEPAG) 1 TN CYETIKN Kivnon ¢
EIKOVOG MG TPOG TO GVGTNLLO OTOKTNOT|G.

P Avélvon gkovog
\ ! \
%\ Thoma :
amokmons i (A g u

b TOKOTAGTAGT Bs)mwcn mg Eéayoym
‘I’ST}:(P(E)%EQG g sucovag kovag xapamn plctucu)v

)

Hpoyporuen
etkova

SlKOV(Xg

Ot autieg dnpiovpyiog CEOALATOV KOTA TNV OTOKTNON TG EIKOVOG £XOVV KATOYPO-
ot ot PAMoypagia ektevdrg. Kailvtepog Tpomog yia tn 610pBmon Tov GRaAldTov
aUTOV elvat vo Teptypapel podnpoticd n artio Tov to Tpokadel kot vo viomoin el

Ixfipa 6.9
Teviko diaypoyo
TV J1aPopwV
01001V oY ETE-
Sepyaoia g
WHPLOKNG EIKOVOG.
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LE TO GUGTNLO OTOKATAGTOONG 1 AVTIGTPOET dadikacic. YTAPYouv PLGIKA TTEPL-
TTOGELS OTOL 1) O1001KOGT0 OTOKTNOTG EIVOL OPKETA KOAN, IE OTOTELEGUA ) EIKOVOL
Vo U ¥PELACETal OMOKATAGTAON. € AAAEG TEPMTMGELG TO GTAS0 TNG UMOKOTAGTO

ong eivor To tedevtaio mpv amd v enidedn g swdvag (TnAedpaon).

H Belitioon tng ekdvag apopd Kuplng 6TOV TOVIGHUO GUYKEKPIUEVOV GTOLXEI®MV TNG
EIKOVOG [LE OKOTO TN S1ELKOALVGT| TV SadIKOGIMY oL Ba akolovBcovv. Ta emod-
HEVO GTASL0 EVTIAOGOVTOL GE 0, TL KOAOVUE KOVAAVOT TNG EIKOVAGY. ZNUOvTIKG Opa-

o €0M Elvat:

* H eoyoyn tov KaTdAANAOV YOPOKTNPIOTIKOV Y10 GVOyVOPLoT Kot TaSvounon

OVTIKELLEVOV TTOV VILAPYOLV LEGH GTNV EIKOVAL.
* H ovumieon g ewdvog yo ypriyopn HETAS0GT TNG 1) OIKOVOIKY| oodnKevon.

o O petooynuUoTIopds ™S 6€ AALOVE YHPOLVS, OTOC AVTOG TV GLYVOTHTMV, YIo TV
ATOKAAVYN TANPOPOPING TOL GTOV APYLKO YDPO JEV EIVOIL EUPAVIC.

* Ot yeopeTpikol HeTaoyNUOTICHOL TOV lval amapaitnTot Yo 1 cOYKPLoT E1KO-
vav, ™ cvvleon g TANPoEopiag oKNVOV Tov £xovv ANeOel amd S10popeTIKY
yovia KoOdg Kot T 6OvOESN EYKAPGIOV TOU®MY OVTIKEIUEV®VY aTd TPOPOAIKEG
goveg (Topoovvieon Kot a&oviky TOpoypoQia).

To televtaio otddio sivor 1 teyvnt 6paoc. Edo, tepthappdvovtal 6Aa To avto-
UOTOTOMUEVO GUGTHUATO, ETEEEPYAGIOG EIKOVOGC, OVOYVADPLOTG AVTIKEUEVMY KOl
MWYNG OTOQACEMV Y10 GUYKEKPLILEVES eVEPYELEG (Tobot) (BAéme «Avdivon ewod-
vag Kot Avayvopion [potonwvy, E. Zaykpidt kot Z. @codwpion) .

Luvoyn evotnrag

21NV evOTNTO QVTH YVOPICALE TNV EKOVE O JIGOACTOTO OT|HLA, TN YEMHETPIO TG,
KaBmG Kot Tovg TPOTOVG TOoV Umopel va, amoktnOel. Eidape eniong avolutikd mog
UTTOPOVUE VO VTOAOYIGOUVE TO HEYEDOG L0 EIKOVOG KOl TO YDPO LUVIUNG TOV OOl
teiton yuo v amofnkevon mg. Télog, yvwpicape peptkd and to dStapopeTikd oTd-

St amd ta omoio umopet va, amotereiton 1 dadikacio g enegepyaciog g ynoo-

K1G EIKOVOG.
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6.2 H ¢uoioloyia g 6pacng

H 6poaon sivar icog n mAéov onpavtikn omd Tig avOpomiveg aicinoelg, apob divel
duvatdtTa 6Tov AvOpmmo va avTIAneBel kat va HpAcel 6TO YOPO TOL TOV TEPIPAA-
Aet. To avBpdmvo cvoTnua 6pacng amoteleitol and Ta akOAovOa LéEpN:

*  Tov opBaApd (OTTIKOG 0GONTAPOC) TTOV YPNCYLEVEL GTH SNUIOVPYID TOVL EWDAOV.

*  To omtikd vehpo Tov pHeTadidel To epEDicUA GTOV EYKEPAAO.

*  To TpMpa Tov EYKEPAAOV TTOV eKTEAEL TNV emeEepyasio Kot TV TEAMKN KOTAVON-
on ™G TANPoYopiag
H ddikacio te 0paong elval ToAdTAoKN Kot Ogv €xel akoOuUN KaTovonOel TAn-
pwg. H kaAdtepn katovomomn tov Tpdmov pe Tov omoio o dvOpmmog PAETEL YOpm
Tov, B cupPdiet ot PeATioN TOV TEYVITAOV OTTIKAOV GUCTNUATMV ATOKTNONG
Ko eneEepyaciag g ewovac. Emmiéov, Ba ddoet mBnon oty avantuén vémv
oAyopiu@y yio, v avéAivon g ekovog kat T BEATIOoN TV GUGTUATOV UN)o-
VIKT|G Opaong (robot).

H kotaypagn g cupmepipopds ToL ovOpOTIVOL GUGTAATOS OPUCT|G EXEL YIVEL LE

Kk60e Aemtopépeta. 'Etor, yvopilovpue:
* 1660 pug givar amapaitnto yo va dieyepBel o opOaAude.
*  Xe moco €vrovn axtivofolio pmopel va ovtéEet.

* I16c0 ypiyopa pumopei vo Ipocaproctel oTig aAAAYEG TG POTEWVOTNTOS TMV OVTL-
KEWWEVOV.

o [l61e Ko OGO KOAG UTOPEL VO SLOKPIVEL TOL YPDOLLOTOL.
*  Ildg avtiiappdvetol Ta GyRUATA TEPOLGIO 1 ATOVGI0 GAA®Y GYNUATOV.
* Idg yivetar duvot M aicOnon tov fadovc.

Me Bdon auth TV KoToypapen ol EMGTALOVES TPOSTAHOHV Vo TEPLYPAYOLY Kot Vo
e&nynoovv  ddikacio g OpaoNG. Xt cuveeld, Oa Tapabécovpe o TAEOV o1 Ha-
VTIKA 0mto 10 oTolEl0 ALTA, APOD TPATO OMGOVLLE UL OTAT) TEPLYPAPT TG PVGLO-

Aoyiog Tov 0POUALLOD.

6.2.1 O av8pwnivog opdaAudg

10 Zynuo 6.10 TapovctdleTan pio amAoVGTELUEVT EIKOVO TOV 0QOOALOY. XTO UTpo-
OTWVO HEPOG PPICKETHL TO GVUOTILO GLYKEVIPWOOTG KOl £5TIOCTG TV EIKOVOV (1p1da,

@oKOG). To eld®A0 NG EKOVOG TYNUATICETOL OVESTPULLEVO GTO TTG® UEPOG TOV OPOUA~
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Ho¥ Tavm oTov apePANcTPoEldN] yrtdva (retina). 1o onpeio g eotioong vIdpyEL
UEYGAN GLYKEVTP®OT TOV QeTooisONTpV. Almha akpPmg EEKIVA TO OTTIKO VELPO
OV LETAPEPEL TIG NAEKTPOYNUKES AVTIOPAGELS TOV PMTONSONTNP®V GTOV £YKEPAAO.
Tpda
Dokdc
00
Ixnpa 6.10 Apoepinctpoetdng
Amlovorevuévn

EIKOVOL

700 09B0AUOD.

Ontikd

Kepartoeidng VEbpo

Yrdpyovv dVo €id1 poTomcOnT)p®V 6ToV AUPPANGTPOEdT, Ta. paPdic Kot ot KMVoL.
Ta pafdia eivor mepimov 100 ekatoppdpia kot oxetilovion e TNV 0PUGT GTO YOLUT-
A6 pmg (scotopic vision). Ot k@vot gival YOpw® ota €61 eKaTOpppLo Kot lvar Atyo-
tepo evaicOntot amod ta paPdio. Xe potevo TepPAALoV TO KOPLO BAPOS TNG OPAOTS
pépovv o1 kdvol. O1 Kdvot emiong eivar vrevBuvol yia To Ypdpa otnv épacn. To
OTTIKO GVGTNILO TOV avOpdTov givot evaichnto 6TV NAEKTPOUAYVNTIKY OKTIVOPO-
Mo kot o Pk kopatog omd 350 £wg 780 nm (opatd gwg). [apovoialet Opwg péyt-
ot evansncio 6to TPdovo Eog (Yopw ota 550 nm). Eniong, sivat ikavo va Aet-
TOVPYNGEL UE EAGYIGTO QWG (pafdia), aAAA KOl GE TOAD PMTEWVO TEPPAAAOV (KOVOL).
H wavoétta tov 0pBaipod vo tpocapuoletol e HeyaAn d10popd @OTEVOTNTOS
eBdaverl tic 10 thEerg peyébovg:

Méyiotn potevn evépyela avektn omd 10 PATL ~10'° (6.9)

EAdyiom potevn evépyeta mov dieyeipet To patt

6.2.2 Qwreivotnra, Aapnpornra Kai avrideon
AvO puoikd peyédn, mov oyetilovtar pe ) eotevn axtivofoiia Kot tailovv onpo-
VTIKO pOLo oTNV avOpAOTIVY Opaon fval 1 POTEVOTNTO KoL 1] AQUTPOTITO.

* H gpotewvdémra evog avtikeyévou (luminance) oyetileton pe ) @otevn evépyeia
OV EKTEUTEL TO OVTIKEILEVO, OVEEAPTNTA OO TN POTEWVOTNTO TOV YEITOVIKOV

COUATOV.
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o H Aapmpomta evog aviikeipévou (brightness) eivai n AapPoavopevn amod to partt
QMTEVN EVEPYELL TOV TPOEPYETOL OO TO OVTIKEIUEVO KoL 1 omoial e&apTaTat amod

TN POTEWVOTNTA TOV TEPPAALOVTOG YDPOV.

Tov d1apopeTicd Tpomo (AaumpoTNTa) TOV AVTIAAUPAVETOL TO UATL TO OVTIKEIUEVA
g d1ag potevotntag (luminance) uropovpe va Tov S0VUE GTO TAPASELY LD TOV
Zymuatog 6.11. Ot dvo pikpot dickot Exovv Vv 1010 oTEWOTNTA, OAAE 6TO HdTL Ogi-
VoLV dlapopetikoi. O TPMOTOG PAivETOL TEPIOTOTEPO POTEVAS, 0POV EYEL CKOTEL-

votepo voPabpo.

Ixnpa 6.11

[pénet va onpueiwdel 6TL cvpPVa pe To vopo tov Weber, €va avtikeipevo e pmTel-
votnta f Eeyopilel amd éva mepiPdiiov (background) pwtevotntog f, 6tav 1 GYeTL-
K1 TOVG dapopd (avtibeon 1 contrast) givar to Ayodtepo 2%:

Jo=S 22% (6.10)
0
H televtaio avt oyéon OMAdver 6Tt PeTald amoADT®S HoHPOL Kot ATOADTMS AEVKOV,
10 avBpdmIvo paTt propet va Eeympioet To wodd 50 dwfabuicelg Tov yrpilov (PAEme
Zymua 6.12). H tedevtaio oxéon eavepdvel T pun ypopukn (AoyapBpikn) copmept-
©OpA oTNV aVTIANYN TS AUAdPOONS ard To avOpOTIVO GLGTI LA OPACNS OPOV:

é{—f=a=>d(logf)=a (6.11)

AnAadn, ioeg 0VENGELS 6TO AOYEPIOLO TNG POTEWVOTNTOG EKAQUBAVOVTOL 0O TOV
avOpwmo £mg ioeg dlopopéEc.

PWTEIVOTNTOS TOV DITOPabpou.

O1 6vo diokot Eyovy Ty 010, pTEIVOTHTO, OALG

PaIVoVTaL O10POPETIKOL L0V THG OLAPOPETIKNG
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Ixnpa 6.12

To avBpddmivo uat
UTCOPEL VO, OLAKPIVEL
0€ 00TPOUOVPES
EIKOVES TO TOAD
wéxpt 50 dropopeti-
Kég drafabuioeis tov
yrpilov. Xty mpawy
Awpido mopovoidlo-
vtai 64 diafabuioeig
(dbaxrolo droxpivo-
vrou petald tovg)
amo 10 PavPo EWS TO
AeVKO, evad oty dev-
epn 16.

Ixnpa 6.13

H evaioOnoio otig
HECOIES YWPIKES
CUYVOTNTES POIVETOL
amo 10 YEYOVOS 0Tl
TO UATI OIEYEIPETOL
TEPLOTOTEPO OTIC
HETOIES EVOLLAYES
]S apabpwons
(ovte TOAD ypiyopeg
obte TOLD apyég).

Napadeiypa 6.3

Tpio avtikeipeva a, B kot y £govv potevotra 1, 10 kot 100 avrtictoya, (exppa-
ouévn TavTo o€ KaTAAANAEG Lovadeg). I16co pwtevd avtihappdvetot o dvBpwmog

TO, OVTIKEILEVOL VT

Avon

Me Bdon ™ oyxéon (6.11), £govpe Yo Tovg AoyapifHovg T®V POTEVOTHTOV:
log(1)=0

log(10)=1

log(100) =2

Emopévemg, o dvBpomrog avtihappdvetot 6Tt To Tpic. S10pOPETIKG COUATA EYOVY TNV
010 Stapopd oTN POTEVOTNTAL.

Mia dAAn cuvaptnon mov yopaktpilet Tnv evarcincio Tov avOpOTIVOL GUGTHLATOS
0pao”NG OTNV avTIOEST TG POTEWVOTNTOC TMV COUATOV, EIVOL 1] GUVAPTIOT LETOPOPAC
Sopopemong (Modulation Transfer Function — MTF). H cuvdptmon avt deiyvet 6Tt
N péytotn evarsinecio Ppicketon oTig pecaieg xopuég ocuyvotntes (BAEme Zymua 6.13).

A

Meoaies evorlayés opadpwong

Téhog, To avBpmmivo cuetna 6pactg dev Propet va Eeympioel TEPLOSIKES AVOAUUTEG
POTEWVNG TNYNS OTaV 1 GVYVOTNTA TG Eemepvd ta S0 Hz mepinov. Tty mepintwon
VTN eKAAUPAVEL OC GLUVEXN TNV EKTTOUTY TNG POTEWVNG axTvofoAiag. To @awvouevo
KaBopilel v ToyOTNTO LE TNV OTOT0L TTPETEL VOL OVOVEMVETOL 1) TANPOQPOpPio. 6TV 006vn
™G THAEOPAGNC 1 TOV VTTOAOYIGTY]. ZuyvoTnTa avavéwong 60 Hz, divel otabepn giko-
va xopig v aicbnomn g acvvéyelog PeTta&d TV SdOYIKAOV GTYIOTUTTMV.



6.2 H ®YZIOAOTIA THXI OPAXIHIX

217

6.2.3 Xpwpa kal PuxoPpuoIKa paivopeva

To avBpdmivo onTikd cOGTNA TOPOVSIALEL TNV WO1OTNTA VA givol TOAD TEPIGGHTE-
po evaicONTO OTIG EYYPOUES O’ O,TL GTIG ACTPOLAVPES €1KOVES. 'ETol, evd umopet
va Eeyopioel HOVO PePIKEG OEKADES ATOYPDGELS TOV YKPILOL OTIG AGTPOUOVPES EIKO-
Veg, £xel T dvvaTdTNTa Vo dtakpivet y1ladeg drapopetikd ypdpota. To peyédn mov
kaBopilouv ta ypdpota gival n Aapmpotnrta (brightness), n andypwon (hue) kot o
Kopeopog (saturation). H avarapdotocn g ypopatikng TAnpogopiog otnpiletan
oV «KAactK Oewpio tov Thomas Young (1802), 1t kaOe ypodpo pmopel vo, dnput-
ovpynOei pe v KatdAANAn peién pidv ypoUdToV, OTMS Y10 TOPASELY A TOV KOK-
Kivov, mpdctvov kot umie (Red—Green—Blue, RGB).

Alho povopeva, kKopimg yuyoeuotkd (BAEre Zynua 6.14), mov cuvdéovTal Le TNV
YUYOPLGLOAOYiO TNG OPOOTG TTEPLYPAPOVTAL EKTEVDS 0TY| BiAoypapia. H avdivon
TOPOUOI®V QOIVOUEVOV UTtopel va fondnoet onpovtikd oty avamtuén kot T fek-
TiwoN TOV GLGTNUATOV TEXVNTNS OPACTS.

<—

() () $9)

o<

6.2.4 Kpimjpia noiétnrag mg eiIkovag

I'o va petprioovpe TV TodTNTO TOV YNELIK®OV EIKOVOV, OALA Kot Yo va a&loAo-
YNGOLUE TNV ATOO0GT] TOV GLGTNUATOV OTOKTNOTG Kol ENEEEPYAGIOG EKOVAS, YPN-
GULOTOLOVLE dtdpopa kKpitipia. To Kpriplo auTé HIropovy va Y@pioTovy GE VITO-
KEWEVIKE Kot TocoTikd. Ta vrokepevikd otnpiloviot 6T yVOUN Lo LKpNg 1 Leyd-
ANG OUAOOAG TOPATNPNTAOV TOL YoPpaKTNPILovY TNV TOLOTNTO TNG EKOVAS (¢ EE0pE-
TIKN, KOAN, HETPLEL, OTOYN N U1 IKovoTonTiky|. Ta TocoTikd kpitipla ivorl Kobie-
POUEVEG LOOMNLLOTIKES S1OdIKAGIES TTOV YPNGILOTOLOVV TOGOTNTES, OTMG O AOYOG TOL
onpatog mpog to 00pvPo N T0 pEcO TETPAY®VIKO opdipa. [Tpémel va tovietel 6TL 1
EMIAOYT TOL KPLTNPIOL TOLOTNTOG TNG EIKOVAG TOIKIAAEL AVAAOYQ LLE TNV EPAPHLOYY|

Kol 0gv eivol povoonpovta kabopiouévn.

IxApa 6.14

To wapaleva g
WOYOQVO10/0YI0G
¢ Opaons. o)
Avrordarny Wundt,
o1 Tapalinies
YPOQUES OELYVOLY
TOPOLUOPPDUEVES.
p) Avrordzn opi-
{ovuiog—kabetng
YPOUUNGS, TO KOTO-
KOPOQO TULLO,
paivetal peyodire-
po. y) H ovtomdtn
Mueller—Lyer, to
000 opiiovrio Tun-
uazo givaa ioa.
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Mivakag 6.1

Igvoyn evotnrag

2y evotnTa 0T YVOPIcauE To faciKd YopoKTNPIGTIKA TOV ovOpOTIVOL GLGTI-
patog opacnc. Metald avtdv emonuaivovpe T HEYAAN TPOGAPLOYT TOV 0POaA-
Ho¥ o€ eAGYL0TO, OALGL KOl TOAD EVTOVO PMC, TOL OPEIAETOL GTOVE OVO JLOPOPETL-
KOVG TOTTOVG AGONTAPOYV, TOVG KMVOLG Kot To paPdic. XtV ovoia, 1 GLUTEPIPOPA
oV 0pBaApoD 6T PoTEWVOTNTA Elval AoyapOkn. Eniong tovicape tn oyetcd-
TNTO OTN POTEVOTNTO TOV COUATOV Kol TOV TPOTO IOV aVTIAAUPAVONACTE TNV
avtifeon (contrast). TéAog, T6G0 1 VYNAN evaucONGia GTIG pEGAIEG GUYVOTNTEG, OGO
KoL 1) omaiTnomn Yo ToVAGyIeTov 30 oTIyOTUTO Ve SEVTEPOAETTO Y10l GYTLLOTIGUO

™G Kivnong etvat amd ta evOlaPEPOVTA YOpUKTNPLOTIKA TS 0vOp®OTIVNG OpacTC.

6.3 Eidn npaieswv omyv enegepyacia ™G YPnPIakng eikovag

Onwg eidape oty vrogvotnra 6.1.5, 1 dwdikacio g eneéepyaciog TG YNOLaKNg
ewovog TephapPaverl apketéc Pabuideg, avaioyo Le TV TOOTNTO TNG APYIKNG EKO-
vag kot v emBopunty £€0do. Oa mepipeve koveig Twg KaOe pio amd T1g fabuideg
avTég Ba €xet eloodo pia eikova kat 6000 emiong pio GAAN ikova. Ouwmg ot yYevi-
K1 TG popo1| pia Babuida eneéepyaciag pnopel va £xet eicodo 1 ££050 €1KOVa 1)
padnuatikn weprypagn (cuvéptnon 1 dvoopa). Xtov [ivaka 6.1 mapovoidlovtat ot
duvatoi cLVOVUGHOT E160J0V—eE0J0V YioL tio Bodpida eme&epyaciog Yneokng KO-

vag kol ot TavEG d1dKaGIEG TOL VAOTOLOVVTAL.

1iBovég poppés e16000v—eE0000 o€ pio. PoGuioo ynelokng exelepyaciog E1IKOVaG.

Eicodog
Ewova
Ewoéva
Ieprypaon
[Teprypapn

"E€odog XopoKkInpiopog [Tbavn Ttpdén

Ewova Eneéepyacia eucovag E&aywyn Bopvpov

[Teprypaopn Avaivon ekovag E&aymyn yopoaktnpiotikov
Ewova I'pagikd vroroyiotdv 210G LOG LE VITOAOYIGTN
[Teprypaon Metaoynuoticpot MetooynUoTIGOG OESOUEVDV

Yty mopdypago avth Bo avoartoEovpe povo o gidn TV Tpdéemy mov Propel Kavelg
VO GUVOVTIOEL GTNV TEPIMTOON oV £16000¢ Kot £E0d0¢ ¢ Pabpidag eivar eukova.
Amapaitnm évvola oTig TPAEEIS avTES Elvart 1) EVvolal TG YEITOVIAS EVOC EIKOVOGTOL-
yetov. [Ipdkettan yia ta eicovosTotyeio Tov 1o mepiBdilovy (Zynua 6.15a). Eiduco-
TEPO, OC YEITOVIA TOV 8 onueimv evog £1KOVOGTOLYEIOL e GUVTETAYUEVES (1,1,) =
(i,7) opiletor n ddtaén TV 8 €1IKOVOGTOLYEI®V YOP® ATtd TO (7,7) TTOL Ol GLVTETAYUE-
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veg dtvovtal oto Zynua 6.15B. Eniong, yeirtovid tov 4 onueiov opiletor n didtaén
TOV EIKOVOGTOLYEIV YOP® 0md T0 (7,7) OTmg divetat oto Tynua 6.15y. Olot ot yei-
TOVEG TOL EIKOVOGTOLKELOL (i,/) ypMnoorotovvtol pali pe ovtd Yo Tov VITOAOYIGUO
oL avticTolyov (otnv 1dta Béom) swkovoototyeiov oty wkova ££600v. O dpog
«mopdBupo pe KEVTPO To glkovooToyeio (7,7)» ypnoiponoteitat exiong avi Tov 6pov

((YSITOVL(’X TOV EIKOVOC ‘COIXS{OD» .

Ewovoortoyeio (1,1)

Tettovid 81 sikovootoryeiov I'srtovid 8 onueiov
@@-1/-D)| @j-1) |(+1,4-1)
; (-1) | @) | (1)
(1D @+l J(i+1,j+1)
w ®)

Tertovid 4 onpeiov
(ij-1)

LGl | @) | Gy |
) (ij+1)

e

Ewovootoyeio (83,83)

O pd&erg oty ynowokn eneepyacio Tng EWOVAG £X0VV GTOYXO TOV VITOAOYIGHO KAOE
EIKOVOGTOLYELOV TG E1KOVAG €£000V. AVALOYO, LLE TOV TPOTO TTOL VIOAOYILETOL 1 TN

TOV EIKOVOGTOLYEIOV 0L TOV, 01 TPALELS dlakpivovTal 6€
Tomuég (local)
KaBoAuég (global)

l'sopetpikéc (geometrical)

6.3.1 Tomkég npa&eig

X1 mpaéelg avtég M T Kabe eikovootoyygiov otn BEon (n,,1,) otV €KV ££0d0V
VTOAOYILETOL YPNGLOTOLDVTOG TV TN TOL EIKOVOGTOLXEIOL GTNV avTioToyn BEom
NG EIKOVAG £10000V, KOOMG ETIONG KoL TIC TILES TV YETOVIK®OV lKovooTolyeimv. H
dwdkacio avt) mapovstdleTor oto Xynua 6.16. ITo cvykekpyéva, yio Tov vtolo-

YGUO TG TWNG TOL glkovoaTtoryeiov otn Béon (n,,1,) TG ekdvag eE6d0v, Bempov-

Ixipa 6.15

H didroén twv
EIKOVOTTOLYEIWV
0€ OEIPES KOl OTH-
Agg, onpuovpyel yia
Kabéva oo ovta
yeitoveg. O1 TiéS
v 8 1 4 yertovi-
K@V EIKOVOOTO1-
XELWV ypnoyomol-
ovVTOaL GUYVOTEPO.
OTIC OLAPOPES
Tpactels.
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Ixnpa 6.16

To eikovoaroryeio
NG EIKOVOG ECO-
0ov vroloyiletou
amo 10, EIKOVO-
aToLyEla TG E1KO-
Vag 160000 TOL
Ppioxovrar oe évo,
Tapabvpo ueyé-
Bovg (Ixk=7x7)
yOpw oo To ovTi-
OTOLYO EIKOVOTTOIL-
XELO TG EIKOVOG
e1oooov. H d1001-
Kaolo. auTl ETOVo-
Aoufaverar yio
oA ta etkovo-
aroiyela g E1K0-
vag eCooov.

pe pia yertovid (mapdbvpo) / X k eikovostotyeimv oty €1KOVO, 10000V e KEVIPO
v avtictoyn 0éon (1,,1,). Ot TWEG g OA®V TOV EIKOVOGTOXEI®MV LEGH GTO TOPA-
Bvpo Ba copPfdrovy 6TOV VTOAOYIGUO TNG TIUNG p(71,,71,) TOV EIKOVOGTOLYEIOV £EO-

S0V, Yo TapAdELYLOL:

1/2 k/2
plam)= Y Y a(i, )f (g —im = j)) (6.12)
i=—1/2 j=—k/2

Ewoéva g16660v0 Ewova e£660v

Oon (n1,1,)

EEE=

IMopadopo Ixk
EIKOVOOTOLYEIOV

Emopévemg, ot yevikotepn mepintwon ot Tipég g petacynpatifovrot amd pio cuvép-
mon f (YPORLLUKN 1 1 YPOLLLUKT), Kot 6T GLVEXEWL 1| €£000G p(n,,1,) vtoloyileTan
®C YPOUUIKOG GLUVOVAGHOG TV ATOTEAEGUATOV OVTOV ILE TOVS GLVTEAEGTES PApOVG
a(i,j). H dwdikacio ovth emavalopfavetot ylor OAM To ELKOVOCTOLYELD TG EIKOVOG
€£600V. XNV TPAsn, o Tivakac T®V cVVTEAESTOV a(Z,/) poldlel pe Tapabvpo Tov
Klveital oe OAN TV ekova kot kibe popd cupPdriel copupmva pe v (6.12) ctov
VTOAOYIGUO TOV €KOVOGTOLYEIOV TNG E1KOVaG €000V, TOV avTIGTOLYEL OTn BT TOV
KEVTPOL TOV. TNV TEPINTOOT OV flg) = ¢, TOTE 1| TPAEN £ivol YPOLLKY] Kot OV elvan
timote GAAO amd TN YEVIKELGT) TNG YVOGTIG HOG GUVEMENG o€ dVO SLUGTAGELG KOl OVO-
péletat diodidotatn cuveMEn. Tn diodidotatn cuvéMEN Ba T pHEAETICOVLE ava-
ATikdTEPA GTO EMOUEVO KEQAANO Omov e&etdlovTal Ta Ypappikd diodldcToto
GLGTHUOTO. XTNV TEPITTOGT AVTN, Ol GUVTEAESTEG i,]) YOPUKTNPILOVV TO YPOLLLL-
K6 cvotnua. BePaimg, n popen g e&icwong 6.12 pumopet va ivat S10popeTikn ava-

AOYOL LLE TIC OTTOLTNGELS TNG EPOPLLOYNC.

Otav to péyebog tov Tapadvpov pikpaivet, n Tipun ™g p(n,,n,) e€optdtor OA0 Kot

AMy0tepO amd TO YEITOVIKA glkovooToyeio Tng 0€ong (11,,1,). XV €101KY| TepinTo
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omov [ = k=1 n tomkn wpda&n exeuiiletar og mpaén onpeiov (point operation). Tote
1 TN TOL glKovoaTtotyeiov ot Béom (,,1,) TS ewdvag e£6dov eaptdtat udvo omd

TNV TN TOL EIKOVOGTOLXEIOL 6NV avtioTolyn 0£om g ekdvag E1GAJ0V.

MNapadeiypa 6.4

H moapaxdro swdvo e1c600v (Zynpa 6.17) €xet péyebog 5 X 5 kot ot TYEG TV EIKOVO-
otoyeimv kopaivovtor peta&y 0 kot 51. No toAAamhac1iaotodV KOTAAANAC Ol TULES
TOV EIKOVOCTOLEIMV, MGTE OVTEG VO KOTOAOUPAVOUY OAN TV eployn and 0 wg 255
IOV KOAOTTTEL SLAOIKOC aPlOLLOG TOL £VOG byte. e Tolo KaTyopio avinKeL 1| Tpd&n ovth);
Adon

Apxel va ToAAOTAOGIAGOVHE TNV TN KaOe glkovooTotyEiov pe to 5. Me Tov TpoTo
avtd dev Eemepvapie Ty TN 255 yuo To eikovosToygia Tng eikovag e£650v (Zympo
6.17). IIpoxettal yuo mpdén onpeiov (point operation), apod KOs eucovoototyeio g
€Kovog ££600V VTOAOYILETOL YPTCIUOTOLDVTOG TO OVTIGTOLYO EIKOVOGTOLYEIO TNG

EIKOVAG £10000V. TNV Ynolokn eneéepyocio eovag n Tpdén avtn KaAeitor Pei-

tiwon ¢ avtiBeong (contrast stretching).

Eudva e16680v Eucova e£660v
7 0 3 37 | 12 35 0 15 185 60
5 41 44 50 7 <5 25 205 220 250 35
3 3 28 | 39 51 — > 15 15 140 195 255
51 34 2 2 24 255 | 170 10 10 120
12 12 0 29 | 48 60 60 0 145 240
v

x5

MNapadeiypa 6.5

Y elkova 16000V peyébovg 7 X 7 ewkovoototyeiov (Zymua 6.18), Tpokettal va exte-
Agotel daducacio péong Ting He Tapddupo 3 X 3 Kot TIES Yo, TOVG GUVTELESTES (i,)

=1/9. No vroAoyiotel 1 eikdvo €£600v. Xe o0 KOTyopiot viKeL 1) Tpa&n auth;

IxApa 6.17
Beltiwon g
avtifeong dio tov
rTolAamiocioouod
OAwV TV g1KoVO-
OTOLYEIWV THG
EIKOVAG E16OO0D
e v 0w tun
(mpacn onueiov)
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Ixfipa 6.18
KaOévo, sicovo-
OTOLYELO THG EIKO-
vag e€ooov (0e¢1a,)
vroAoyiletor omo

70V [éGO Opo 9

SZKOVOO'TOZXSiCUV

THG EIKOVOG €100~
oov (uéon )

Avon

[N va vroroyicovpe kGO Eva gikovootorygio g ewdvos 6000V, AapPAavoule To
avTIoTOL(O TNG EIKOVAG £10000V KAOMG Kol TOVG 8 YEITOVES TOV, TOAMATANGIALOVLLE e
1/9 kot aBpoilovpe ta yvopeva. H dadikacio eivat idia pe ovt mov meptypapetan
610 Zynua 6.15 yw [ = k = 3. Ipoxettar yuo Tomkn Tpdén oty ynolokn enelepyo-
olo ewovag. H dadkacio mov meptypayope sivorl dtodikacio HEoNG TYNG Kot VKO-
Ao popet va Egympioetl Kavelg 0T 1 apyikn €kovo. (Lodpo TeTpdymvo) £xel DoAmaEL.

Ewbdva e1c6d0v Eucova e£660v
255 | 255 | 255 | 255 | 255 | 255 | 255 255 | 255 | 255 | 255 [ 255 | 255 [ 255
255 | 255 | 255 | 255 | 255 | 255 | 255 255 [ 226 | 198 | 170 [ 198 | 226 | 255
2551255] 0 0 0 | 2551 255 255 1198 | 141 | 85 [ 141 | 198 | 255
2551255] 0 0 0 [255[255|—»|255]170 | 85 | O | 85 [170 | 255
2551255| 0 0 0 | 2551 255 255 198 | 141 | 85 | 141 | 198 | 255
255 | 255 | 255 | 255 | 255 | 255 | 255 255 1226 | 198 | 170 | 198 | 226 | 255
255 | 255 | 255 | 255 | 255 | 255 ] 255 255 | 255 | 255 | 255 [ 255 | 255 | 255

v v

6.3.2 KadoAikég npakeig

2115 TPAEELS QVTES, Y10 VOL DTTOAOYIOTEL 1 TN EVOG EIKOVOGTOLYELOL TNG £1KOVAG £EO-
50V YPNCILOTOLOVVTAL OAO TOL EIKOVOCTOLYELN TNG EIKOVAG €16000V. Ot TpdEeic avTég
QTOTEAOVV OLGLOGTIKG EIOIKT TEPITTOOT TOV TOTIKGOV TPaéemv 6mov to péyebog I X
k tov mapafopov yiveton 1060 peyddo, 660 Kot 1 idwa 1 ewova. Edd Ba mpémet va diev-
KPWIGOUUE OTL Ol TIEG TMV EIKOVOGTOLYEI®V TNG EIKOVAC €000V S0 (POPOTOLOVVTAL
peta&d Toug amd To YeYovog OtL, avdAoya pe ) 0éon (1,1,) TOV €IKOVOGTOLYEIOV, OL
oLVTEEOTEG a(if) ™G oxéomng (6.12) odldlovv. Kabokég mpdéeic oty ymerox| ene-
Eepyaoia eldVoC etvarl ol TPAEELS TV UETAGYNUATICUOV IOV B0l SOVLLE GTI GLUVEYELOL.

To ohkd TANB0G TOV ATUUTOVUEV®V VITOAOYIGHUMY Y1 VoL bAomom0el o Tomiky Tpaén
e€aptdrot omd To TANB0G TOV EIKOVOSTOLYEIWV TNG EKOVOG Kol amd To péyedog g
yerrovidg mov ypnoyomoteitot. o pio ewdva peyéboug M X N gikovootorygiov Kot

pio yertovid &k X [ eikovoototyeiov, pe Baon tn oyéon (6.12), yio T0 oYNUOTIOUO TNG
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€IKOVAG €E000V AmOLTOVVTOL GUVOAKA N X M X k X [ mpd&eig (morlhamAiaclociol Kot
pocbécelg). v mepintmon mov 1 Tpdasén sivar KaBoAKn Kot 1) KOV TETPUYWOVIKY

(N X N), 10 T\i00C TOV ATAITOVUEVMY DITOAOYICUAV £ivar TG TaENG N,

Apacmpiomra 6.3

Na ektedeotel pia pn ypoppkn tpdén onueiov oty eikdva elc6dov Tov [Hapa-
detypatoc 6.4. No mpocébete maTe 01 TEMKEG TIES Va lvar 610 0pro 0 mg 255. T
70 AOY0 0VTO Vo YIVEL 1| KATAAANAT KOVOVIKOTTOING).

Mia oo T1g omovdaieg pn Ypopkég Tpdéelg onpeiov ivar ) AoyapiBuon (e6m ypn-
GLLLOTOLOVE OEKAIIKO AoyaptOpo). Me tn Porfeta tov AoyapiBpov umopovue va
UETAPAALOVE TN POTEWVOTNTO TOV EIKOVOGTOWEIMV OVIGOUEPDG. TNV EIKOVO E1GO-
dov oV Paivetal oto Xynua 6.19, Tpv Aoyapiduicovpe tnv Tiun Tov Kabe glkovo-
ototyeiov, Ba TpocshEicove G OAM T LOVAIO Y10 VO, ATTOPVYOVLE TO AOYAPIOLO TOV
unoevog. Metd m Aoyapibuion 0o ToAAOTA0GIAGOVE OAEC TIC TILEC TOV TPOKD-
nTouv pe to 255/10g,,(52), Yo va T1g KOVOVIKOTOM GOV UE GE PEYLOT TIUN TO 255.
2uvolkd Ba extedécovpe Ty TPaEN:

log,,(Tiun tov eikovootoryeiov + 1)*255/1og,,(52)
Omov 52 givol n peyahdTEPN TN TG 16030V avENEVT KaTd 1.

2uyKpivovtog To amotéAesla (EOVo eE600V Zynpa 6.19) pe avtd Tov Tapadetyporog
6.4, BAémovpie OTL €30 TO EIKOVOGTOLYEIN LIKPNG TING EYOVV LEYOADGEL TEPIGGOTEPO.

Ewobdva e16660v Ewova e£660v
7 0 3 37 12 134 0 89 234 165
5 41 44 | 50 7 %5 115 241 243 254 134
3 3 28 | 39 51 — 89 89 217 238 255
51 | 34 2 2 24 255 229 71 71 208
12 | 12 0 29 48 165 165 0 220 251
v v

x5 > .

IxAipa 6.19
Avénon e pwrter-
VoTHTOS SVEOVH-
Aoyo. ue v Tyun
TV EIKOVOTTOLYEL-
wv. Ta opvdpa
EIKOVOTTOLYELO,
eviaydovial mepio-

00TEPO.
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Aoknon Autoa&ioAoynong 6.2

O pdéelg Tov amoToHVTaL Y10, VO, VITOAOYIGTEL 1] EIKOVAL EE000V, OTAV 1) EIKOVAL EIGO-
dov givar 31 X 31 ewovootoyeio kKo 1 dradikacio Tov Oa ektehectel meplapPdvet
TOTKT) TTPAEN He TapdBupo 5 X 5, etvo cuvolkd: (o) 961, (B) 24,025, (v) 155, (8) 775.

Apaompiomra 6.4

Noa avagépete €vo TAEOVEKTNLLO KO £VO, LLELOVEKTNLLOL, TTOV EXOVLLE, OTOV TO LEYE-
0og Tov Tapabdpov ce pio Tomikn TPAEN peEYOADVEL.

Otav to péyebog tov Tapabvpov o pia Tomikn Tpdén avéavel, TapovctdleTot To
HEVEKTN LA OTL TO TAN00G TV AONTOVHEV®V TPAEE®MY Y10l TOV VTOAOYIGUO TNG EIKO-
vog €660V av&dvetal. To mAEOVEKTNO EYKELTAL GTO YEYOVOG OTL € TTLO LEYAAO PG~
Bupo, kaOe eikovooTotyeio g kovag £600v, TePIEYEL TANPOoPOpia amd evphTEPT
TEPLOYN TNG EKOVOG E1IGOO0V.

6.3.3 Tewperpikég npa&eig

O TPAEELS OVTEC APOPOVV GTO HETACYNUOATIGHO TOV GUVTETAYUEVMV TNG APYIKNG EIKO-
vog. Ao TIg KUPLOTEPES YEMUETPIKES TTPAEELS £fvan 1) petatonion (translation), n otpo-
N (rotation) Kot 0 kaBpenTIoHOG (mirroring). Ot Tpd&els ovtég amodidovv cuvinBmg
€KOVa €000V 10100 G€ O1OGTAGELS LE TNV EIKOVA £16000V (LETAGYNUOTIGLOG VAL TPOG
éva). YTapyovv OUmG Kol YEOUETPIKES TPAEELG TTOL OTOSIO0VY EIKOVEG UEYOADTEPES
N LKpOTEPES Ao TV apyikn. [Ipémet va emonpévoupie 0Tt 01 YEOUETPIKOT LETOTYT-
patiopoi Bpiokovy epapuoyn oe mAndmpa tepmtdcewy enelepyasiog swovag. Etot,
Yo ToPAdEy LA, 1) GTPOOY| EVOL OapaiTnTn Y1, TO Taiplacpe (matching) Kot cOykpt-

o1 EIKOVOV TG 1010G TEPLOYNG OV EYOLV ANEOEL O SLUPOPETIKES YOVIES.
MNapaderypa 6.6

No 600ei 1 LoONUOTIKY £KEPOOT] Y10l LETAGYTUOTIGHO GTPOPNG LLOG EKOVOG Katd 90°.
Avon

®empovpe Vv ewkova peyébovg N X N =7 X 7 6mwg eaivetar oto Zynua 6.20. Ztpo-
on xatd 90° onuaivel To eIKovooToyeio pe cuvtetayuéves (n,,n,) vo méel otn 0éom
(N + 1-n,,n,). Emopévac, mpénet va yivel 0 HETOAGYMUOTIGIOG

T(n,,n,) = (N + 1-ny,n,) 6mov N =17
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2.1

(7,1)

Ixnpa 6.20
2pogi] e1kovog

xaza 90°.

Apaompiomra 6.5

Na 000l petaoynuaticudg e Tov 0moio AapBAvVovpE To GUUUETPIKO TNG TPOT|-
YOULLEVNG EWKOVOG.

Agdopévou 01t givat duvato va £govpe GLUUUETPiR TOAADY €0MV (YOp® omd Kata-
K6pLYO, 0p1OVTIO 1| StorydVIo GEova) Bo AVTILETOTIGOVIE E0M POVO TNV TEPITTMOON
ocoppetpiog Yopw and katakoépveo aéova. ‘Etot, pe faon to Zynfua 6.21, yio va
AdPovpe T cLUUETPIKY] EIKOVA YOP® 0mtd dEova oL TovTICETOL e T HEGOIN GTAAN

TV IKOVooTol iV, Ba Tpémel va 1oybeL:

I(ny,ny) = (N-n; + 1,n,)

Ixnpa 6.21

Anuiovpyia tov

OOUUETPIKOD

EIKOVOGS YOPW

OO KOTOKOPLPO

alovo.

Aoknon Auroa&ioAéoynong 6.3

[To10¢ at6 TOVG TOPUKAT® UETACYNUATICUOVG diveL pia ekova N X N €1KoVoGTOol-
yelov avestpappévn;

T(ny,ny) = (ny,ny)
T(ny,ny) = (N-n, + 1,n))
I(ny,n,y) = (n,N-n, + 1)
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Igvoyn evotnrag

2TV TOPAYPOPO 0LTH YVOPICOUE TIG OTOIXEMOELS TPAEEIS TOV UTOPODV VO, EKTE-
AeoTobV AV o€ pia gikova. Tig Tpa&els avTég TIC TOEIVOUNGOLE 08 TOTIKES, Kafo-
AKEG KOl YEMUETPIKEG. ZNUOVTIKO YOPOUKTNPLOTIKO GTNV EKTELECT] TOV TPAEEW®V
OmOTELEL M YEITOVIA TOV EIKOVOGTOLXEI®V TTOV YPNGUYLOTOOVVTAL GTNV EIKOVO, E1G0-
dov, Y10 va. VTOAOYIoTEL éva glkovooToyeio oty gkdva e&6dov. Otav 1 yertovid
ovt (mapdBvpo) ekpuiiletal 6” Eva onpeio TOTE EXOVLE TIG ONUELNKES TPAEELS,
eVO OTaV eKTEIVETOL G€ OAOKAN PN TNV €IKOVO AapPdvovpe Tig KaOoAkéG TPAEELS.

I'vopicope eniong tov TpOTO VIOAOYIGHOD TOV ATUITOVUEVOD TATO0VE TPAEEMV.

6.4 To paopa G €IKOVAG

1o Kepdhaio 2 gidope 0Tt 0 LETAGYNUOTIGHOG EVOG CTLATOG OO TO TEGIO TOV YPO-
VOV GTO €S0 TMV GLYVOTNTOV TPOCPEPEL CNUAVTIKEG SLVOTOTNTEG Y10, TN LEAETN
TOV GNHOITOG, APOV PUTOPOVLE Va T e&gTdoovpe omd pio GAAn oxomid. Emonudva-
pe emiong 0t Tov dtokpitd petacynpaticpd Fourier (DFT) tov vAomotobpie yp1yo-
pa pe tov adyopiduo FFT. Xta diedidotata onpata, 0rmg eivot ot elkOVES, VITdpyeL
axpPag 1 id1o duvatodTTa PETATYNUATIGHOD. DVGIKA, APOV 1) EIKOVO, OTOTEAEL GO
OV TEPLYPAPEL TOV TPOTO HETAROANG TNG AUAOP®STS (1] TOL YPDUATOS) GTO YOPO
Kol Oyl 6To XPOVo, 0 dlaKpltdg petaoynuatiopog Fourier Oo pog petapépel oty
TEPLOYN TOV YOPIKOV GLYVOTNT®V (S106TAGEIS AvTIGTPOPOL YDpov). Katd ta dAla,
0 016016.6TATOG OLOKPLTOG HETASYNUOTIGHOG Fourier £xet dheg TG 1010TNTEG TOV LLOVO-
dudotatov petacynuaticpov. O diedidotatog petaoynuaticpog Fourier p(k,,k,), piog

ewovag q(ny,n,) peyébouvg N X N ewcovootoryeimv, opileTol oc:

N-1 N-1

plhk) =" qlm.n) W wE 0<k,ky<N-1,  (6.13)

n =0 n,=0
EVA 0 AVTIGTPOPOG LETACYNUATIGUOG Elval 0 €ENG:

N-1 N-1

1 —Kn —Kyn
amom) == D, D, ki) Wk Wt 0<nm.m<N-1 (6.14)

k=0 ky=0

Amé TV TpdT oYéon yivetol cagéc 0Tt oe pia ewkdva ¢ pe N X N = N* £1kovooTot-
yela, avtiotoryel éva gaopo p pe N X N = N 6povc, Tov 611 YEVIKH TOVG TEPITTO-
o eivan pryoducot apdpoi. Kade opog p(k;.k,) amoutel yio 1ov vroroyiopd tov N
TOALUTAAGLOGHOVG Kot 6YedOV GALeC TOoEG Tpocbécels. Emopévac, yio tov vmoAo-
YIGHS OAOV TOV OPMV TOL PAGHATOC OmotTeiTal £va TAN00G Tpdlsmv e téaéng N
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Emneon o dwedidotatoc DET eivon dtoywpion dwadikacio, To TAN00¢ TV Tpdéemv
givor g Tééng Tov N°. H Sroyopioipdtnra tg oxéong (6.13) amoppéet amd 1o yeyo-
vog 6T popel va ypopet Kot g

N-1 N-1
plkk) =Y ™Y qln,m) Wi 0<k,ky SN-1  (6.15)
ny =0 n, =0

OV OTUOIVEL OTL UTOPOVLE VL VTOAOYIGOVLE TTPAOTA TO ECAOTEPIKO AOPOIGHO TNG O)E-
ong. H mpdén avtr tooduvapet pe to va vroroyicovpe tov DFT kdOe piag ypapung
NG EIKOVOG KOl GTO OMOTEALEGLLA TTOVL TTPOKVTTEL VO vtoAoyicovpe Tov DFT tng kébe
omAng. H ypnowonoinon tov FFT Oa peidoet Tig amattodpeveg Tpaéeis yio Tov vmo-
Loyiopd Tov Pacpatog ot TAdoc g Taéng Tov 2N log,N.

Agdopévov 0Tt ot dpot p(k,,k,) Tov pacpatog elvar pryadikoi apBpot, yio va pele-
TIGOVE TO PAGHO LI0G EIKOVAG, GLVNOMG LEAETOVILE TO HETPO TV YOPIKOV GUVL-
GTOCMV KOl TN pAGT TOVG EEXMPLOTAL.

210 ZyMua 6.22 eoivetol To HETPO KoL 1] @ACT TOL QAGHATOS PUCIKMOV EIKOVOV.
2uyKplvovtog To HETPO TV S0 EIKOVOV UTOPOVLLE VO TOVUE OTL TAPOVGLALEL TIG
TEPIGGOTEPES APUOVIKES GTIG YOUNAES YOPIKEG GUYVOTNTES (KEVTPO TOV EIKOVOV TOV
péTpov). Avtifeta, ot eKOVES TNG PAGNS TAPOLGLALOLY £VIOVI] TLXOLOTNTO Kot OEV
glvat duvatd va cuykpldovv.

Ewova Métpo pdopatog

Ixnupa 6.22

To uétpo koi n
Qaon TOV POoUa-
70G 0D0 PULOIKWDV

EIKOVV.
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Ixnpa 6.23
2TV mpwn 6eIpa.
Tapovo1aloviol
VEWUETPIKG, TYN-
uaza, v oty
0EVTEPT TEIPA. TO
LETPO TV OVTi-
OTOLYWY YOG~
tov. To pdouozo.
EYovv Eviovo
OPUOVIKO TEPIEYO-
uevo o€ o1evfov-
O€IG OTTOV TNV
OVTIOTOLYH EIKOVO,
DITGPYEL OTOTOUN
uetafoln g
oUaDPOTG.

210 Zynua 6.23 Topovcstdlovtal TECOEPLS YEMUETPIKES EIKOVEC KOl TO LETPO TV OVTi-
GTOLY®V QPOCUATOV. ATO TIC PUCUATIKEG EWOVEG TOPOTNPOVLE OTL TO PAGLLO £XEL EVTO-
VO OPUOVIKO TEPLEYOLEVO GE dEVBVVGELG OOV GTNV AVTIGTOLYN EIKOVO VITAPYEL ALTTO-
Topn petafoin g apavpwons. 'ETot, oty mepintmaon Tov TeETpaydvon VIovo apLo-
VKO mepleyduevo mapovctaletal e dievbivoelg kabeteg otig TAeVpE Tov. To id10
axpPadg cvpPaivel 6To TpiywVo, EVEM GTOV KUKAO £XOVLE OPLOVIKO TEPLEXOUEVO TPOG
OLEC TIG KATELOVVGELS 0OV 1 OOTOUN HETAPOAT TS AHOVP®ONG SCLUPATVEL KUKAL-
K@ KoTq KOG TG TEPIPEPELAG ToL. TEAOC, 6TO oYU U TIG OPILOVTIEG YPOLLEG £XOV-
Le LETAPOAN TNG OUOVPOONG KOl LAAIGTO TTEPLOSIKT] LOVO KOTA TV KOTAKOPLOT d1e0-

Buvon. To avtictolyo edoua eivol Ypoppko katd T diehbvven avtn.

Ewova

o B Y )
Métpo
paopaTog

€ o1 ¢ n

Téhog, mpémel va emonpdvovpe T onpocio Tov €L 1 Ao Yo TNV €KOVA. XT0
Yympa 6.24 topovstalovtal To HETPO Kot 1 ¢AoT TOL GAGHOTOS Y1, TO {010 Gynua
(éva teTpdymvo) mov ival TotobeTnuévo og dv0 dapopetikég BEoelg TG eKOVIG.
To pétpo tov PAcHOTOG Kot Yo TIG 0V0 EIKOVEG ivat To 1010, EVD 1| pAon elvat dio-
popetikn. To yeyovoc ovtd amotelel EvoeiEn 6Tt 1 Ao TEPIEXEL GNUAVTIKY TANPO-
popia yuo ) 0¢om evog oynquatog péca otny gwova. Eniong mpénel va onueindel 6Tt
M EKOVO KPOTA TO YEVIKA TNG XOPUKTNPLOTIKG 0V TO HETPO TOL PAGHOTOG LETAPAN-
O¢t, aALG 1 @don dwatnpnBel avarroio. Etol n avachvieon eikdvag, ypnoipLo-
TOLDVTOAG TNV TANPOQOPIn TNG PACTS TOV PAGHOTOS TG KOl LETPO OO PAGHLOL OTTOL-
0.GONTOTE PLGIKNG GKNVNG, OIVEL IKOVOTOINTIKT GVOTOPAGTACN TNG EIKOVOG OTTMOG
PoiveTol 6To ZyNua 6.25. ZopmepacatiKd, o TPENEL Vo TOVIGOVE OTL GTNV YN OLo-
K1 enebepyocia ekovag pe ddpopa ypappkd giltpo, avtd 0o Tpénel va unv emn-

pedlovV TN POGIKN GYECT) TOV YOPIKMV PUOVIK®OV TG £1KOVaS. Tétowa pidtpa ivan
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ta doddotata FIR, wov Ba mapovsidcovpie oto endpevo keparato. Ta FIR eiltpa
o¢ Yvooto (Kepdiato 4) eivatl Suvotd vo SMGOVY YPOUUIKT 0TOKPLIGT) PAGTG LE 0To-

TEAEGLO VOL OLOTIPOVV T POGIKN GYECT TOV OPUOVIKMY TOL GTLLOTOG KOl ETOUEVOG,

TN LOPPN TOV.

Ewova Métpo pdopatog

a
)
Avtiotpopog DFT
Métpo déon 400 S106TAGEMV
PaopaTog + PacpHaTOC
POTOYPAPOV TPOGDTOV
Avtiotpopoc DFT 5_ .
Métpo déon dvo Swothdcewv )
(péopatog + (paopatos >
TPOCHTOV POTOYPaPOL

Odon edopatog

o

Ixnua 6.24

H mlnpogpopia. yia
™ Béon tov teTpa-
yawvoo fpioketal
oTl] YOO TOL
POOUATOS THS EIKO-
vag apod avth dio-
popomoIEiTOL, KOl
Oyl GT0 UETPO TEOD
TOPOLEVEL TO 1010.

Ixnpa 6.25

H gpaon tov
POOUOTOC UI0G
EIKOVOG EIVaU
kabBopiotiky otnv
avaoovhson g
exovag. To pétpo
TOV PATUATOS O~
{e1 devtepevovia
polo.
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Ext6¢ amd 10 diodidotato petacynuatiopd Fourier, otnv eneepyasio tng ynoeto-
KNG €KOVOG YPNOIUOTO00VTAL Kot TAN00G GAA®V HETUCYNUOTICUDV E EVOLOPE-
povceg 1010tNTEG. O GNUAVTIKOTEPOS € AVTMV £ival 0 S16010.0TATOG LETATYTLOTL-
opog cvvnuitovov (Discreet Cosine Transform — DCT). Ot moAd kA£G 1010t TEG TOV
DCT tov kaf15to0v ToAD ¥pnoiuo o dadikacieg cupmieong ekovas. Avtd opeile-
TOL GTO YEYOVOG OTL TOPOLGLALEL GUYKEVTIPMOT] TNG EVEPYELNG TOV GNULATOG GE ATYOLG
UOVO GUVTEAEGTEG GTOV LETOCYNHATICUEVO XD PO (Le Tpoimobicelg puoikd). O DCT
umopei va viomoin et tayvtata pécsm tov FFT, 1§ ko amevbeiog pe teyviég amode-

katiopov (decimation) avéioyeg exeivov tov FFT mov yvopicape oto Kepdioto 2.

Apaocmpiomra 6.6

Ixfpa 6.26

To paouo g
e1kovag tov eo-
yaovov Qo eivai
mhlovaio o€ apuo-
VIKEG TUVIOTOOES
o¢ katevlovosic
rxaleteg otic mAen-
PES TOD.

No oyedliceTE KOTA TPOGEYYIOT| T LOPPT TOL HETPOL TOV PAGUATOG KOVOVIKOD
TOAVYDVOV.

Ed® Ba Bempnoovpe éva Kavovikd eEQy@vo OTMG PAIVETAL GTNV EKOVA TOV Xy1| L0l
170G 6.26. Ilepruévoupe 10 LETPO TOL PAGLOTOC VO £XEL TAOVGLO CPUOVIKO TTEPLEYO-
pevo og katevdivoelg kAOeTeg oTIG TAELPEG TOV, dEDOUEVOL OTL EKEL TAPAUTNPOVLE
aTOTOUN HETAPOAT TNG ALULOVPMONG.

Luvoyn evotnrag

2NV TOpAYPOPO 0TI LEAETNOOLE TOLOTIKE TO PAGLLO TG YNPLUKNG EKOVAG. APOD
€ywve gloaywyn oto dodioTato dloKpttd petacynuotiopd Fourier, 6tn cuvéyetia ida-
LLE TOL YOPOKTNPLOTIKG TOL ETPOL KOIL TNE PACNC SOPOP®V EIKOVOV KOl GL{NTNOUUE

TN GTOLAALOTNTO TNG PAGTG OTI| LOPPT| KOt T1 BE0m TOV TEPIEYOLEVOL TG EIKOVOC.
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Iovoyn ke@alaiou

>70 KEPAAOL0 0VTO YVOPIGOLE ToL OTAG O1GOIAGTUTO YNQLOKEG GTLLOTO, Kot EidapLE OTL
N YNoeoKn eova amotelel £va 1€toto onpa. ['vopicape eniong, anid ototyeio amod
TV YNk ekova, OTmg lval 1) YeOUETPio TG KoL 01 S10dIKAGIES TOL UTOPOVV VO
EKTEAECTOVV TTAV® o€ ovTh. ['Vopicoue To. GNUOVTIKOTEPA YOPOKTPIGTIKE TNG
avBpomvng 6pacns. TaSvouncapie ta €idn TV TPAEE®Y TOV UTOPOVV VO EKTEAE-
GTOVV OTNV YNOlokn ewdvo. TEAOC, LEAETNGALLE TO YOPOKTNPLIOTIKE TOV PAGHOTOS
g ewovag, OTMG avtd epeavifovol 1060 6To PETPO TOL, OGO KoL 5T GAGCT] TOV.
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Anédoon ayyAikwyv 6pwv otnv eAAnvIiki

Brightness
Geometrical operation
Global operation

Hue

Image compression
Image acquisition
Image restoration
Local operation
Luminance

Matching

Mirroring

MTF

Picture element 1 pixel
Pixels per inch

Point operation

Retina

RGB 1 Red-Green—Blue
Rotation

Saturation

Scanner

Translation

Aoaumpdtnta

l'sopeTpicn Tpdén
Kool mpdén
Andypoon

Yvumieon ewdvog
Amnoknon swovog
Amokatdotaon g eidvag
Tomwn Tpdén
Ddotevomta

Taipacua

KaBpentiopoc

Yuvaptnon Metoapopdc Alopopemong

EIKOVOGTOLYELD
Ewovoototyeio ava tvica
[Ipaé&n onpeiov
ApoeipAnoctpostdng
Koxkivo-TIpdotvo—Mmhe
Xtpogn

Kopeopog

2apmTNG EKOVOG

Metagpopd 1| petatdmion



Aicdiaorara Pnepilaka ypappika cuctipara

Ikonog

210 kepalaio ovtd Ba  yvwpiocovue Ta  01001G0TOTA  WHPLOKG  QIATPO.
(Two—dimensional digital filters) ko tic 1010TnTéS TOVS. H petafoon amo to povo-
01G.0TOT0, 0TA OLTOLATTOTO. PIATPO. OEV EIVAL TOAD EDKOAN, TAPOTL 01 EVVOIES EIVOL OE
YEVIKES YPoUES o1 101E¢. O KpLoTEPOC A0Y0G EIVAL 0TI 01 OIOOLATTATES CVVOPTIOTELS,
OGS 1] O1001ATTOTN KPOVOTIKY OTOKPLON KOL 1] O1G0IGTTOTH ATOKPIoH CUYVOTHTAG,
elval SvoK0AOTEPES 0T LUAONUOTIKN TOVS ETECEPYOTIO OO TIS AVTIOTOLYES UOVODIO-
0TaTEG. LKOTOC TOV KEPAAOLOV EIVAL VO YVWPIOOVDUE TO KOPLO, XOPOKTIPIOTIKG TWV
0100140TATWV PIATPOV TOV EYOVY UEYOAN TNUOCLO. GTHYV WHPLOKT ETECEPYOTLO. THS
eikovag. Etoi, Oa yvawpicovue kopiawg to diodidorato FIR giltpo kol Ti epapio-

YEG TOVG.

NMpoodokwpeva anoreAécpara
Orav olokinpaoete T peAétn tov kepolaiov avtod Qo eiote oe Oéan va:

o Xyeoidlete ) popen OLGOIGOTOTOD GHUATOS 1] THYV KPOVOTIKY GTOKPLoN OlGOL0-

oTaTOV PIATPOL

» Ylormoieite diooidororn ovovéliln ue okomo vo, voloyioete v €€0do diooidoTa-

70V YNPLaKOD PIATPOD

* Avayvowpilete av éva d1od10aTato piltpo umopel va viomoinbel ws cvvovaouUog

000 HOVOOIGaTOTWY PIATPWV (OLOYWPIoLUOTHTO)
o Xyeoialete éva omlo oiooidoroto FIR piltpo

» Aeiyvete av éva d100160TATO PIATPO EYEl ATOKPIoH UNOEVIKNS PATNS (zero phase
response)

‘Evvoigg kAeIB1a
* Auetofintotnra otny odicOnon n uetaromion
* Apyn g vrépOeons

* Aviyvevtég axumv

* Avtiotpopo. mpofiiuora
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o [poyyuixa ovotijuoto.

o N0KPITES YWPIKES UETOPINTES

o Mioywpioiues oovopTioels

o Mioywpioiuo piltpa

» Migoidoroza FIR piltpo.

o N16010.07T0TH OTOKPIoH COYVOTHTOG
o MiooidoroTy ovvélién

» Evorabn diodidorato piltpa.

* MébBodog twv mapabipwv

* Mndevikn amokpion paons

o Tlopalinin abvoeon

o [lepiodiki amoxpion ooyvoTHTOS
o JOUUETPIKI] KPOVOTIKI] QTOKPIOH
o Xbvdean o€ aelpa.

o Diltpo uéong tung

Eicaywyikég Mapampnosig

2ro Kepdlaio 6 yvawpiooue ta fooika yopartnpiotikd, TS YHPIOKNS ELKOVOS KOL TOV
POTO UE TOV OTOL0 THV avTIAauPaveTal kKol UTopEL vo, TV emeepyaotel o avOpwmog.
Aedougvon Ot 1 WNEIoKN EIKOVO, EIVOL EVO, O10OLATTOTO GHUO. TTOVD EKPPALEL TIG UETO-
Soléc e apoadpwans oto eximedo (x,y), 1 emelepyacio NG UTOPEL vo. yivel ue To, O1o-
oraorazo yneioxd piltpa. To piltpo avta yopaxtypiloviar omo Ty KPOVOTIKH TOVS
omokpion. H kpovotiki awokpion eivol O160160TaTH OLAKPITH GOVOPTHOH KOl O 1OL0-
mTéES TS emnpealovy kar kabopilovy 1o o e£600v amd To d1GoIATTOTO PIATPO.
Ercion n eicova eivar modd evaicOnty oty alloyn e pooikng oyéong HeTadd Twv
OPUOVIKDV THG, O Tpémel KaTA TNV WHPLOKY THS EMECepyooia, TO OlOOLAOTOTO PIiA-
0 vo, unv alloler t ayéon ovty. Teétoio piktpo Exovy COUUETPIKN KPOVOTIKI OTTO-
KpLoN KoL KOAODVTOL QIATPa UNOEVIKNGS PAaonS. 2To kepdlaio ovto Oa yvwpicovue Tov
TPOTO GYedlAoNS OTADY O1001a0ToTWY FIR 9iltpwv mov Exovy T Topamava 1010-
wmreg. 10 kepaloio Oo. t0 0AoKAnpwoove KAVOVTOS amA] avapopa. o€ [ooiiés epop-

HOYES TV digoidatatwv FIR piltpwv oty ynpiokn exelepyacio ¢ gikovag. 2e oAn



EIZATQTIKEZ MAPATHPHIEIX 235

NV EKTOCN TOV KEPAAGLOD 01 EVVOIES WHPLAKG. PIATPO. KOl WHPLOKC, GOOTHUOTO. EVOA-
Adooovror. AwapaitnTy yvaon yio, 10 kepdlaio avto amotelel  0An Twv Kepolaiwy
3, 4 kot 6 tov Pifliov. Ilepioootepes TANPoPopies 0 avoyvaaTne Umopel va. fpel oTic
OVOPOPES TNG EAANVIKNGS Kol TS Cevoylwaang Pifiioypapiog.

To kepaloio oo TEPIAouPfaver Tic akOAOVOES EVOTNTES:

7.1. Miodiaorary ovvéliln.

7.2. Xopoxtnpiotikd 1wy o1o0160TaTwy WNeLoKmV GOOTHUGTOV.

7.3. AmoKpion oty coYVOTHTO. TWV OLGOIGOTATOV WHPIOKMDV GOGTHUATWV.

7.4. Xyedioon twv 0100160T0TOV YHPLOKOV QIATPWV.
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IxApa 7.1
2ynuatixy mopo-
otaon o) Movo-
O140TATOD YHPLO-
KOV ovaThuatog f3)
AiodidotaTon
YHe1aKob ovoti-
LOTOG.

7.1 AicSiaoram ouvéli&n

"Eva ypappukd ynelokd chHoTHe 0VGLOCTIKA petacynuatiletl évo ynelokd oo x(7)
o€ éva véo y(n) (Zymupa 7.1a)). H mpdén mov extedel givar ) GuvEMEN TG KPOLGTIKNG

amokpiong A(n) mov yapaktnpilel To GUGTNUA LE TO GO EIGOS0V X(71):

y(n)=x(n)*h(n)= z x(n—r)h(r) (7.1)

y=—oc0

Me tov 1010 TpdTO £val S1631AeTATO YNPLaKO ofua x(n,,n1,) petacynuatiletal amod
£vaL S1001G.6TUTO YPULUUIKO YNOLIKO GOGTNU GE £VOL VEO SLGOIUGTATO YNOLOKO G0
y(ny,n,) 6T Topovstaletot 6to Tynua 7.16. Kot dd n mpdén mov ektelel to 616-
S1doTaTo YPOUUKO cOoTU givat 11 GUVEMEN TOV GYLATOG €GOS0V X(71,,71,) LE TN

160106 TUTN KPOVGTIKY TOV amoKpion A(n ,n,):

Y m) = x(m,m )+ sh(n,m) = D Y x(y—rm = n)h(n)  (7.2)

== 1p=—0c0

x(n) y(n) x(npnz) J/(npnz)
—» h(n) —> —» h(”p”z) —>

(o) B

Y10 LovodldoTaTo Yneakd eIATpa 1 SloKPLTy LETOPANTN 7 0VTIGTOL0VGE KVUPImG
670 ¥PAHVO, 0POV TO, LOVOSIACTOTO YN PLoKd onpata stvatl cuviBwg onpota ypdvov.
Avtifeto, ota diodtdoTato Yynelokd eidtpa ot ave&apreg LeTaBANTEG 1, Kol 1,
elval cuvnBmg dlokpitég YOPLKEG LETAPANTES TOL AVTIGTOLXOVV GTIG d1evhuvoelg x
Kot y. O KuptoTtEPOC AOYOC Yo TNV ETIAOYT T €lvait OTL 01 YNELOKES EIKOVEG Bem-
pOLVTOL S16014GTATA SLOKPLTA GIOTA GTO EMIMESO (X,)).

H oyéon (7.2) mov pog meprypdpet T S160146T0T GUVEMEN OMOTEAEL TN GYEOT €160-
30V—€£0J0V TOV YPOUUUIKOD YNOLOUKOD GUGTHLOTOS, 0POV GUVOEEL TO SEIYUATO TNG
€166000v x(n) pe owtd g €600V y(n). H diodibdotatn cuvéMEN etvan dpeco cuvde-
dgpévn He TV 110TNTO TG YPOLLUKOTNTOS KoL 0VTH TNG GUETAPANTOTNTOG OTO YPpOVO.
v cvvéyeto Bo eEnyncovpe Tov TPOTO e TOV 0010 01 dVO0 AVTEG WOIOTNTEG LOG

001 YOOV TN SIGOUGTOTN GUVEMED.
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7.1.1 IpappikéTnTa

XPNGOTOIDOVTOGS TG TPAEELS TG TPOGHEGNC, TOL TOAAUTAAUCIOGHOD e GTAOEPE Kot
g oAcOnong, eivar duvato va ekppdcovue Kabe d166146T0TO GNP X(711,11,) OC

YPOUUKS GLUVIVAGUO OMGONUEVOVY H1601AGTATOV LOVASIHIOY KPOVGTIKMV O(71,,71,):

x(mom)= D Y x(h,b)S(m —l,m =1) (73)

ly=—c0 [y =—o0

Xy tedevtaia oyéon N o(n,—L,n,—1,) €vor 1 S16OAGTATN LOVASIOL0 KPOVOTIKT) LLETO-
tomicpuévn ot 0éom ny = [, xan n, = 1, ko ot tipég x(Z,,4,) pmopovv va, Bempnovv mg

01 OVTIGTOLYOl TOAAUTANGIOCTEG.

Onwg nom avartvéope oto Kepdato 3, yio to ypappikd cvetuata (linear systems)
oyvEL 1 apy1 TG LtEpBeons. Avtd onpaivetl, 6Tt av BELovpe va vToAoyiGoVLE TV
omdKPIoN TOV YPOULLKOD CLGTIIATOG 0€ £vo GUVOETO o1 TOL amoTeAeitan omd TO
YPOULIKO GUVOVOAGUO ETUEPOVG OTADY CTULATOV, 0pKel Vo Adfovie Tov avtioTolyo
YPOLLUIKO GUVOLAGUO TV OTOKPIGEMY TOL GUGTILOTOS GTO, OTAG VT ofjuata. ‘Etot,
OV 1] CUUTTEPLPOPE TOV GLGTNHATOG CLUPBOAMGTEL e L(.) KoL TOo ONHLa E16OS0V GE QT
glvar 1o ofua g oxéong (7.3) téte n £€0dog eivar:

Ym) =L N x(l, )8~ ~ 1) (7.4)

lj=—00 [)=—co
INa éva ypoppuxd cvompa, 1 (7.4) propel va Eavaypogel og

Ymm)= N x (L) LIS =Ly ~1)]

[j=—c0 [y=—c0

YD I (RATINCNS

ly=—c0 [y =—o0

(7.5)

omov fy ;. &fvor m amOKPIGN TOL GLGTAATOG 6T G1GALACTATN KPOLGTIKT OV Bpi-

oketan ot Béom (/,1,).

7.1.2 AperaBAnrétnra omnv oAic8non

‘Eva piktpo kaAeiton auetafinto oty odicOnon (shift invariant) av cuykekpipévn
LETATOMIOT TOV GYLOTOG E16OG0VL TPOoKaAel TNV 1d10L LETATOMIOT GTO OGN TG €EO-

oov. 'Etot, av

y(m,m)=Tx(n,m)] (7.6)
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IxAnpa 7.2

a) H kpovotikn
omokpion h(n,,n,)
700 PIATPODL TOV
Hopodeiyuorog
7.1 ka1 3) To onuo.
£10000D X(N1,1N5).

Yo OUETAPANTO otV OAicON o™ PilTpO 1oYvEL
Tlx(m =l —5L)]= y(n —l,n, = 1) (7.7)

H apetofintoémmra omnv oAicOnomn kot n ypopptkotnta €vog GIATpou eivat 1010tnTeg

aveEaptnteg petald Toug.
Agdopévov 6t 1 apetafAntonTa TNV oAlcinon cuvendyetal

by, (my,my) = h(m —l,my — 1) , Y10 éva ypoppikd eiATpo mov £xet kot Tig 300 1610Tn-
teg M oxéon (7.5) yphopetor g

Ymm) =Y x(b b = l,m ~ 1) (7.8)

ly=—oo Iy=—o
H oyéon (7.8) meprypdoet T dicdidotarn cuvélEn (two—dimensional convolution).
KaBopilel 611 To onpa e£6dov y(n,,n,) umopel va Ppebdel, av 1 KpoLSTIKN AmOKPLoT
h(n,,n,) T0V dodtdoTaTov YNELoKoL iltpov petotomiotel kKatdAnAa i(n,—/,,ny—1,)
Kol ToAhamhoclaotel KOs eopd e To avtiotoryo deiypa tov onpartog x(/,,5). 1o
téhog afpoilovpe 6Aa Ta yvopeva yo va Adfovpe to y(n,,n,). H oxéon (7.8) umopei

1GOJVVOLLO VO YPOPETL KO O

Yo=Y k(L )x(n ~hn —1) (7.9)
== Iy=—co
H diodidotomn cvuvéMEn Ba cupPoriletor oto €€ng pe dumAo *:

y=x%%h N y=hkxx (7.10)

MNapaderypa 7.1

H kpovotikn andkpion /i(n,n,) 5160146TOTOL YNELoKOL GIATPOL €Yl OGS Paive-
Tol 670 ZyNua 7.20, pe 6Aovg tovg cuvterestés icovg pe 1/3. Na Bpebei 1o onpa
€€060V y(n,,1,) AV Y10 TO GHA €GOS0V X(7,71,) €xovue x(0,0) = x(1,0) = x(0,1) =
x(1,1) =1 ko 0 og O)heg T1g AAAEG BEaES (1),1,) (Zymua 7.2B).

h(ny,n,) i’ x(ny,1,) "
m m
(o) ®
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Avon

I'a va vroloyicovpe to onpa €£6d0v Ba ypnoipomocovpe tn oyéon (7.8). Zou-
Qova pe avtn, N £€0dog pmopel va oynpatiotetl av Adpovpe avtiypaga ™g A(/,l)
UETOTOTIGUEVA KATAAAN A GE BEaElS (1,,1,) OOV VITAPYOLY KOWES BEGELG e TOVG
O6povg Tov oNratog 16600V x(/,/,). To dBpoicua TOV YIVOUEVOVY TV OpOV LE TIG
Kowég Béoelg Ba ddoet Tovg dpovg g onpatog e&6dov y(n,,n,). H dradwkacio mapov-
cualetan oto Zynpa 7.3.

x(1,1,) L x(l,1,) l, x(ly,1,) L
ety AT e ) ey A7
1(0,0)=1/3 1(1,0)=2/3 1(2,0)=1/3

x(1,,0,) h x(1,,1,) L x(1,,1,) h

1242 1272 1272
h(~1,,1-1,) M h(1-1,,1-1,) I 114 h(2—11,1—12)| h/i;"[
- :11 » 11 > ll
1(0,1)=2/3 3(1,1)=1 ¥(2,1)=1/3
L L
x(1,,0,) x(1,,1) 3,
_ _ 1 2
h(~1,,2—1,) M h(1—1,,2-1,) W 2 i
" s ly )12 TIT
» nl
1(0,2)=1/3 ¥(1,2)=1/3

3)}(”1:”2)

MNapadeiypa 7.2

Y1owokd eidtpo 000 S106TAGEMV £YEL KPOLGTIKN amoKpion A(n,,1,) TETOL0, MOTE
h(0,0)=0,5, 4(1,0) = h(-1,0) = ~(0,1) = ~£(0,—1) = 0,125 ko1 0 omovdNTOTE GALOD.
Noa oyedactel | kpovotikn andkpiomn kot va Ppebet to onpa eE6dov y(n,,n,) ov T0
onpa £166d0v x(n,,n,) eivor x(0,0) = 1, x(-1,0) = x(1,0) = 0,5.

Avon

H kpovotikn amdkpion A(7,,1,) ToL GIATPOL 0ALA KoL TO GNHA E1GOJ0V X(71,71,) divo-
vtal 6to Zynpa 7.4. ['o va vrodoyicovpe To onua e£6d0v y(7,,1,) Ba ypnoyLomom-
covpe ™ oyéon (7.8). Zoupwva pe oot 1 £080G y(n,,1,) LTOPEL VO, GYNIUOTICTEL OV

Ixfipa 7.3
Yroloyiouog g
elooov y(n,,n,) ue
vAomoinon g
ovvéréng mov
TEPIYPAPETAL OO
™ oyéon (7.8).
Movo 1o yvouevo
v opav x(1,1,)
xat h(l, 1) mov
OVUTTITTOVY Kl
elvou onuelwuEvol
e KUKAO, ovVel-
OPEPOVY OTOV TEAL-
KO GYNUaTIONO THG
y(npny).
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AaPoupe avtiypapa g i(n,,n,) oe Bécelg (n,1,) OTTOL TO SN E1GOSOV X(71,,11,) tfvar

un undevikd. Ta avtiypapa ovtd 0o TOALUTAAGIOGTOVY LE TV OVTIGTOLYN T TOL

oNpoTog Kot To amoteAéspata Bo Tpootebovv. H dradwkacio mapovsialetal 6to

Zymua 7.5.

h(n,,n n
IXfpa 7.4 )

H xpovotiki omo-
Kpion h(n,n,) tov
@iATPOL TOV TTOPO- ! ! > n,

detyuozog 7.2 kat
70 OMUO. EIGOO0D

x(ny,n,)

x(1,,1,) I

(11, ~1-L,) M
Lk
. I//
.

3(~1,-1)=0,0625

—_

x(ly,l) L

h(1-1,,~1-1,) ] ‘

v

? /
. 1

1(1,-1)=0,0625

x(l,1,) L

h(-1-1,,~L,) .
.
?

v

ll
¥(-=1,0)=0,375
h(1-1,,-1,) x(y,15) L
] ?
* * "
¥(1,0)=0,375

x(n,1,) n,
LA,
x(1,.,1,) I8
h(-1,~1-1,) 1
>/
. ) !
1(0,-1)=0,125
x(llslz) 12
h(=2-1,,-1,) ‘
s
: 1 3] g
* 1
1(=2,0)=0,0625
x(1,,1,) I,
h(_lls_lz)
1
1(0,0)=0,625
h(2-1,,-1,) o)
l 13
1 » ll

(2 ,0)=0,375
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x(lplz) 12

h(-1-1,,1-1,) ﬂ /
%] v

h(-1,,1-1,

)
] .

x(lplz) 1

M2
;ll

L

1(-1,1)=0,0625 $(0,1)=0,125
©ply) L 16y(n,ny) 110 n,
* h(1-1,,1-1,) 2.6
’ v of 1 !
] > Iy | SR
1 11 27 41 n

1(1,1)=0,0625

Na oyedlboeTe TNV KPOLGTIKY ATOKPLoT S1G01AGTATOV YNOLkoy gidtpov dTov

aVTN £YEL TPELS OPOVG Kol EIVOL GUUUETPIKT YOP® and T 0Eon (n,,1,) = (0,0).

H xpovotikn andkpion Oa etvar coppetpikn pe tov Evay 6po va. Bpicketon otn Béon
(ny,11,) = (0,0) ka1 Tovg GALOVG dVO ekatépmbev avTov Kot icovg peta&d tovg. Me

TPEIS LOVO HPOVC 1 GUUUETPIKT KPOLGTIKY] OOKPLoT UTopet val €xel O16.popeC [Lop-

0¢c (ovvolikd 4). Mio amd avtég divetar 6to Zynua 7.6.

ny

h(ny,n,) ]/('
y 7l

—»
A
—_

IxAua 7.5
Yroloyiouos g
elooov y(n,,n,) ue
vAomoinon g
ovvériéng mov
TEPLYPOPETAL ATTO
™m oyéon (7.8).

Apaompiomra 7.1

IxApa 7.6
2ouuetpirn oio-
0140TATH KPOLOTI-
KI] QOKpLo1 LE
TPELS OPOVG.

Aoknon Auroa&ioAéynong 7.1

®&lovue va vtoroyicovpe TV £6000 Y(1,,1,) SIGOLAGTOTOL YNPLOKOD GIATPOL e
KPOVLGTIKY| amoKkpion /(n,,n,) tétowa, wote 4(0,0) = 0,5, A(0,1) = A(0,—1) = 0,25 Kot
0 omovonmTote aALOV. XOpeova pe T oxéon (7.9) to onue 16030V TOV PaiveTal
010 Zynua 7.7 tpénetl vo vootel 5, 10, 15 1 20 PETOTOTIGELS TPV OO TNV TEMKT)

G0potomn TV yvopévov;
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IxApa 7.7

To onuo e166600
x(n,n,) yio. ;v
Aoxnon Avroocio-
Adynong 7.1.

IUuvoyn gvoTtnrag

2V evOTNTO LT YVOPIGOUE TO YPOUUKE, QUETABANTA 6TV 0AlcON oM d16014-
otato Yynowokd eidtpa. O tpomog dpaons Tov eiltpev avtdv kabopiletotl amd ™)
S160100TATN KPOVOTIKN TOVG amokpion. ITo cuykekpipéva, to onpa e£6d0v vro-
Aoyileton og 1 6166146 TOT GUVEMEN TG KPOVGTIKNG OOKPIoNG KOl TOV GNHOTOG
€16000v. H diodidotatn cuvéMEn eival amoTELEGHLO TNG YPOLLUKOTITOG KoL TG OUULE-

TafANTOTNTAG TV GIATPOV 6TV OGN o).
7.2 XapakTrnpioTika Twv 31631a0TatwV YPnPIakwyVv CUCTNHATWY

7.2.1 Tpénoi oUuvdeong Twv S1081IACTATWY YPNPIAKWYV PIATpWV

H mpdéé&n g diodibotatng cuvEMENG EYEL ONUAVTIKES IOLOTNTEG Ol OTTOLES Etvat Xpi)-
GULEC OTNV AVAALGT TOV 5160106 TATOV, YPAUUUIKOV AUETAPANTOV 6TV oAicOnon
cvotudtov. Etot, av 800 GLGTNHATE Le KPOVOTIKEG OTOKPIGELS A7, ,1,) Kot g(n,,1,)
elvat ouvdedepéva oe oepd (cascade), OTmG Paivetal 6To Zynpa 7.8, TOTE N TEMKN
£€0d0¢ y(n,,n,) UTOPEL VO VTOAOYIGTEL YPTCILOTOIOVTAG TO G EIGOO0V X(71,71,),
7O eVOAUECO OGN W(71,11,) KOl TO YEYOVOG OTL KAOE £va GiIATpo LAOTOLEL S1001GGTOT
GuVEMEN:

W= x*%h

(7.11)
y:w**g:(x**h)**g

Agdopévov Ot Yo ) S16d1deTaTn GUVEAEN 1oYDEL 1] TPOGETALPIGTIKY 1O10TNTA, 1
oyéon (7.11) prmopel va ypapet
y=xks(hExg)=x*%h s (7.12)

Ao ™ oyéon 7.12 mpoxvmTel Tt T0 600 G GEPA PIATPO IGOSVLVALOVV LE Eva TPITO

OV £YE1 KPOLGTIKY| OOKPIGT] GLTI TOV TPOKVTTEL A0 TN GLVEMEN TOV EMUEPOVE
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KPOVOTIKOV amokpicewv. Emiong, dedopévov dti yia T d160146taTn cuveEMEN 1oyv-
€1 avtipetafetikn W1oTTOL

h**g:g**h’

1] GUVOAIKT] GUUTEPIPOPE TOV S1GIAGTATOV PIATPOV dev AAAALEL OV EQPOPLOCTEL GTO

onpa x(n,,n,) TPAOTA TO0 PIATPO g KoL LETA TO /.

x(”p”z) W(I’ll,l’lz) y(npnz)

v

h(npnz) g(”p”z)

2TV TepInTon Tov EXOVUE TapAAANAN GuVOEGHOAOYiN 6V0 SIGAACTATMV, YPOLLLL-
KOV QUETARANTOV 6TV 0AlcONnon ymelak®v eiAtpwv, 6TmMg 6to Zynua 7.9, 1 £€o-
860G y(n,,n,) diveton ®g

y(m,m)= pi(m,m)+ p,(m,m)=
=x**h+x**g=

=Xk *hwoé

(7.13)

H oyéon (7.13) dnidvel 011, av 600 d1601AGTATO, YPOUUUKE Kol OUETAPANTA GTNV
oAicOnon ynoelakd cuothpate cuvoefovv TapdrAinia, 16GodvVVOLODV LE Eva TPiTO
OV £YEL KPOVGTIKT OTOKPLOT| TO AOPOIGLLO T®V EMUEPOVS KPOVGTIKMY OTOKPIGEMYV.

h(”p”z) p](”]:nz)

x(n,n,) Wny,ny)
—»

pz("p”g)

g(nlsnz)

MNapadsiypa 7.3

I dVo diedidotata, ypappkd, apetdfAnto onv oAicOnen eidtpa o1 KPOVGTIKESG
amokpioelc A(n,,n,) Ko g(n,,n,) €govv 6mwg mapovsidlovior oto Xynua 7.10. Na oye-
Sl0oTEL 1] KPOLOTIKY ATOKPIGT] TOV PIATPOV TOL TPOKVATEL OV TO. PIATPO CLTE GLV-
debovv a) o€ cepd kot B) TapdAinia.

Ixnpa 7.8

Aiodiaororo ypoy-
LUK, QIATPO, oVVOE-
oguévo, ot oeipd. H
KPOVOTIKI] OTOKPI-
01 T0V FVLVOVATLLOD
TPOKVTTEL OO TH
010010.0TOTH TUVE-
Aién h**g. H allda-
VI THG TEIPGS TV
0o pilpav diver
Oewpnrira o (010

TAVTO, ATOTEAETUA.

Ixnpa 7.9

To mopdiinio
ovoTnua, oLeoid-
OTOTWV, YPOLUL-
K@V KOl OUETC-
SAntwv oty odi-
obnon yneioxwv
QIATp@V 1600VVa-
el pe piltpo mov
EYEL KPOVOTIKT
amokpion

L N
h(n,n,) +
g(n,ny).



244

KEQAAAIO 7: AIXAIAYTATA WHOIAKA TPAMMIKA ZYITHMATA

Ixnpa7.10

Kpovorixég amokpi-
0€IC 0100140TOTWY,
YPOUUIKDY, OYUETA-

PAntwv oty oli-
oOnon yneioxmv
PIlTpav.

Ixnpa 7.12

H xpovotikn omokpion
700 TOPAAANLOD oVV-
0vOoUOD TV PIlTPWY
h kot g mpokvmTEL ATO
mv awhi aBpoion twv
000 KpovaTIKWV 0T0-

Kploewy.

g("y”z) n,

1/3

/ nl

21V mepInT®oT GOVOESTG GE GELPA 1] KPOVGTIKT OTOKPLST] TOV GUVOAKOD PIATPOV

(e
)
o
—e
v
y

Ry A
/1

Avon

dtvetar amod T cLVVEMEN TOV KPOLGTIKOV amoKpicewv tov Tynpotog 7.10:

R

1600

INo va kévovpe ovtdv Tov vToroyicpud Ba petotomicovpe v A(n,,n,) oe OAeg eKei-
veg TG B€oeig mov Exet pe v g(n,,n,) cduntoon kdmolwv 6pmv. H dadikacia etvat
mopopolo pe T cuvEMEN TTov TEPypdpeTon 6To Zynpa 7.5. To telMid amoTélec o
paivetal oto Zynuo 7.11.

15hm‘0§(n1’n2) 1 e’
Ixnpa 7.11 . 32 |
H xpovoruixn amoxpion tov ev elpa 1 ! 1 !
oVLVOVOGUOD TV Pidtpwy h kot g 1 ) ' 1 > n
TpoKdITEl OO TH CVVEMLEH TV 00O 1

KPOVOTIK®V ATOKPIGEMDY.

2V mepintwon g oOVOEoNC TV dV0 PIATP®V TAPAAANAQ, 1) 1IGOSVVOLT KPOVOTL-
K1 0tOKPLoN TPOKOTTEL OO TNV AN 4Opoion TV dVO ETUEPOVS KPOVGTIKMDV OO~

Kpicewv cOppova pe ) oyéon (7.13) kot eaivetot 6to Zynpa 7.12.

h(nl’n2) n, hloaé(nl’n2) 8/.15 n,

0.2 1 t

g(n 1 3n2) nZ

1/3/
"t / =

H%ﬁ

rnl

Apaompiomra 7.2

[Mowa ivar 1 KPOVGTIKT ATOKPLOT £1,,,5 SIGOLAGTOTOV YPOLLUIKOD GIATPOV TOV TTPO-
KOTTEL 0O TOV TAPAAANAO GUVIVLAGUO TOL JIGOLATTOTOL PIATPOL TNG ApacTNPlo-
mrtog 7.1, pe diedidotato QIATpo mov €xEl KPOLGTIKN amokpion g(#n,1,) =
0,5[6(n—1,ny) + 6(n, + L,ny)];
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H 6odbvaun kpovotikn amdkpion Bo tpokdyet and v tpdcsbeon twv 6o Kpov-
OTIKOV OmoKPIcE®V OT®S PaiveTal 6to Xynuae 7.13. Xto oyfua avtd divetal 1) Gup-
petpucn) A(ny,n,) ™ Apastpomrog 7.1, g(ny,n,) Ko f,g0s(11,1,).
htaozi(n]’ nZ)

g(nl ,nz) "

Ixnpa 7.13

H xpovortixn amo-
KpLOT TOV TOPal-
Andov oovévoood
TV Piltpwv h ko
g TPOKVTTTEL A0
mv oxly aBpoion
TV 000 KpovaTi-

KOV OTOKPIoEDY.

Aoknon Auroa&ioAéynong 7.2

Y10 Zynpo 7.14 dtvovtor ot KpOVGTIKEG AmOKPIcELS A(n,n,) Kot g(7,,1,) dV0 OIA-
tpav. H h,,,5(1n,1,), mov dtveton SimAa TpokHTEL 0td TOV TAPAAANAO 1 TOV EV GEPA

GLVOLOGUO TOVG;

hlaoé(nl’rlZ)

h(n,n,) n,

1/3 ? 1

7.2.2 Aiaxwpiocipa SioSidotara PnPiakda cuoTipara

"Eva diaywpioo (separable) 5166106TaT0 GOGTNO EYEL KPOVGTIKT 0oOKpLon A(n,,1,)
TETOL0 DOTE VO UTOPEL VoL YpaPel ®G YIVOUEVO V0 LOVOOLAGTATOV AKOAOVIIDV:

h(m,my) = ly(m)- by (m,) (7.14)

Yy mepintmon avt) 1 £6080G y(71,,71,) TOL GLGTHATOS Yo £1G0S0 X(72,71,) UTOPEL
va. ypoQet:

Ymam) = Y x(m = by =Ly (L)

1, =—c0ly =—oo

) ) (7.15)
= Y h() Y, X —hn = L)L)

1, =—c0 1,=—c

Ixnpa 7.14

Kpovorikég amo-
KpLOoEIS OLoO10.0TO-
TOV YPOLIKDY
oueTafintwv atny
oAioOnon yneio-
K@V QIATp@V.
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To ywopevo 610 d€0TEPO AOPOIGLLA TNG TEAELTALOG GYEGNC OVTUTPOGMTEVEL £V O1G-
dudotato mivaka apdpov. Edv 0écovpe

oo

Smam) =Y x(m.m = L)hy(l) (7.16)

1, =—oo

n oxéon (7.15) yiveton

Ymm) = () (o =l,m) (7.17)

1, =—0

H dwdwkacio oot SnA®VEL 0TL UTOPOVUE VO VTTOALOYIGOVLE TPMOTO TNV 0KoAovOia
fny,n,) TPOYUATOTOIOVTOG HOVOIIAGTOTN GUVEMEN OTIC GTHAESG TOV TvaKa X(7,,71,)
(n, = otaBepd). X1 cuvéyela vroAoyilovpe TIC LOVOIAGTUTES CLUVEAIEEIS OTIC YPOLLL-

uég g fin,,n,) (n, = otabepd) ovupwva pe ™ oxéon (7.17).

MNapadeiypa 7.4

Noa amoderydei 6Tt | KPOVGTIKT ATOKPIGT TOL TEPLYPAPETAL OO TN GYESN

2 2
() = | P ) <5 <5 (7.18)
0 0TOLONTOTE AALOD
avTIGTOLYEL G J1YWPIoLUO O1601ACTATO GUCTNLLAL.
Adon
H diodidotomn kpovotiky| amdkpion A(rn,,n,) LTOPEL Vo YPOQEL ¢
2 2 2 2
n; + n n
hmomy) = exp(= = "2) = exp(= "D )exp(= ") =h(m)l(m)  (7.19)

dNAodn, ®g YvopeEVO 600 HOVOIIAGTATOV KPOLGTIKOV amokpicemV. Emopévag, sivat
Swyopioy.

7.2.3 Euotadn Sicdiaorara cuotipara

Onwg kot oty mePinTon TV HovodldoToTOV GIATP®YV, Ta S16O1AGTATO GUGTNLO-
TOL IOV UITOPOLV Va. pnciomomBovy etvat povo ta evotadn. 'Eva tétoto ¢idtpo divel
MEMEPACILEVT £€000 Y10 KGOe Temepacuévn o TAATOG €icodo. H avaykaio kot tcovn
SLVONKN Yo va lvol evoTaBEG Eva S160140TATO, YPOUIKO, AUETAPANTO GTNV OM-
obnon ymoelakd eiktpo givarl 1 okdlovdn:
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i i [(momy)| = 0t < o0 (7.20)

Ny =—oco j1; =00

omov 1 A(n,,n,) eivol n KPOLGTIKT ATOKPLGT TOVL PIATPOV.

Aocknon Auroa&ioAéynong 7.3

H kpovotikn amoxpion mwov divetor oto [apdderypa 7.4 avriotoryel og evotadés
N actafég d1odtdoTaTo PilTpo Kot yroTi;

7.3 Anodkpion ot oUXVOTNTa TWV SIGSIACTATWY YPNPIaKWV CUCTNHATWY

YTIC TPONYOVUEVES TAPOYPAPOVG EENYNOALE TOV TPOTO WE TOV 0100 vtoroyileTot
n €€0d0¢ y(n,,n,) €vOg 316014.6TATOL YNelakoy cuoTnuetog. [1pog Tovto eivar oma-
poaitto vo mpayuatonom et n Tpdén g d1o01doTaTng GLVEMENG LETaED TOV oTLLo-
TOG €1GO00V X(71,7,) KOL TNG KPOVGTIKNG amoOKpiong /(n,1,) TOV GUGTHLOTOC. TNV
ovcia 1 KPOVGTIKY amdkpion A(n,,n,) Kabopilel TAP®G TV ATOKPIGT) TOL GLGTH-
Latog o kabe (n,,1,). Xt cuvéyeta Ba deiéovpe Tov TpdTO TOL 1) GLVEPTNON A7 ,1,)
KkaBopilel T cLUTEPIPOPE TOV PIATPOV GTIG YWPIKEG GUYVOTNTEG @ KOL (05, ETOWE-
vog Ba emnpedlel Kot To PAGLO TOV GNUATOG E1GO00V (OTMG OLTO TO YVOPICAE GTNV
Evomrta 6.4).

[N va poympncovpe 6Ty avaAvcTn TG CLUTEPLPOPES TOV S1GOACTATOV GUOTH-
LLOTOG GT1 GLYVOTNTA O PN GULOTOMGOVLE TO G

x(n1 n, ) = e/ tj0m
b

To onpo ovTd OVTIGTOKEL G Eva Ly ad1Kd S16014.6TATO NUITOVOEIDES [E @, KOl 0,
TPAYUATIKOVG aplOoVS TOV OVTIGTOLYOUV GTIG YMPIKES GUYVOTNTEG @, KOl @, OVTi-

otorya. H €€080¢ y(n,,n,) cdppmva pe t oxéon s cuveMEne (7.9) éxet oc e&ng:

y(n,m)= 2 2 e.l'wl("ﬁrl)‘*'jwz("z*’z)h(],i’rz)

7] =—00 1 =—00

= /O TjOrm z Z e—jwlrl—jwz"zh(,,i,rz) (721)
T

] =—00 ) =—00

= /P tjO2m H(wlawz)

H televtaio oyéon deiyvel 6tL 10 oo €£600v y(n,,n,) amoteieitor amd Tig id1eg
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GLYVOTNTEG LLE TO GNLLA ELGOO0L X(71,11,), AAAG TO TAGTOG TOVG KOt 1] PACT| TOVS EXOVV
vrootel Vv enidpaon g ocvvaptmong H(w,,w,). H cuvdptnon avtn, 0nmg kot oty
TEPIMTO®ON TOV LOVOSAGTATOV onudtov Tov Kepaiaiov 3, kaAeital «omdkpion

GLYVOTNTOG TOL GIATPOLY KO TPOPUVMG 1GOVTAL LLE:

H(o,0,)= D, Y, e /™" k() (7.22)

1y =0 1y =—o0
To pétpo |H(w,,m,)| g cvvapmmong kabopilet To midg Bo emnpeactody ot cuYVOTY-
TEG TOL GNUATOG Ao TO di5dldoTato cvotnua. [a 11 svyvotnteg (w,,®,) 6Tov
|H(w,,0,)|—0, ot avticToreg cuyvoTTEG TOV GHHATOG E1GOG0V OMOKOTTOVTAL.
Ovotaotikd 1 oxéon (7.22) dnilmvel 0Tt 1 ardOKPLCT) GLYVOTNTOS TOL GUGTNHOTOS
glval 0 0160146TUTOC SLOKPITOC LETOTYNHATIoNOG Fourier TG KpousTIKNG 0mOKPIoNG

TOL GLGTNUOTOC.
H andkpion cvyvomtog H(w,,w,) lval mePLOdIKY] GLVEPTNON TOV GLYVOTNTOV M,

Kot @, e mepiodo 27

H(w, +2r,m,)= H(w;,0,)

(7.23)
H(w17w2 +2ﬂ): H(a)law2)

H meprodikdtnta g andkpiong Tov Ynelokdv GLGTNUATOV ELval OVOLEVOLEVN
AOY® ™S YNOLaKng eOoNG avtdv. Idto cupTeplpopd £YEL KAl TO PAGLO TV O10-
dbotatov ynelakov onudtov (Evotnta 6.4). Avadloyn de GuUTEPLPOPA TOPOV-

cralovv kat ta povodidotata ynelokd onpota Kot cuotiuato (Kepdiowo 1 émg 3).

MNapadeiypa 7.5

No vToAoyioTel TO0 LETPO TNG ATOKPIOTG GTN GLUYVOTNTO TOL J1GOIAGTOTOV YNOlo-

KOV GLOTNUATOG LLE KPOVGTIKY OOKPLION
h(n,ny) =d(n, + 1,n,)) +(n,—1,n,) +d(n,n,)
Avon
A&gdopéVou OTL 1) KPOVGTIKTY OTOKPLoT €Yl LOVO TPELS OPOVG IGOVG LE T LOVADX OTIG

Béoeig (ny,1,): (—1,0), (1,0) ko (0,0), n oxéon (7.22) ypbopeton

—,0 +jo, —jor _
H(w,w,)=¢" +e +e (7.24)
=1+2cos(w,)

H amdxpion cuyvotntag mov weptypdeetal and tn oxéon (7.24) elvol Tpaypatikn,



7.3 AMNOKPIZH XTH ZYXNOTHTA TON AIZAIALZTATON WHOIAKON ZYITHMATQN 249
EMOUEVAC eV aALALEL TN PAOT TOV CPLOVIKMDY GUVICTOGHOV TOL CHUATOG, LETAUPAA-
Agton 6g ovo oty katevbuvon g ;. XPNoYOTOI®VTOG KOTAAANAO AOYIGLIKO GYE-
diaong (A.y. MATLAB), umopovpe va dobe 0t 1 cuvaptnon |[H(w,,m,)| €xel
Hope1| Tov detyvetor oto Zynua 7.15.
|H(a)1,a)2)| .
g o2
28 I e,
R s
TR et ey ey e i
2 : Uittt gt
: M ey
15 gt
1
05
0 Ixnpa 7.15
H popon g
- oOVAPTNONS
, |H(w, )| =
Zoyvomta o, |1+2cos(w,)),
Zoyvotnta w, onwe Exet Anplel
- & 10 MATLAB.

Apacmpiomra 7.3

Noa vroAoyioTel T0 HETPO TNG ATOKPLONG GTN GLYVOTNTA H1GOIAGTATOL YNPLUKOV

QIATPOV HEONG TIUNG TNG EMIAOYNG OOG.

"‘Eva piltpo péong tyuns vroloyilel tn péom T optopUEVmY SEIYUATMOV TOV GNUATOG

€16000V x(71,,1,) OV Ppickovtal yop® amd ) 0Eon (1,,1,), Kot SIVEL TO OTOTELEG A

6710 dgtypa Tov onuatog e£6dov y(n,,1,) mov Ppicketal otny aviictoyyn 0éomn. Enet-

oM n dadikacio avth eravolopuPavetol, Kadmg puetakvodbpaote o OAeG Tig Béoelg

(n,,1,), T0 PiATPO KOAElTOL KO PidTpo TOL KIvoLuevoy uéaov. Ipokertat yio éva fabv-
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Ixfpa 7.16

H popen g
oVVAPTNONG
|H(w, )| =
[0,2{1 + 2cos(w,)
+ 2cos(w,)}|
omw¢ el Anpbei
e 1o MATLAB.

mEPATO PIATPO TOV OTOI0V 01 GLYVOTNTEC AMOKOTNG €0PTMVTUL A TO TANOOC TV
derypdtov mov Ba Anedodv and to onua €166d0v. Qg Babvrepatd QidTpo, 0mTOKO-
TTEL TIC VYNAEG GLUYVOTNTES, «Aetaivery (smooths) To B6pvPo, aAld Tpokaiel BOA®-

on (blurring) otic kUG TMV EIKOVOV.

"Eva amho gidtpo péong tyung eivon avtd mov eptypaenke oto Hapdderypa 7.5. X owtod

KaBe T ToV oHaTOg EE000L Y(1,,1,) LITOAOYISETOL OO TPELS TYWES TOV GTLOTOG E1G0-
S0V, ATEG Y10l TIG OTTOTEG 1 KPOVGTIKY OtOKPLIoT) TOV GIATPOUL A(1,,1,) Etvarn pn PndeviKn.

"Eva ddAo ¢idtpo péong Tng etvar outd ToL 00ioL 1) KPOLCTIKN OOKPLOT| EXEL OG EENG:

1
h(ny,ny) = g[s(nlan2)+5(nl —Lm)+0(m +1,m)+0(m,ny —1)+0(n,ny +1)]

Kabe detypa tov onpotog €£660v vmohoyiletot oo T HEGT TYL TOV TEVTE SEIYUATOV
TOL GNHOTOG E1GOO0V X(1,1,), x(n,—1,1,), x(n, + 1,ny), x(n,,n,—1) xou x(ny,n, + 1). Zop-
owva pe v e&lomon (7.22) 1o pétpo g amdkpions cuyvotntag H(w,,m,) £xel og e&ng:

H(wlawZ) zl[eo‘l‘ejw' +€_jw' +ejw2 +e_jw2]=
5
1 (7.25)
=—|1+2cosw, +2cosw
5| \+ 2co0s0,]

Agdopévov 0TL 1 TEAEVTAIO TOGOTNTA ELVOL TPAYLOTIKY TO LETPO TNG Eivor 1 adAL-

T TN TG, M omoia Ypaeikd £xel OTmG eaivetal oto Xynua 7.16.

|H(a)1,a)2)|

1

e e
AR
& T :
KRR

A
SRS

0.3

06

() N

oy
: ‘: i
TR et
L

L
s ‘:‘:‘3:’3&
RS0
A AR K e
SR
ikt

ey,
\,‘r;{n,ﬂ

0 ToyvotnTa o,
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Aocknon Auroa&ioAéynong 7.4

Eidape oto mponyovpeva 0Tt givat SuvaTo 1 ardKPIeT GLYVOTNTS TOV d160106TA-
oV PIATPOL VO EIVOL TPOYLLOTIKT. ZINV TEPIMTOOT QTN TO PIATPO OV HAAOLDVEL
TN ACT) TOV OPLOVIKOV TOL GUATOS (PIATPO pundevikng @dong). [Towo amd ta emod-
LEVO, YOPOKTNPIOTIKA TPEMEL, KOTA TN YVOUN GOG, VO EXEL 1] KPOVGTIKY| OTOKPIoN
oV PIATPOV Yo Vo Eivol aVTO UNSEVIKNG PAoNG;

a. Ot 6poL TG KPOLGTIKNG OTOKPLOTG VoL Elval OA0L iGOt.
B. H kpovotikn amdKpion Tov ¢IATpov vo vl GUUUETPIKY.

v. H kpovotikn andkpion va gtvor dtoywpiotun.

Igvoyn gvotnrag

Yty evotnto vt gidope OTL 1 KPOLGTIKT UTOKPIOT EVOG O1GOIAGTATOV YNPLHKOD
eidtpov kabopilet kot TNV amdKplo] Tov 6T cLYvoTNTA. OTOV 1) KPOLGTIKY| 0o~
KPLoM ELVOL GUUUETPIKT, 1] ATOKPLOT) GTH GLUYVOTNTO EVOL TPOYLLATIKY] KO OEV M-
pealel T Ao TV GLVIGTOGMY TOL GNUTOG. XTNV TEPITTM®ON AV To PIATPa

KOAOUVTOL «PIATPO UNOEVIKNG (pAoNG» (zero phase filters).

7.4 Ixediaon 51051G0TATWV YPNPIAKWY PIATPWV

H oyedioon tov d16d1doToTmv ynoakdv eiltpov givol SuoKoAGTEPT OO QLT TOV
povodiactotmv. Exiong, 1 vAomoinot tovg givat ToAdmAoK Y1aTi 6TIG TEPIOCOTEPES
TEPITTOCELS 01 SIGOLUCTOTEG GLUVOPTIHGELG OV UTOPOVV Vo TapayovtomomBoly, €161

(MGTE VO, 00N YNCOLV GE ATAOTOUEVES OOUEG.

2mv mapovoa votnTa 0o TPosdlopicovE apyLKE TNV KPOLGTIKT OmOKPIoT EVOG
1601406 TaTOL YNELOKOL GIATPOL 0mtd TIG EMBLUNTES TPOSLUYPAPES TNG ATOKPLONS
tov H(w,,w,) 6TIC GLYVOTNTEG @, KUl ,. XT1 GLVEYELD Oo yvopicovue pio amd Tig
pebodovg oyedicong Tmv dicdidctatwv FIR ¢iltpav, ovt) tov ntapabipov. O khiei-
GOVLLE TNV EVOTNTA LLE OVOPOPE GE EPUPLOYEG TV JIGOLAGTUTMOV YNPLOKADV GIATpOV
otV enelepyacia TG EKOVOG.

7.4.1 YnoAoyiopoG TnG KPOUOCTIKIG anoKpIoNG ano Tnv anokpion
ouxvormrag

Xopeova pe ™ oxéon (7.22) n andkpion cvyvomtag H(w,,w,) Evog d163106TATOD
YNELOKOL PIATPOL amoTELEL TO S1GO1A0TOTO peTaoyNUaTIcNO Fourier tng kpovoTi-
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Ixnpa 7.17
Amoxpion ooyvo-
TNTOG 1OAVIKOD
Pobvreporod gil-
POV TETPOYWVIKNG
HopYHS. 2T oKlo-
opEVN TTEPLOYN N
H(w,w,) eivar 1
K1 é¢w amo ooty
0. H omoxpion
elvou TEPLOOIKT
(mepiodog 21) Kot
emavoloufoveron
070 EMTEIO
(w,,0,) Tpog 6leg
71¢ katevbovoelg.

KNG TOV anoKkplong A(n,,n,). Me diha Loy, 1 A(n,,n,) etvat o diedidotatog avti-
oTPoPOg petaoynpatiopdc Fourier g H(w,,w,):

T T
1 -
Hom) = j J H(wy,@,)e’™" " do dw, (7.26)
- —7T

H oloxArpwon viomoteitar og pia mepiodo g cvvaptnong H(w,,w,) oTig Katev-
Ovveelg w, Kot w,.
Napadeiypa 7.6

No vroAoyiotel 11 KpovoTikY| amdkpion Wavikov Babvrepatov Giktpov Tov 0moiov

1 amoKpion cuyxvotntoas H(w,,w,) éxel og e&ne:

|w1|Sa<7r, a)2|£b<7t (7.27)

0 0TOVONTOTE AALOD

1
H(a)l,wz)z{

Adon
H oméxpion ot cuyvotnta tov ¢piltpov Oo Exel ™ popen mov poivetat 6to Zynuo 7.17.

W,

- T

-b b

Me Bdon ™ oxéon (7.26) | kpovoTtiky amokpion A(n,,n,) Oa 1cobton pe:

a b
J J'ejwlnl +jwym, dwldwz
—-a b

a b
1 j@n 1 j,n
:_J.ej ]]dwl _J.ej sza)z
2 2r ’
_sin(any) sin(bn,)

7,

h(ny,n, ) =

7T2

(7.28)

iy
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[Ipénet va onpeidcovpe €50 OTL 1] KPOVOTIKN amdkpion /(n,,1,), TOL VIOAOYIGTNKE,
gtvo Sroympicyun, dedopévon 0Tt pumopel va, ypoaeel og yvouevo h,(n,)h,(n,). H povo-
ddoToTN KPOLGTIKN amdkpion /(n) gival Tng 10106 LOPENS LE QLT TOL GLVOVINGO-
Le otn oxedioon TV pHovodtdoTatwv Oidtpov {oyéon (4.7)} kol TPOKOTTEL LE TOV
010 akppmng TpdéTo mov yvopicaus atnv Evomta 4.3. H popon g andkpiong
cuyvotntog H(w,,w,) Umopel vo, Towkilel avaAOYa LLE TIG OTTOLTICELS TOV GYESIOOTY.
Otav 8élovpe To PiATpo va Tapovctdlel KUKAIKN GVUUETPia, SNAadN VO GUUTEPL-
QEPETOL TPOG OAEG TIG KaTeEVHHVOEIS pe TOV D10 TPOTO, TOTE N GKIOGUEVT TTEPLOYT TOV
Zympatog 7.17 glvor KOkAOG kot 1 Ao yia v A(n,,n,) gival mEPIGGOTEPO TOAD-

TAOKT).

7.4.2 T xeSiaon Siodiaorarwy FIR piAtpwyv pe ™ pédodo Twv napadupwv

To, diod1dotata FIR @iktpa, og avtiBeon pe to 1R, &yovv memepacuévn KpovoTikn
amokpion. Avto €xel og amotérespa ta FIR oiktpa va eivon mwévto evotadn, apod yu’
ovtd oyvel n oxéon (7.20). Eva dAAo eniong onpovtikd TAEOVEKTLA T®V 1G04~
ototov FIR @iltpav eival 6Tt pmopodv va 6xed106TOVV MGTE 1] ATOKPLGT GLYVOTI-
TAG TOLG VoL EIVOL TPAYUATIKT), LUE OTOTELEGLOL VO, UV TPOKAAOVV LUETAPOAT GTN @AoT
TOV SLPOP®V GLYVOTNTOV TOL GNLATOC. ['tar To AdY0 avTd KaAovvTaLl «pIATpO Unde-
VIKNG 0AoMS» Kot ¥petdleTon TPOG TOVTO VO £XOVV GLUUETPIKN KPOVGTIKY ATOKPIoN:

h(ny,ny ) =h(—n;,—n,) (7.29)

Tig memepacUEVES AVTEG KPOVOTIKEG OMOKPIGELS TIG TETVYOIVOVLE OV OTOKOWOVLLE
NV amEPLOPIOTN GE UNKOG d1G01A0TATI KPOVOTIKT amdKPIon 1oL AdpPdvovpe pe Tov
vroAoYIoUo TG oxéong (7.28). H amokonn g apylkng KPOUGTIKNG amOKPLoNG
hp(n,,n,) TOL avTIoTOLKEl OTIC WAVIKES 1] EMBLUNTES TPOdLypaPES pmopel va yivel
oV TOALOTAAGLAGOVE TOVG OPOVG TNG Ap(7,1,), EVOV TTPOG EVOV, LLE TOVS OPOVS TNG
d16d140T0TNG SlOKPLTNG GVVAPTNONG W(7,,11,) IOV KAAEITAL Tapddvpo Kor 1 omoia

€YEL TEMEPAGILEVO UNKOG
h(ny,my) = hp (my,my ) - w(ny,m, ) (7.30)

H diodidotatn dtakpitr cuvaptnom w(n,,n,) EXEL TEMEPACUEVO UNKOG KO TPETEL VL

€1Vl GUUUETPIKY], GOUGMVA LLE TN GYEOT
w(m,ny ) =w(=nm,—m), (7.31)

v va dtatnpn et n) WoTTe TG PUNOEVIKTS PAcNG 6T0 TEAMKO pidTpo. H telikn amnd-
Kpton cvyvotntog H(w,,w,) tpokdntel amd T 61601d0tatn cLVEAMEN 6T GLYVOTN-
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IxAua 7.18
Amoxpion ooyvo-
TNTOG 1OAVIKOD
Pobvreporod gil-
DOV TETPOYWVIKNG
HopYHS. 2T oKlo-
opEVN TTEPLOYN 1
H(w,w,) eivar 1
xa1 é¢w amo ovth
0. H omoxpion
elvou TEPLOOIKT
(mepiodog 21) Kot
emavoloufoverol
070 EMTEIO
(w,,,) Tpog 6leg
71¢ katevbovoelg.

ToL TNG aPYIKNG emBountig amoxpiong Hy(w,,w,) pe 1o pbopa W(w,,w,) Tov Topo-
Ovpov w(n,,n,), Topouolo e T povodidotarn nepintoon (Evomnrta 3/ Kepdiato 4).

H emAoyn g suvéptnong tov Tapabipov givol KaBopioTikn yio TNV TEMKN Lopen
g amdKPLoNG TOL 01601a6TaToV PilTpov. OnME Kot 6T LOVOSIACTOTN TEPITTMON,
t0 TapdBvpo Oa Tpémel va Exel KATAAANAN LOPPT] Y10 VO ATTOPEVYETOL TO PALVOLEVO
Gibbs kot 0 Babuodg g e€acbéviong ot {dvn andppymg Tov GikTpov va elvar tka-
vomomtikoc. o to Adyo avtd dev ypnoyonoleitor To TeTpaymvikd Tapdbvpo, To
omoilo EEAAAOV AVTIGTOLYEL GTNV AMAN ATOKOTN TNG OPYIKNG KPOVOTIKYG OTOKPLONG
hp(n,n,), Kot EMOUEVMS, GLVOEETAL GUESH [LE TN ONovpYia Tov povopévov Gibbs.
Mmopolhv GG va ¥pnotomotnfovy OAES 01 GLVOPTAGELS TUPUOVPOY TOV VITAPYOVY
ot Biproypapia, avaroyo KaOe Gopd e TIg TEMKEG ATOUTNOELS Yo TO Piktpo. O
O EVKOAOG TPOTOG Yot va. dnpiovpyn el 1 diedibiotatn ynelakn cuvdptnon w(n,,n,)
glval oo 10 YvopeVo 600 HOVOSIAGTUTOV TopodvpmV:

w(my,ny ) =w(m)-w(n, ) (7.32)

Napadeiypa 7.7

Noa oyedlaotei dSiodidotato FIR @idtpo pe kpovotiky amdKpion o va £XEL GUVOAKA

11 x 11 6povg. H emBopn andkpion otn cuyvotnta Hy(w,,w,) 0o tpénet va ivat:

o |<7/2, |o,|<7/2 (7.33)

OTOVONTOTE OAAOD

1
HD(wl,wZ)z{
0

Na yivet yprion tov povodidotatov mapadhpov Tov Hamming.
Adon

H embBount) andkpion tov eIATpov 6TIg GLYVOTNTEG @, KOl ®@,, 1| OO0 TEPTYPAPE-
Tt omd ™ oxéon (7.33) Exet ypoikd O0Tmg paivetol 6to ynua 7.18.

W,

/2

T -m/2 /2 T

-n/zl
=T
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H davikn kpovotikh amdkpion Oa vroAoyiotel pe Bdon ) oxéon (7.26) wg o avti-
GTPOPOG peTaoynuaticpog Fourier tng andkpiong cuyvotntog Hy(w,,w,):

n/2 mw/2

1 . .
hD(nlanZ ) = _4 5 J. '[ e+jﬂ)1n1 +j,yn, dw]dw2
T -r/2-m/2
/2 /2
1 +jon 1 +jw,n
= ejlldwl —_— J e]22dw2
2 2
-m/2 -r/2
. Tn .
1 sm(Tl) s1n(%) (7.34)
4w my
2 2

To povodudotato mapdBvpo Hamming divetar amd ) oyéon

w(n)=0,54+0, 46cos(%) ~N<n<N (7.35)

Mo N =5 1o povodidotato mapabvpo w(n) Exel cuvolikd 11 6povg. ‘Etot, to d16-
dudotato w(n,,n,) mov o Tpokvyel amod T oxéon (7.32), Ba €xet cuvorwd 11 X 11
=121 6povg. H telkn KpovuoTiK| amdKpior, Tov tapovstdletol 6to Tynqua 7.19,
vroAoyileTat g

h(ny,my ) = hp (ny,ny ) - w(ny,n, )

AoV 1 KPOLGTIKT ATOKPLOT ElVaL YVMGTH, 1 andkplorn cvyvomtag H(w,,w,) Tov
TeAMKOV @idtpov Bo vToloyiotel Onwg akpiog oto apdderypa 7.5. H andkpion
avty divetat oto Zynua 7.20.

T h(n,,ny)

Ixnpa 7.19

H telixn kpovori-
KI] QTOKPLOY] TOD
digoidorarov FIR

@IiAtpov ToD

Hapadeiyuozog
7.7, ue 11 X 11 =
121 épovg.
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Ixnua 7.20

To uétpo g omo-
KPIONG GUYVOTHTOS
|H(w,,w,)| oo
digdidorarov FIR
@iAtpov Tov TOpa-
oetyuorog 7.7.

|H(w,,0,)|
08 : ﬂr%%’ﬁ‘»‘{m
sl Y
ol AN
gal
! -E
02 i W
AR
0.\, %@k""f%‘*ﬁﬁ‘:t‘ﬁt‘}%\\\vg‘»}i& a
n N i
S -

SIS

7
o ..1“:1“‘3’

0 Zoyvotnta w,

Zoyvémta w,

7.4.3 AAAeg pédodol oxediaong Twyv dicdiaorarwy FIR piAtpwyv

H pébodoc oyediaong tov disdidotatwv FIR gidtpov pe ta napdbupa tov napov-
GLIGTNKE TTPONYOLUEVE, Elval 1 amAovoTePT dtadikacia oyedlaong Tov pumopel va
Bpet 0 avayvaotg ot Piprloypaio. Me ) pébodo avtn givor duvatd vo oyedta-
GTOVV QIATPO KUKMK®MG GUUUETPIKA GTIG GUYVOTNTES, Kot Oyl Lovo pe opboymvia
H(w,,w,) 6nog avtég mov peketndnkav oto [apadsiypota 7.6 kon 7.7. AlAeg pébo-
oot oyediaong tov FIR eidtpwv givatl ot akdhovbeg:

*  M¢éBodog oyedioans fértiorwv diodidorotwv FIR piltpwv. H pnébodog mpotddn-
ke amo tov McClellan kot amodidet dicdidotata FIR giktpa pe Tic KoAvtepeg mpo-
Suaypaég yio v H(w,,,), 6tav 1o TAn0og Tov 0pmv TG KPOLGTIKNG OmTOKPL-
ong etvar cvykekpyévo. [poxettal ovslootikd, yio adyopifpo Beitioctonoinong
oL amoTeAel T d1odtdoTaTn £€Kdoon TG avtioToyng HeBddov yia T LovodLd-
otota FIR gidtpa. H pébodog amartel vymin vwoloyiotikn 1oy0 yio gidtpa pecai-
@V TPodypap®dV (A.., Yio. TOV TPOGOOPIGUO KPOVGTIKNG amoKkpiong pe 33 X 33
= 1089 6povg).

»  JXyediaon twv diooidotatwv FIR ¢piltpwv ypnoyuomoiadviogs uetocynuationods. Me
™ uébodo avtn, v omoia emwiong npdtewve o McClellan, exttvyydveral o oye-
daopdg dodidotatmv FIR gidtpov pe amdkpion cuyvotntag KUKAKE GULLLLE-
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TP (Kupimg oTig younAég cuyvotreg). Ta diedidotata FIR @iltpa mpokdmtovy
amd KatdAndo petacynuoatiopd povodidotatwv FIR eiltpov. Av ta povodid-
otata FIR @idtpa glvar BEATIOTE, TOTE Kot To S1GIAGTATO TTOV TPOKVITOVV Elvat

KAt TPpooEyyion PErTIOTA.

OLokAnpdvovtag ) cv{Tnon yio tn oxediaon TV dieddoTatov eiltpwv Oa mpé-
nel va, avagepBovpe yia Alyo ota diodtdotato IR eidtpa. Onwg sivan yvootd and
T Kepahowo 4 kot S ta povodidotara IR ¢idtpa oe oyéon pe ta povodidotato FIR

TopoLo1dlovy o akdAovba dV0 HELOVEKTLOTA

e Aev glvar mavta guotadn kot YU avtd To A0Y0 ¥pedlETOl TPOGOYN oTNV TOTO0E-
NoN T®V TOAW®V TOV GIATPOV.

o Agv &yovv ypappik omdKpiorn eaomng.

To, 10100 akpPdG petovektiuato mopovctalovy kot to dicdtdotata [IR eiktpa. Emt-
TPOcOETA, 01 S1601A6TATEG GUVOPTNGELS LTOPOVV VO EAEYYOOVV MG TPOS TNV EVGTA-
Bg1d Tovg apreTd dvhoKoAa (elval yevikd SVGKOAN 1 TapayovTomoinon kot o kafopt-
oUOC TV TOA®V), EVD 1) EAAEWYN YPOLUIKNG (AOTC EIVOL KOTOGTPOPIKT Y10, TV E1KO-
va, 6nwg avapépape otnv Evomnta 6.4. o tovg dVo avtodg Adyous amopehyetal n
ypnoomoinom tov dicdidctatmv IR eiltpov oty ynooxr eneéepyacio eikdvag,
TOPOAO TTOV UITOPOVY VO TETHYOVVY TNV 1010 ATTOKPLOT| TN GLYVOTNTU UE ALYOTEPOVS
GUVTEAEGTEG,.

7.4.4 Epappoyég Twv Sicdidorarwy FIR @iAtpwyv

Ot gpoppoyég Tov diodidotatmv FIR eiltpov, kuping oty eneéepyacio g ynoo-

KNG E1KOVAG, Eival TOKIAES dEOOUEVIC TNG 1O10TNTAG TOV GIATPOV OTAOV VO UV 0AAG-

Couv TN POGIKY| GYECT TV OPUOVIKMY TOL CHUATOC. METAED TV EPAPLOYDY QLTOV

UTOPOVLE VO OVOPEPOVLE EMAEKTIKA TIG aKOAOVOES:

*  E&aymyn tov Bopvfov Gauss pe 1n Pondeia Babvmepatod FIR @iktpov (PA.
ymua 7.21).

* Aviyvevon tov akudv piog eikovag (edge detection) pe t Pondeia vynmepaTod
FIR o¢iktpov (BL. Zynuoa 7.22).

* Xpnon tov FIR ¢iAtpov oty anokatdotacn g kovag omd GUGTNHOTIKA
opdApata (image restoration) Kol YEVIKOTEPO GTNV TEPIMTMOT EMIAVONG AVTi-
GTPOPMV TPOPANUATOV.

*  Xpnon twv FIR ¢iitpov ot dtadkacio Tng 60vOEGNC TOUMDY OVTIKEWLEVOL OO
TPoPolKES e1KOVES (AEOVIKN TOUOYpOaPia).
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Ixnpa 7.21

a) H apyixn eixo-
va, f) n eikova ue
Bopovfo Gauss.

y) H ueiwon tov
Bopvfov ue
Ponbeia
digdidorazov FIR
QIAtpov TpokoAel
avemOountn
Hoiwon

TV OKUOV THG
EIKOVOG.

Ixnua 7.22

H ypijon vyimepor-
700 FIR @iltpov
Ponba. oty aro-
Hovwon Kai evi-
GYVON TV OKUDY
NG EIKOVAG.

[Ipémer va onpelndei 6t Ta FIR oihtpa ¢ ypappiKd GUCTHHOTO £(0VV KOl LLELOVE-
ktpata. To kKuptoTePo amd avtd ivar 1 0Amon Tov TPoKaAEl OTIC AKUEG TG EIKO-
vag, 0tav mpoomabovpe va eEdyovpe 06pvPo (Préne Zynua 7.21y).
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Igvoyn gvotnrag

2y mopdypapo avth avopeptnkaue og TpOToVg cyediaong tav disdidotatoy FIR
QIATpOV. AvaduTikd, yvopicape 1 pébodo oyediaong pe tn xpnon tov mtopado-
pov. Ta FIR ¢iktpa glval ta ypoppukd ¢idtpo mov ¥pnoIoTotodvToL TEPIGGOTEPO.
To yeyovog avtd opeiletar TNy 1810TNTO TOV EYOVV VO, UMV 0AAALOVV TN QAGTKN
OYECT) TV OPUOVIKMV TOV GNUOATOS (PIATPO UNOEVIKIG PACTS), OV GYEOOGTOVV £TG1

MOOTE VO TapoLGLALOVY CUULETPIKT KPOVGTIKT OmOKPIoN.

Iuvoyn Kepalaiou

270 KEPAANLO AVTO YVOPIGOLE TOV TPOTO TOV EMOPOVV TA YPOUUUIKA, AUETAPANTO
otV oAicOnon diedidotato YneloKd eIATpa Tove 6t S160146TOTH GUATO. TNV
ovoia 01 dVO AVTEG 11OTNTEG, YPOUUIKOTNTO KOl apeTafAnToTTa oty oAicnon,
0dNyovV 6TV TPAEN NG SENAGTATNG YPAUUUKNGS cuvEMENGC. Ta piltpa avtd Yopa-
knpilovtal amd TV KPOLGTIKT) TOLS ATOKPLoT), TOL EIVAL Lo S1GO1ACTOTY OloKPL-
TN cvvaptnon kot Kabopilel v amdkpion Tov PIATPOL OTIC YWPIKES GUYVOTNTEG
®, Kol @,. Téhog, yvopicape pio and tig pedddovg oyedioong tov diodidotaTmv
FIR ¢iktpwv. Ta FIR giktpa sivar katdAAnia oty enelepyacio S yneokng eKo-
vag 010t 0gv aAAGLOVV TIC POOIKEG OYECEIS TV APUOVIK®DV TOL (ACLOTOG TNG EIKO-
vog (pilTpa PNdEVIKNG PACTG), EMOUEVMG OEV KATAGTPEPOVV T LOPPT| TNG EIKOVAG,.
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‘Epgpoon pmopet va dobei oto kepdaioto 3 Kot S.

Anodoon ayyAIkwyv 6pwv otV EAANVIKN

Cascade c€E oEpd

Convolution YuvEMEN

Edge detection Aviyvevon akpmv

Image restoration Amoxotdotoon e KOVog
Linear systems I'poppukd cvotpoto
Separable Awywpioipog
Shift-Invariant Apetdpinto oty oAicOnon
Two—dimensional A16d146T0TOG

Zero phase response Amdkpion undevikng edong



Anavrioeig Aokjoswv AuroaioAoynong

1.1

I'vopilovtag, miéov, To Bempnua derypotoAnyiog, LTOPOovLE EDKOAN VO, SIOTIOTH-
GOVLLLE 0V B0 TAPOVGLUGTEL TO POVOLEVO TNG YOUNAOD pLOLOV detypatoAnyiog. Kot
av mepovolaotel, Tote pmopodpe pe Pfaon m oxéon F, = F,—kF, vo. vtoloyicovpe
1 GVYVOTNTO GTNV OTTO10 AVTIGTOLOVV Ta. delypata wov mpape. ‘Etot, n cuyvotn-
T, TOV avoAoywKoy ofpatog eival F = 100 Hz. I'a va avtimpoconevdel cwotd 10
GO AVTO GTOV YNPLOKO ¥HPOo TTpémet vo, Adfovpe delypatd Tov pe GLYVOTNTO TOL-
Adyotov 2F = 2-100 = 200 Hz. Apa, Kot 6T1g d00 TEPTOcELS O Oa amo@hyovpe T0
QavopEVO NG YapnAob (avenapkoc) puOuol detypatoinyiog (povopevo pacpo-
TIKNG EMKAALYNC).

(o) ' F; =75 Hz ta detypota mov o mdpovpe Ba avtioToryovv 6T dery LA TOAN-
yio Tov NTOVoEWoS TG Bacikng meployng cuyvottov (—F /2 < F, < F/2) pe
ocuyvomta ion npog F, = F—kF, = 100-1-75 = 25 Hz.

(B) T F, =150 Hz ta deiypota mov Ha mdpovpe Bo avTioToryovv 611 SErYIOTOA-
yio Tov NITOVoE0S TG Bacikng meployng cuyvottev (—F/2 < F,< F/2) ue
ocuyvomzta ion npog F = F—kF, = 100-1-150 = -50 Hz.

Aot ftav pio e0KOAN AoKNGOT. AV T KOTAPEPATE, GNUAIVEL TMG EYETE KOTOVONCEL
TO POVOLEVO TNG XOUNAOD (avemapKovg) puOLol detypatoinyiog. Xuveyicte oTIg
EMOLEVES AOKNGELS. Av OyL, TOTE emavoldfete ta [apadeiypara 1.3 ko 1.4 ko Eavo-
mpoonabnote. Xpelaletal KAmTolog xpovog UéEypt va eEotkelmbeite pe Tig 1tontepo-

TNTEC TOV CNUATMV TOL TPOEPYOVTUL OO dELYHATOAN AL,

1.2

Y répyovv 000 TPOTOL Y1 VO AOVOLLE 0VTOV TOV €I00VG TIG AOKNGELS, ONANST TIG
0OKNOELG OTIG 0Toieg pag {nreitan vo SOV LE T CTLLTO SLOKPLTOD YPOVOL Kot OYL

HUOVO TIG GLYVOTNTEG TOVG.

O mpdTOC glvar avTOHG KOTA TOV 0T010, EEKIVMOVTG OO TOV OPIGUO TG OELYLOTOAN-
yiag, avtikabiotodpe ) petafintn ¢ pe nT, Kol EKTEAOVUE TIG OTOLES TPLYMVOLLE-
TPIKEG TPAEELS.

O devTepog eivar eketvog Katd Tov 0moio VToloyilove TPMTO TIC GLYVOTNTES TOL
0o TpoxvYoLV amd T detypatonyio (OTMG KAVOLE Kol 6TV GOKNGT dVTOAEI0A0-
ynong 1.1), kot petd tpocdiopilovpe TG aVTIGTOLEG OYETELG Y10 TO GILLOTH OL0KPL-

700 ¥povov. Omotov amd Tovg TPOTOVG Ko av emhéEete, Ba mpémel va Ppeite to 1010
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OTOTEAECLO, TO OTOl0 GTNV TPOKEWEVN TepinTmon elval x,(n) = x,(n) = x5(n) =

c0s(0,67n). Ag ta mépovpe OPWOS amd TV apyn.

H mepiodog derypotonyiog woovtan pe 7= 1/F; = 1/100 Hz = 0,01 sec. Apa., ot ako-
AovBieg mov Oa Tpokvyovy Ba givar ot e&ng:

x,(n) =cos(60znT) = cos(0,6zn)
X,(n) = cos(140znT) = cos(1,4zn) = cos[(27—0,6)n] = cos(0,6zn)
X5(n) = cos(260znT) = cos(2,6mn) = cos[(2z + 0,67)n] = cos(0,67n)

Soumepaivove, ETOUEVMG, OTL 1] OELYLOTOAN IO TOV TPLOV OVAAOYIKOV GNUATOV,
SLoQOPETIKNG cLYVOTNTAG TO KaBEva, 00N yNoe TeEMKE 6TO 1510 GNUA SLOKPLTOD YPO-
vov cos(0,67n).

Onog avapépope TPONYOVUEVOGS, GTO 1010 AMOTEAEGLO KATOAYOVUE OV EQAPUO-
covpe v oxéon F,, = F,—kF; yuo koBepid omd tig suyvottes. Aniadn, n cuyvotn-
T, ToL oNpotog x,(7) elvar F, = 30 Hz ka1, kotd cvvénelo, d¢ Oo Tapovciactel 10
QOVOUEVO TNG YOUNA0D pLBLOY detypotoAnyiog, apov F| < F/2 =50 Hz. Apa, x,(n)
= cos[2a(F,/F)n] = cos[2z(30/100)n] = cos(0,67n). H cuyvotta 1oL GNHATOC X,(7)
etvan F, = F;, = 70 Hz xou ta delypoto mov o mépovpe Ho avtiotoryovv ot detypLo-
toAnyia evog nuitovoedos cuyvottog F, = Fi—kF, = 70-100 = —=30Hz. Apa x,(n)
= cos[2a(F,/F )n] = cos[2z(—30/100)n] = cos(—0,6zn) = cos(0.6zn).Térog, | cuyvo-
TNTO TOV GNUATOGC X5(7) eivan F5 = 130Hz xon ta deiypata mov Ba mdpovpe Ha avi-
GTOL(OVV OTN SEYHOTOANYI EVOC NUTOVOEBOVG cuyvotntag Fy = F—kF, = 130-100
=30 Hz. Apa x5(n) = x,(n). Zovendg, Kot Ta Tpio. avaroyikd x, (1), x,(2), x5(f) onquo-
T VTITPOCOTEVOVTAL 0t Tal 110l delypLorTor LETA TN dEYHOTOAN i ToVg pe puOud
100Hz.

Av kat gogig katoAn&ote 070 1010 AMOTELEGLA, TOTE TPOYWPATE TOAD KOAL. Xvveyi-
oTE e TNV ENOUEVN dokNom owToaloAdYNoNG. Av dev Ta KOTAPEPUTE, LEAETIOTE

kot woA to [Tapadeiypata 1.3 kot 1.4 kot Eavanpoomabnote.

1.3

Y1 doknon oty 0o tpénel va TpocEEETE TO YIVOUEVO TOV NULTOVOD LE TO GLUVN M-
tovo. Avtd gtvar To cuvnbhopévo AdBog mov yivetan oty mepintwon avtr. Hoapotm-
PNOTE OTL G” OAEC TIG TPONYOVLEVEG AOKNGELS ElYOLE LLOVO abpoicpata (1] StapopEc)
nutovoed v, kot eéetalovrag kdbe 6po Tov afPoicGLUTOC YOPIGTA, UTOPOVGULE VO,
TPocdopicovpe T cuyvoTNTo TOL KABE Ntovoeldoic. [ va ekppdcovpie To yvo-

HEVO TNC ACKNONG QTG OC AOPOLGLLO NHUTOVOEWD DV, Do ¥PNCILOTOCOVLE TV
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oyéon 2sindcosB = sin (4 + B) + sin(4-B). Emopévmg, éxovpe:

x(t) = sin(zt) + 4sin(3xt)cos(2xt) = sin(xt) + 2[sin(3xt + 2xt) + sin(3nt—2xt)] =
sin(zt) + 2sin(5xf) + 2sin(zt) = 3sin(zt) + 2sin(5xt) = 3sin(2x % )+

5
2sin(2r —t
(7r2)

BAémovpe 01t 10 avaroyikd onpa x(7) amotedeitarl omd dVO GLYVOTNTEG,
myv F, = %kHz Kow v F, = %kHz.

H eldyiom cvyvotmra derypotoinyiog yio v F, givol 2F, = 2(1/2) = 1 kHz, evd
vy v F, givon 2F, = 2(5/2) = 5 kHz. Xvvenmg, Aapufdavovtog deiypoto Tov ofo-
tog pe pvoud 3 kHz, yio v F, ¢ Oa vadp&el mpoPAnpa Kot ta dgiypata mov Oa
nhpovpe O avticToryovy 6° avth. [0 To NUITOVOELDEG OUMG e cuyvotnTa ), Oa
TOPOLGLUGTEL TPOPAN U, eéartiog TG Yauniov puOuov detypatoAnyiag, apov yio
VOl TO OVOTOPOCTICOVE 6OGTA Oa Empene va Aappdvovpe delypata pe cuyxvotnta
tovAdytotov 5 kHz. 'Etot, ta delypato mov Ba mpokdyouvv Ba avtiotoyoby 6 éva

NUITOVOEIDEG GUYVOTNTOG
5 1 , 5
F,=F~kF,= E—kﬁ% =— EkHz, omov F,=F, = EkHZ ko k=1,

a@o¥ N Ty F, Tov Tpoékuye avikel 6to dStaotnua [—F/2, F/2]. TeMkd, og cuuné-

POGLLO TPOKVTTEL OTL Ta. delypaTo Tov Ba whpovpe amd T detypatoinyia tov x(7),

, . . . . 1
Ba ovTIGTOYYOVV G’ €valL KO LOVO MULITOVOELDEG GLYVOTITOGC EkHZ.

Emonpaiveton 611 670 1610 amotédeopa Oa iyope katodnget av epyaldopactay povo
pe ) oxéon x(f) = 3sin(zt) + 2sin(5xt), ko avikabistovoape ¢ = nT, dnov T = 1/F,

= 1/3 msec. Erainbevote to.

1.4

Eivon edkolo va dodpe 6t 1 akorovbio p(n) pumopel va eKppactel g dapopd dVO
Prnuatikdv akorlovbidv, amd Tig omoieg N pio elval oAcONuévn ©¢ Tpog TNV GAAN
Kkatd 4 povadeg (detyparta). Exovue, dniadn, p(n) = u(n)—u(n—4), dnwoc poaivetor Kot
010 Zynua 1.30. Av tdht dev T0 OKEPTNKATE £TGL KO KAVATE XPNOT TNG LOVASIOI0G
KPOLGTIKNG d(1), TOTE Bl KOTOANENTE GTO GOGTO OMOTELEGLA, OAAG Alyo Tlo emimo-
va. [Mopotnpeite, oniadn, 0t p(n) = d(n) + d(n—1) + o(n-2) + (n-3). AAGQ, e Pdon
) oyxéon (1.33) €éyovpue
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Ixipa 1.30
IMoApog Sakprrod
APOVOV MG d10.PO-
pa Pnpotikedv
axorovhdv

o(n) =u(n) —u(n-1)
o(n—1)=u(n-1) — u(n-2)
o(n-2) = u(n-2) — u(n-3)
o(n-3) = u(n-3) — u(n—4)
[IpocBétovtag katd pEAN KATOAYOULUE KOl TOAL 6TO 1010 amotéAecua p(n) =
u(n)—u(n—4).
p(n) u(n) u(n—4)

1 = 1 - 1

HH ne

n 2101234 1"

H amdvtnon avtr etvat e0KoAn yio ekeivov Tov €xEl KATOVONGEL TV EVVOld TG OAL-
oOnong onudtev Tpog ta aptotepd (Tponynon) N ta 0ekid (kabvotépnon). Av dev
TO. KaToQEPATE UNnv amoyontevteite. Eivatl évvoleg mov gaivovtol evkoAes, oAl
GLYVA TPoKOAOLV GuYyvor. [TiBavov va purepdevteite 6tav cag Inndel va oyedd-
oete pio akorlovbio cav v u(n—4). BAémovtag to peiov (—) umpootd amd to 4, cuviy-
Owg vopifovpe 61t T0 onpa Bpicketar ota apvntikd. [Ipocoyn 6’ avtd! Xpelaletan
e€okelmon pe Tig £vvoleg avTég Kot va TG katavonoovpe. To onuelo—kAeldi elvat
ekel omov undeviletat n mopdotacn oty Tapiviest). TV TPOKEEVT TEPITTOON
avt6 cvpPaivel yio n—4 = 0, nrodn yio n = 4. Xvvenmg, 1 akoAovbio (To onpa) opyi-
Ceramd to onpeio n = 4. Kot agpo? to n givan Betio, to onjua o cvveyilel Tpog peyo-
MTepeg TES, OnAadn pog ta de€id. 'Eva tétoto onpa Aépe oti éxel vrootel kKabv-
otépnon katd 4 povadeg xpdvov. To av éva onpa Exel vrootel kKabBvotépnon (delay)
N mponynon (advance) e&aptdtot amd to av avtd Ppioketal petd N tpv ond to 0
(Undév). Ag unv Egyvaue otL 1 petafAnti n cuvnibog avagépetol oto xpovo. ‘Etot,
Aappavovtag og avaeopd ™ ypovikn otryun 7 = 0, 6,1 cupPaiverl petd to n =0
onpaivel 61t elvar ypovikd kabvotepnpévo, evod 0,tt cupPaivel Tpv 1o 7 = 0 onuai-

VEL OTL YPOVIKA TTPOTYEITOL.

1.5

Y’ OAEC OVTEC TIG TEPMTMGELS, POCILOUACTE GTOVG AVTIGTOLYOVG OPIOHOVS. AV Kol
@aivovtal T06o e0KoAOL Kot katovontol dtav tovg dtafalovue, evroHtolg 1 epap-
HOYN TOVG Umopel TOAAES POPEC Va. oG PEPVEL KAmoleg duckoAiec. Ag epapudcovpe
TOV 0PIGUO TNG YPOUMKOTNTOS Y10 TNV GGKNOT| QUT.
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I eloodo x,(n), n £€€0d0¢ Tov cvatuatog Ba eival y,(n) = 3x,(n) + 3. I'a eicodo
x,(n), M €£080g TOV cLoTAATOC B etvar y,(1) = 3x,(n) + 3. Téhog, Y1 16000 x;5(7)
= ax,(n) + bx,(n), n £€0d0¢ Ba 16ovTAL e y5(n) = 3x;(n) +3 = 3[ax,(n) + bxy(n)] +
3 =3ax,(n) + 3bx,(n) + 3 =3ax,(n) + 3bxy(n) + 3 + 3a—3a + 3b-3b = a[3x,(n) + 3]
+ b[3x,(n) + 3] + 3(1—a—b) = ay,(n) + by,(n) + 3(1—a=b) # a y,(n) + b y,(n). Apa, T0

GUOTNUO Elvor PN YPORKO.

Av kataAnéate 610 6oTo omotédecpa, Tote cog ailovv cuyyapntiplo. Hrtav oye-
TG SOGKOAN 1 AmOOEIEN, POV EMPETE VOL SNUOVPYHGOLLE Ta Y, (71), V,(71) oTNV TEAL-
K1 €KQPaoN TPOSHAPUPDOVTOG KATAAANAOVS OPOLS. AV dEV TO KATAPEPUTE, LEAETT-
OTE KOl TAAL TNV EVVOLQL TNG YPOULIKOTNTOC oTNV evotnta 1.4 kou Eovampoonabnote.

l.6

AoV to cuatnua y(n) = nx(n) &xel £va GUVTELESTN YPOVIKA petafarlopevo, mept-
pévoope avtd vo pnyv givar ypovikd apetdfinto. Mpdyupatt, av epappdcsovpe otnv
€loodo v Kabvotepnuévn katd n, akorovbia x(n—n,), n £€0dog Ba ivon y4(n) = n
x(n—ny). AT Vv GAAn TAevpd, av kabvotepncovpe T €000 (1) Katd 71, OVTUKOL-
Oiot@vtag 6mov 1 10 n—n, T01E M £€000G Ba elvar y(n—ny) = (n—ny)x(n—ny) # y4(n).
YVVETMG TO GUGTNUA OEV EIVOL XPOVIKA OUETAPANTO.

[dwaitepo evorapépov mapovstalel To cvatnua y(n) = x(2n), Yol otnv ovcia mpod-
KELTOL Y10 EVOL GOGTNWO vIToderyuatolnyios. H €£000¢ evOg TETOI00 GLGTALOTOG «KPOL-
Tdev Ta dptio povo detypato g akoiovdiog 16660v. Av Aoutdv kabvotepicovLE
v €16000 Katd 1, delypata, dSNAadN av EQOPULOGOVLE GTO GVGTNIA TV X(1—7,),
101 1 £€000¢G Ba glvan yy(n) = x(2n—n,). Av TOpa kabvcstepricovpe TV €050 KaTd
1y LOVADEG, YEYOVOG OV EKQPALETOL LOONULOTIKA LLE OVTIKOTAGTOOT TOV 71 LLE TO N7,
tote M £€000¢ Ba 1oVt pe y(n—ny) = x{2(n—ny)} = x(2n—2n,) # x(2n—ny) = y4(n).
[Mvetat pavepd, emopévag, 6Tt Eva TETO0 GVLGTNIO OEV Elval XPOVIKE aUeTAPANTO.
Av16 pumopet gvkoAa va yivel katavontd pe 1o akoAovbo mapaderypa. 'Eoto 6tin
axoAovBia elcddov etvar {x(n)} = {xg, X;, Xy, X3, X4y X5, Xg, - .. ;. 1OTE 1] OKOAOVOLOL EEO-
dov Oa 1oovton pe {y(n)} = {x(2n)} = {x,, Xy, X4, X¢, ... }. KabBvotepov e TV €16050
Kkatd pio povéda (ny = 1), Snhadn Kotd Eva detypa, ondte ovth yiveton {x(n—1)} =
{0, Xg, X1, X5, X3, X4y X5, Xg, - .. 1. H axorovBio e€600v Oa elvar tdpa ton pe {y(n)} =
{x(2n-1)} = {0, x,, x5, x5, ... }. [lopornpovpe, ENOUEVOGS, OTL VTN OEV 1GOVTOL IE TNV
ponyov eV akolovBia e£6d0v 1 omoia £xel vootel kKabBvoTépnon Katd pio pova-
da, OAAG TPOKELTOL Y10 [0 EVTEAMS SLOPOPETIKY akoAovBia, emPePaidvovTag £Tot
OTL TO GVGTNHA OEV EIVOL XPOVIKA QUETAPANTO.

Av amavtioate cootd, 10te cag ailovy Tpaypatikd cuyyapnTiplo. Av TaAL dev
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KOTOPEPATE VO ATOVINGETE CMOTA, LNV amoyontevteite. ['ivetat gavepo, yio pio
aKOUN POPEL, OTL PAIVOUEVIKA TPOKELTAL Y10 OTTAEG EVVOLEC, Ol OTTOIEC OUMG TOPOV-
o1Lovv apKETH GLVCKOAID GTNV KATOVONGT) TOVG, OTMG KOl GTNV KATOvONoT TG O10-
dkaciog amddelEng Toug. Asite Eovd Tov 0ptopd TNG YPOVIKNG OUETAPANTOTNTAG EVOG
GLGTHIOTOG Kol ETOVOLAPETE TNV TPOSTADELL GOG.

1.7

Avti TV GoKNoT WTOPOVUE EVKOAN VO TN ADGOVLE, APOD EXOVE 101 OVTIUETOT-
GEL TNV 7o dVGKOAN Tepintwon Tov Tapadelypartog 1.8. Ag dovpe T dradtkacio Kot
7oA, voroyilovtag T cuveMEN y(n) = h(n)*x(n). Mag divetan 6t A(n) = a"u(n) Kot
x(n) = Au(n). Apa

y(n)= i h(m)x(n—m) = i a"u(m)Au(n—m) = ia’"A = Ai a”
m=0 m=0

m=—oo m=—oo

1_ n+l A A
)= A(—L =2+ 2L = +Ca"
1—a l-a a-1

omov n = 0 xon C,, C,, otabepéc e€apTmdUEVES OO TO TAATOG TNG £1G0J0V 4 KoL TNV
TOPAUETPO a NG povadiaiag kpovotikng. ['a va eokelmbeite pe avtov Tov gidovg

TIC 0IOKNOELS, EMAVALAPETE TOLG VITOAOYIGLOVG Yia TNV Tepintwon y(n) = x(n)*h(n).

1.8

Yrépyovv TovAdy1oToV 600 TPOTOL Yio VoL AVGETE TNV doknen avt. O évog gival o
YVOGTOS TPOTOC, OV Ypnciomomaoape oto [apdderypa 1.8 ko 6NV doknon avto-
a&loldynong 1.7, katd tov omoio vroioyilovpe T (nrodpevn cuvEMEN pe Baom Tovg
optopovg (1.39) 1 (1.40), 6mov A(n) = (a" + b")u(n) xor x(n) = Au(n). Evag dgvtepog
TPOTOG ival EKEIVOC KATA TOV 0010, PN CLULOTOLOVTOG TV EMUEPIGTIKT 1O1OTNTA
NG CLVEMENG Kol AELOTTOLMVTOG TO UMOTEAEGLLO TG Aoknong avtoagloddynong 1.7,
&yovpe:

h(n) = (a" + b")u(n) = a"u(n) + b"u(n) = h(n) + hy(n). Etopéveg

y(n) = h(n)*x(n) = [, (n) + hy(m)]*x(n) = hy(n)*x(n) + hy(n)*x(n).

To amotéreopa h,(n)*x(n) pog elvor noM yvwotd amd v 4oknorn awtoaslohdynong

Aa , .
; + a—a" =C,+Cia". Kat’ avoroylo, T0 anotéAECHLO TG

1.7 ko 1wobrton pe
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GUVEMENG hy(n)*x(n) Bal 1loobTOn pE

Yuvenms, 1 €£000¢ tov cuothpatog Ba givai: y(n) = C, + Cia" + C, + C5b".

Av VTOAOYIoWTE TO GOGTO AMOTEALEGHA LLE KATOLOV OO OVTOVG TOVG TPOTOVG, TOTE
cag a&ilovv ouyyapntpla. Av dev Ta Kotaeépate, LeAeTNoTe Ko TAAL TO TTapd-
derypa 1.8 ko v "Acknomn Avtoaéordynong 1.7 xon Eavampoomadnote. Etvo 0épa

xPOVOL TO va e€otkelwbelte e TIG 00KNOES ALTOD TOV £Id0VG.

1.9

Eivar povepd 6t Ba mpémet vo alomomaoovpie Tig 1ot TeG TNG GVVEMENG, TOL YVE®-
picape oty evotnta 1.4, yio vo, vToAOYIGOVUE TNV GUVOAIKN KPOVGTIKY GTOKPIoT
TOL GLGTAROTOC. ATO TO XyMua 1.29 BAémovpe Ot A(n) = hy(n) + hy(n)*[hy(n) + hy(n)]
= Iy(n) + hy(n)*hy(n) + ho(n*hy(n). ANAG

hy(n)*hy(n) = [ %5(;1)7 %5(;171)]*25(;4) = %5(71)*25(;4)7 %5(;171)*25(;4)
=o0(n)— %6(1171)
ha(n)*h(n) = [ = 8(ny- (D12 L Yruo)]
z N 2 4 2
- %5@)*[—2( %)"u(n)]— %5(11—1)*[—2( %)”u(n)]

S %)"u(n) + %( %)"‘u(nn S %)”[u(n)u(nl)]

= ()"0 =00,

Apa, h(n) = [0(n) + %5('1*1)] + [5(n)*%5(n*1)] +[-0(n)] =d(n)

H dvokolio 6” avt) v doknomn o€ PpicKETAL GTN YP1ON TOV O10THT®V TNG GLUVE-
MENG, OALA GTOV LTOAOYIGHO TNG CVVEMENG EVOG CUATOG LLE TNV KPOVGTIKY 0KO-
AovBia. Ao Tov optopd ¢ cLVEMENS (oxéon 1.37), uropovpe evkola vo dtomt-
OTMGOVLE OTL d(n)*g(n) = g(n), d(n—m)*g(n) = g(n—m). Avtd GAA®GCTE TO EI0LE KoL

6710 XZynua 1.22.

"Exovtog 6Aa avTd KoTd vou, TpocTafnote vo AOGETE TV GOKNOT| ¥PNCLOTOIMVTOG

OU®G TNV TPAOTN todtTa Yo TV (1), SnAadn A(n) = h(n) + hy(n)*[hy(n) + hy(n)].
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Ixnpa 2.15

(a) H axoiovBio
o(n—M) xar

(B) to uétpo

Kol eAcn Tov
HETACY T LOTIGLLOV
Fourier avtrg.

2.1

H doxmon avt givatl evkoro va Abei, av Bounbodue ot d(n—M) = 1 pdvo yo n =
M, ka1 epyoctodpe 0nwg oto [lapdderypa 2.2. 'Etot, ond tov opiopod (2.1) €yovpe:

oo

X (&)= z x(n)e™ /" = i S(n—M)e /™ =g /M

n=—oco n=—oc0

[Mopatnpovpe 6Tt TO PETPO TNG GLVAPTNONG TOL LITOAOYicaLLE givart Kot TdAL ico pe 1,

apov ‘X(ej“’ )‘ = ‘e‘j‘“M‘ = |cos(a)M) —j sin(a)M)| = \/cos2 (wM)+sin*(wM),
gV M pdon eivar avéioyn g cvyvottog, nAadn £ X(€”) = —wM.

Ot avticTotyeg Ypopikéc mapactdoelg divoviotl 6to Zynua 2.15.

0 (n-M) IX(e/)|
1
1
I | | | |
0 M n 2rr 0 2r @ ©
(o)
‘ ZX(e/®)
0‘ w
(5)

Av KotaAnEaTe 6T0 0WGTO AmOTEAEG LN, UTpafo cag. Av oL, Eavampoonadnote. Avo
elvar ta onueia ta omoia wOavov dev Exete Katavonoet: (o) T povadioio KPovoTL-
KN d(n—M) m onoio etvor Tavtov iom pe undév, ektdg Tov onpeiov n = M, 6mov gl
mv Ty 1 (BA. evétta 1.3), kot (B) To0g 0ptopods TOVg GYETIKOVS LE TOVS Lyodt-
K0¥¢ apdpovg. Ot opiopoi (2.3) émg (2.6) Bo cag fondfcovy 6” avtd. Agite Tovg Kot

TpoomafNoTE Kol TAAL VoL ADGETE LOVOL GOG TNV AGKNGT).
2.2

OuunBeite 6t pe Pdon ) oyxéon 1.34 o TaApog x(7) Ypaetal:

x(n)= i xX(m)3(n—m) =1-[8(n+2)+8(n+1)+8(n)+8(n—1)+8(n-2)|.

m=—oco
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Eropévemg, amd tov opiopd (2.1) tov DTFT éyovpe:

oo

X(e/®)= z x(n)e /" = i 1-[8(n+2)+8(n+1)+8(n)+8(n—1)+8(n—2)|e /" =

=1 '[ef“’z +e/® +e/ +e7 +e_j“’2] =1 [1 +(e’® +e )+ (e +e_j2“’)] =
=1+2cos(w)+2cos(2m)
Ot ypapucéc mopaotdoelg Tov ToApol x(n) yuo Ny = 2 kai tov DTFT avtob @aivo-

vtol 610 Zynua 2.16.

x[n]

il

Ixnpa 2.16
(o) H axolovbia
x(n) g GoKNoNG
| | .
Aoynong

o g 0 - @ avtoadlo

\/ \/ 2.2 yio. N, = 2 kot

1)) (B) o DTFT avtng.

B0 LTOPOVGALE VO OVTILETOTIGOVLE TOV VTOAOYIGHO TOV 0BpOoiGUATOS YEVIKOTEPOD,
®C YEOUETPIKN TPO0OO, ONANOTN:

X(e/®)= Z x(n)e ™™ = 21 eI = z —jem=2) —ef“’ZZ(e f’”) =

n=—oco n=-2 m=0

<omovm=n+2=n=m-2>

. —jwS5/2( jw5/2 _ —jw5/2
jw2 l—e /3 jw?2 € ¢ €
=e =e

l—e /@ e—jw/Z(ejw/Z _e—jw/z)

_ /02 j0)2 4052 2 jsin(w5/2) _ sin(5w/2)
2jsin(w/2) sin(w/2)

H tehevtaio cuvaptnon amotelel ovo1OGTIKA TN S1KPLTOD YPOVOL TEPITTOOT TNG
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GLVAPTNONG Sinc, 1) omola epgaviletal Kotd To petacynuatiopnd Fourier tov tetporym-
VIKOD TTOAUOL cuveyovg xpovov. H kipia dtapopd petal&d tov 600 anTtdv Guvaptioe-
@V, PploKeTon 6To OTL 1} TOPATAVE® GLVAPTNON eivon TEPLOdIKN pe Tepiodo 27, (Yeyovog

OV OQEIAETOL OTN OELYUATOANYIDL), EVA 1] GLVAPTNON sinc givart [ TEPLOSIK.

Av kataAngate 6T cmoT Ekepaon, cag a&ilovv cuyyapntipa. ‘Exete kotavoroet
tov optopd Tov DTFT kot 10 ¥eptopd Tov uryadikdv aptudy e popeng €. Av
oA Oev Ta KaTapépate, unv amoyontevbeite. Emavaidfete tv doknon avtoaélo-
AOyNong 2.1, (apov icwg perethioete kot oAt v evotnto 1.3 tov Kepoaiov 1) ko

EavampoomabnoTe.

Topa mov e€okelwbnkate pe avtov Tov €100VG TIg TPAEELS, emavarapete T S1ad1-
kaoio vroAoyiopov Tov DTFT tov maApod tov Zynuatog 2.16 yio ) yevikn mepi-
TTOGN IOV oWTOG ekTEivETON 0td —N, wg N,. Evkoha Oa katariEete o1 oyéon X(€)
= sin[w(N, + 1/2)]/sin(w/2).

2.3

O vroroyiopog tov DTFT g g(n) yivetoar modd edkoro 6v facioTodpe GTIC 1010-
TNTEG TNG YPOUUUKOTHTAS KL TNG 0Alo0non¢ oTo ¥povo Tov Petacynpaticpod Fourier
dtakpttod ypdvov. ‘Etot £yovpe:

o x(n)«E> X(e/?) € opiopov.

o x(n-1)eEse X (e’?) Moym ¢ 1BdTTag TG ohicOnong 6To xpdvo Katd
ny =1 (BA. [livoxka 2.2)

o x(n)-x(n-1) <= X(@) -7 X() = (1-e7”)X(¢”) Moyo TV 590 Tponyolue-
VOV GYECEMV KOl TNG 1010TNTAG TNG YPOUUUIKOTITOC.

Av amavtioate 6moTtd, TOTE cuyyapNTAPLa. Tig 10TNTES TG YPOUUIKOTNTOG KOl TG
oAicOnong oto ypovo Ba Tic GUVAVTOVUE TOAD GLYVA. AV dEV KATAPEPUTE VO TPO-
YOPNOETE GTN ADGT TNG AGKNONG, TOTE YPEGLETAL VO ETAVOAGPETE TN HEAETT TOV
WOTATOV TNG YPOUKOTNTOS Kol TG oAioOnomng g vrogvotntag 2.1.2. OlokAn-
PAOCTE TNV EMOVAANYT] KOl TPOGTOONGTE TAAL Vo AVoETE aTH TNV doknon. Tn eopd
avt Oa To KoTaEEpETE EDKOAN.

2.4

H Mon avt dev givar kot amod Tig TAEoV gvkoAec. Oa TPEMEL VoL GKEPTOVUE OTL, 0POV
n oxéon tov DTFT etvon éva dBpoiopa ekbetikdv dpwv, Ba fTav xpriopo va exepd-
GOLLE TNV TPLYOVOUETPIKN GLVAPTNON COS G€ ekOeTIKN popen, dniadn, cosd =
(€’ + e7%)/2. Eto, éyovpe:
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ej(‘“o”*#’) + e—j(wo”“ﬂ)
x(n) = Aa"cos(wyn + )u(n) = Aa" 5 u(n)

= éa”(ejwo"e-"‘p +e /eI Yy (n) = grz-"“’(arej‘”0 )'u(n)+ gei"‘p(ae_jw” ) u(n)

2

Me Bdon v 1ot Ta TG YPOUUIKOT TS, KaOMS Kot Tov anotedécpatog tov [apa-
detypotog 2.1, Bpickovpe ot
X(e/?)=F{x(n)}= ée”’ ; + ée_j"’ ;
2 l—ael®e? 2 l—ae/e™?
A A, 1
2 1=aqe/(®®) 2 1= ge/(@+@0)
Onwe MO avaeépape otny apyn g Aoknong avtg, 1 Ao g dev eivat E0KOAN.
Katd cvvéneia, unv amoyontevteite av dev ta kotapépate. [Ipoonabnote va tnv
KOTOVONGETE Kol EMAvVaAdPete TNV entivom g Lovol cag TAov. Av TaAL glyate omd

TNV apyn KATAPEPEL VO, TNV AGETE, TOTE 6ag a&ilovy cuyyapnmpla. Zoveyiote 161

2.5

Edav xl(n)@Xl(ej‘”) Kol X, (n)(%X2 (e’?), 161e Béhovpe vo. deifovpe 6T

x,(n)x, (n)«t— 2L J X,(e’)X, (e’ ")dO . "Exovpe houmov:
T
2

o

Fix(mx(m)}= Y x(mx (e’ = [21—7r [ e doL, (e

n=—oco n=—oo

=)

1 ¥ . oo 1 ¥ . .
=E_J-Xl(ew)|:z x, (n)e /(@9 ]d9=EJX1(€’9)X2(€’( )46

n=—oc0

To oloxinpoua 610 de&l HELOG TG GYEONG AVTITPOCMOTEVEL TI GUVEMEN TOV LETO-
oymuatiopdv Fourier X, (€) ko X,(¢”). Avth 1) 6yéon amotekei ) Sttty kppaon
g oLVEMENG 6T0 TTEdio Tov YPdVvoL. Me dAla AdYLO, O TOALUTAUGIOGILOG dVO OKO-
AoVOL®V 670 TESIO TOV XPOVOL 1GOJVVAEL e TN GVVEMEN TOV UETACYNUATICUDV
Fourier avtdv. Kot avtifeta, 1 cuvéMEn dvo akorovbidv 6o medio Tov xpdvov, 160-

duvapel pe Tov ToALOTANGLOGHO TOV HeTacyNUaTIop®V Fourier avtdv.

Ao ™ Aomn avtr O SUTIGTOGATE, Yo Lo aKOUN @opd, OTL 1] amddEEN T®V 1010-
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IxAua 2.17

To povadiaio
KPOVGTIKO delypa
xat o DFT tov

TV givol cuvnbmg dvokoAn. I't’ avtd unv amoyontevdeite av dev To KATUPEPATE.
Mehemote Eava TOug 0pIGLOVE KOt TIG IO1OTNTEG TNG TOPOVCHG VITOEVOTITAG KoL ETTL-
YEPNOTE KOl TAAL VoL ADGETE TNV AOKNGT LOVOL 60.G. AV OUMOG ETYOTE KOTAPEPEL OO
TNV TPOTN GTIYUN VO, ODGETE TI GOOTN OMAVTNOT, TOTE UTPAPo coc. Agv TpoOKELTAL
VO OVTILETOTIGETE KOULE SUGKOAIN G OTOIONTOTE OO TIG EMOUEVES OTOOEIEELS 1010~
mTOV.

2.6

YV mepintoon ovty Exovpe 0T x(n) = d(n). Avtikadiotovpe ot oyéon (2.21) kot
Bpiokovpe:

N -1 N-1
X (k)= xRk =Y S =5O)WS + (WY +...+ 8N - W =
n=0 n=0
=1-1+0+0+...+0=1

Apa X(k)=106mov k=0, 1, 2, ..., N-1. Anhadn, omwg deiyvetal kat 6to Zynqua. 2.17,
N povodoio KpoLGTIKY divEL GLYVOTNTES Y10 OAES TG TIUEG TOV k. Me dAAa Adya, M
HOVadLoio KPOLGTIKT KOAADTTEL OAO TO Phcua Twv cuyvotntov! To edopa avtd ovo-
udleton Aevxo (white), o€ TOPAAANAIGUO HE TO AEVKO PO, TO 0Toio givol amoTéle-
ol TNG 6VVOESTG OA®V TOV ¥POUAT®V TNG ip1dag o€ 1oeg TocOTNTES. AVTOG Elval
GAA®oTE 0 AOYOG Y10 TOV OTO10 YPTGLUOTOLEITAL Y1 TNV E0PEGT TNG ATOKPLIONG EVOG
GLGTANATOG OLAKPLTOV YPOVOV, OTTMG avapépbnke oty evotnta 1.4. [Mopatnpnote
EMIONG, OTL TO AMOTELEG A TOL VTOAOYicapE ivol aveEaptnTo amd T0 TAN00G TV

derypdtov N.
x(n) LX(k)|
1 1
1 : A, k
0 1 2 3 N-1 0 1 2 N-1

Onog SlomotdcoTe, 0 VTOAOYIGHOS 0VTOG NTOV EEALPETIKE 0TAOG. Ziyoupo. TO. KOTO-
pépate. Av AL avtd de GLVEPN, TOTE peketote Eava tov optopd tov DFT kabmg
KOL TOV Topayoviav otpoeiic Wik . Metd Eavompoomadiote. Tpaypaticd Oa deite

011 dev glval kot T060 OVGKOAO VO KATUANEEL KOVEIG GTO GMGTO AMOTELEGLA.
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2.7

Apyilovtag kat wéA and tov opiopd tov DFT (oyéon 2.21) éyovpe:

N-1 N-1 _em
X(ky= Y x(n) Wik =Y d-e V" k=0,1,2,3, . N1
n=0

n=0

N-l1 N-l N-l
o A=0 mporcvmte:. X (0)= ZA e/ zzA-l = AZI =A-N

n=0 n=0 n=0
R I =

T k0 mpoxcomter:  X(k)=D de N =AY e V' k=1,2,3, ., N-]
n=0 n=0

Exopalovtag v Tenepacévn YEOUETPIKN GEPA G KAEIGTN LOPOT|, EXOVLLE:

|27
l-e J(NkJN 1—e /2™
X(k)=4- - =4 T =0ywk =1,2,3,...,N-1
l_e_j(ﬁk) l—e_jT

emeldN o apldunTg ™G oxéomng eivar Undév, VM 0 TAPAVOLAGTNG EVOL S1APOPOS TOL
undevog. Apa., TeAkd:

X(k) = ANS(k), k =0,1,2, ..., N-1

Ot ypapikég Tapaotdoelg ¢ otadepng akorovdiag kot tov DFT avtig eaivovtot
oto Zynua 2.18. Zvykpivovtog avtég pe exelveg tov Zymuotog 2.17, Kot ayvomvtog
TOVG TOALOTAQGLOGTIKOVG TOPAYOVTES, TOPOTNPOVLE OTL ALTEC etvat 101ec, dTav eval-
Adocovpe To xpdVo LE TN GUYVOTNTA. AVTO gival amdpPotla TOV SITTOV YUPUKTPA
tov petacynuotiopov Fourier (duality property).

X(k)
x(n) AN
A
Ixnpa 2.18
H otobepn ako-
N AovBio TAdtovg A
1 2 N-1 o 1 2 N-1 kot o DFT avtrg

Av dev kaTapépoTe Vo ADGETE TNV oK oM ALTH Uy omoyontevbeite. Aev glvar amd
TIG TAEOV EVKOAES, OOV TTPETEL VO SIOKPIVOVE TEPIMTMOGELG Y10 TO A KO VO KAVOL-
LLE TOVE VTOAOYIGLOVS YWPLoTA Yo Kabeputd and avtég. BAémovpe kot mdAl 6T1 M
oyéomn mov kateoynv pog yperaletal eival ekgivi TOL VTOAOYIGLOV TOV OTOTEAE-

GLLOTOG HLOG TEMEPACUEVTG YEOUETPIKNG GEpAC. [Ipocmabnote va v katavonocete
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Kol Vo ETavaAdfete T AVon pHOVoL Goc.

2.8
O vroroyiouog tov DFT tov x,(n) kot x,(n) Oa pmopovoe va yivel pe amgvbeiog
epappoy” g oxéong 2.21, 6mwg £yive Kot otnVv mepintmon tov [apadeiypotog 2.4

v v akoArovdia x(n) = {1, 1, 0, 0}, dmov Ppédnke 6TL

X(k):{z, J2¢ 7% 0, 2! Z}.

[Moapatnpovpe Opwg 0t X, (1) =x(<n+ 1> ,) ko x,(n) =x(<n+2>,). Zuovenmg o
DFT avtév pmopel va vroroyiotet pe ™ Pondeio g 1816t T0G TG KUKAIKNAG OAL-

oOnong (netatdmiong) oto xpovo tov Ilivaxa 2.3 wg e&ng:
X,(k) =Wy X (k) wav X, (k)=Wy** X (k)

omov n, =—1 ka1 n, = -2 avtictorya. [Tapatnpovpe 6t T0 pé€rpo tov DFT Ko toov
POV aKoAovOwmV x(n), x,(n), x,(n) glvar To 1510, 6OTwS deiyvovue oto Typa 2.19p.
Exeivo mov airdletl pe v ohicOnon etvar n edon toug (Zynua 2.19v).

Av BprKaTte T0 6OOTO ATOTEAEGO, TOTE UTPAPO GOC. AVTO GNUAIVEL OTL EYETE KOTO-
voncel Oyt Lovo tov optopd tov DFT, akAd ko v enidpacm g odicOnong oto teit-
K6 amotédespo. Av oA Ogv TO KATAQEPATE, TOTE TPOTEIVOLUE VL EOVOOOKIUACETE
KoL [Le Toug 600 TpOToVG. Apyiote T dladikacio pe Baor Tov opiopo (2.21) kot cuve-
yiote pe faon tov opiopod (2.34). [Morog amd tovg dVO TPOTOVS VTOAOYIGUOD GOG

@avnke mo eOKOAOC;

2.9

O DFT g x,(n) = {1, 2, 3} wobtan pe X,(k) = {6, —1,5+0,866, —1,5—0,866}.
O DFT mgx,(n) = {4, 5, 6} 1covtan pe X,(k) = {15, —1,5+70,866, —1,5-0,866}.

O DFT g x5(n) = x,(n)®x,(n) = {31, 31, 28} wwobtan pe X;(k) = {90, 1,552,598,
1,5+52,598}.

[apatnpovpe 61t 1 axorovdia X;(k) icovTon pe to yvopevo tov X (k) ko X, (k) otot-
xeto mpog oroyeio.

Av KOTOANEATE 6TO GMOTO AMOTEAEGLO, TOTE LYo THPL. EYete Katavonoel Tov
Tpomo vroloyiopov tov DFT piag akolovBiog, kabdg kot T dtadikacio ekTéeong
TpaEewv o€ Pyadkong aptdpovg. Xy avtifetn nepintwon, Tpoonabnote Kot ToAL.

Oa deite 6T etvar B e€otkeimong e TOVG Lyadikovg,.
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X(R)I=1X, () =X ()

B N

. k
0 1 2 3
() B
X(k)
1o 1 /4
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2.10

Xpnowonowwvtag Tov opiopod (2.21) Tov DFT Bpickovpe 6Tt

X(k):{é, SENRES _z_,ﬁ}.

2 2 2 2

2
Emopévog M | x(n)f=17+27 +3? =1+4+9=14
n=0

% > 1 1
K gZ|X(k)| = (36+3+3)=2-42=14.
k=0

Yuvenmg, to Bedpnuo tov Parseval emodnOedetar.

Avt) fTav pio e0KoAn doknon. Ziyovpa O Kotainéote 610 6mGTO OnMOTEAECUA. AV
hAL 0wTd Og cLVEPRT, TOTE e€aiokmBeite GTOLG VTOAOYIGHLOVG Le BAOT TOV OPIGUO TOV
DFT (2.21). EWdwa yio pukpég Tipéc tov N, givar 0épo amhmv mpa&emv e pryadikong
apOpove.

2.11

Emymxdvoope kobepid amod tig akolovbieg A(n), x(n) dote va amoktnoetl pnkog N =
8. IIpoxvmtovy étot ot akoiovbiec A'(n) = {1,2,3,0,0,0, 0, 0} kou x'(n) = {3, 4, 5,
2,0,0,0,0}. To pnkog N givar HeyoldTEPO TOV PUNKOLS TNG 0koAovbiag Tov TpoKv-
TTEL OO TN YPOUKT] GUVEMEN TV A(n), x(n). Me dAha Aoy, N> L+ M-1=4 +
3-1=6, 6mov L, M, L + M—1 ta pnkn tov akolovbidv A(n), x(n) kor y(n) =
h(n)*x(n), ovtictoya.

Yroloyilovpe tov DFT twv /'(n), x'(r) pe Bdon ™ oyéon (2.21) kar Bpiokovpe avti-
oToLY !

H(k) = {6, 2,41-4,41, 22, —0,41+1,6, 2, —0,41-1,6, 2472, 2,41+j4,41}
X(k)= {14, 4,4159,24, 22, 1,6+j0,76, 2, 1,6-j0,76, —2+j2, 4,4149,24}.
To ywopevo tov H(k) kol X(k) Oo pog owoet v Y(k), dmAaon, Y(k) = X(k)H(k) =
{84, -30,14—-41.8, j8, —1,86+/2,2, 4, —1,86—2,2, -8, —30,14+j41,8}. ' va

Bpovpe v y(n) Bo wpémer va vroroyicovpe tov IDFT tng Y(k) cdpomva pe ) oxéon
(2.22), yio. N = 8, dnhadn

7
y(n)= %ZY(k)e-"z”"”/8 ,n=0,12,....7.

k=0
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To amotéiespo mov mpokvmtet sivat: y(n) = {3, 10, 22, 24, 19, 6, 0, 0}.

[Mopatnpovpe 61t To dvo terevtaia oTotyeia TG akoiovbiog y(n) etvar undevikd,
OT®G GAAMGTE NTOV AVOLEVOLEVO, 0OV 1| YPOUULKT GUVEMEN TV X(n), () Bo Ttpé-
mel va, £xel pnKog €61 To amotéheso avtd cupEoVEl pe ekeivo tov Iapadeiyportog
1.6, oto onoio vroAoyicope Kol TAAL TNV 1010 Ypop Ky cuVEMEN, aALd amevbeiog

670 1edi0 TOV YPOVOV.

Av KoTapépate va AOGETE GOOTE TNV GoKN oY aLTY, TOTE oag a&ilovv ekpvd Guy-
yoapntipla. Ot vroloyicpol yio peydieg Tinég Tov N givon emimovot Kot e0Kola pwo-
pei va yivouv Aabn. Xtig pépeg pog, mtapopolot vroroyispol yivovrot pe t Pondeia
S0POP®V TPOYPOUUATIOTIKOV £pYULEi®V, OT®G Yo Tapaderypa, tov MATLAB.
"Etot, 1 épupaon divetor oty katavonon g 10T Tog auTig KaBeau TV Kot 6T oo~
d1K0.G10, VTOAOYIGHOV TOV OTOTEAEGLOTOG.

2.12

(o) I'a Tov amevbeiog vIOAOYIGUO TNG YPOUUIKNG GLUVEMENG 00O aKOAOLOLOVY TTpay-
HOTIKGOV opOpGY pikovg N 1 Koepd, omoitovvtol N TpoyoTikol TOAOTAC-
olacpol (BA. oxéon 1.39). To amotélecpa g Ypoppukng cuveMéng Oa sivan pia
axoAovBio prrkovg 2N-1.

(B) O vmoroyiopOg TG YPOUUKNG GUVEMENS HEGM TOV TTEGIOL TNG CLYVOTNTOG Yive-
Tal VPPV pe To Xynua 2.11. Ot dvo axorovbieg Tpémetl va emunkuvOovv e
™V TPOoG O KN oTOYYEIOV UNOEVIKNC TIUNG, OOTE VO OTOKT|GOVY KOG TOVALYL-
610V i60 Tpog 2N-1. 'Eoto telikd, 6TL o uniKog kébe arxorovbiog yivetal ico
mpoc 2N. O voroyiopdg tov DFT piog axolovdiog 2N ototyeiov amartel (2N)
= 4AN? uryadikong ToAUmAOGIOGHOVE. ZOpemva pe To ZyAua 2.11, amotteital o
vroroyiopuog 2 DFT, o moAlamhacioouds tov 2N ctoyeiov tov DFTs tov vro-
Aoyicape kot téhog, 1 IDFT 2N onpeiov. Avto wcodvvapel pe 3DFTs kot 2N
oS 1ko0¢ TOAMUTANGLOGHOVC, 1| GUVOAKE pel 2N + 2N=12N? uryadikovg ToA-
Aamhootacpovg. Eneldn kabe pyadikog moAAamAocociog ypelaletal TE6oEPLg
TPOYLLOTIKOVG TOAAOTAOGLOGLOVG Y10l VO TPy LoTOTomOel, 0 GuVOAMKOS apOpdg
TOV TPAYUATIKOV TOAMOTAAGIOGUAY YiveTar 48N, Avtdc 0 aptdudg sivon katd.
TOAD PEYOADTEPOG EKEIVOV OV gidaple otV TEPITTOON (01) TOV VITOAOYIGUOD TG
YPOPKNG cuVEMENG anevbelag 6To medio Tov ypovov. Apa, 1 xpron tov DFT
KPIVETOLl OC |11 CLLPEPOLGAL.

(v) Agdovpe Tmpa TNV TepinTmon KaTd TV omoia, Yo Tov VToAoYIGHO Tov DFT ypn-
opomotovue Evay tayd adyopiduo Fourier (FFT) Baong 2. To mAnbo¢ tov puyo-
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SIKOV TOAAATAAGIAG LMV Yo o okoAovBia 2N otoyeimv elvat (2N/2) log,2N =
N log,2N. T'a Tov VTOAOYIGUO TNG YPOMKNG GUVEMENG COLPMOVA [LE TO Ty L0
2.11 amortovvror 3N log,2N + 2N pryadikol molharnraciocpoi 1 12N log,2N +
8N mpaypotikoi tolhariasiacuol. Kataypdeovtag to mAn0og v Tpayatikoy
TOAAOTAQGIOO UV Yo StopopeTikd N atov [Tivaka 2.6, mapatnpodue ott yio N
> 64 LLOG CUUPEPEL VO, DTTOALOYICOVLLE T YPOULUIKT GUVEMEN HEGM TOL TTESTOV TNG
ouyvotrag (pe yprion tov FET) kot 1 amevbeiog oto medio Tov ypdvov.

Mivakag 2.6
11An0o¢ mpayuotikdy ToALOTAOGLOGUMDV YI0. TOV DTOAOYIGUO THS YPOUUIKNG GOVELL-

éng 0vo arxolovBicddrv N aroryeicv.

[1AM60g otoyeimv kabe AmevBelog VIOAOYICUOS  YTOAOYIGHOG TNG YPOLLLLL-

axoAovBiog NG YPOLLUKNG GUVEMENG KNG GLVEMENG oTo TTedio
670 1edio Tov YPHVOL ™G GLYVOTNTOG HEGH
tov FFT

(N) V) (12N log,2N + 8N)
4 16 176
8 64 448
16 256 1088
32 1024 2560
64 4096 5888

128 16384 13312

256 65536 29696

512 262144 65536

1024 1048576 143360

AV KoToQEPUTE VO OTOVTNOETE 00T, TOTE oG a&ilovv cuyyapntiplo. ‘Eyete kata-
VONGEL TOGO TOL TAEOVEKTNLOTA TG ¥p1ions Tov FFT 660 kot to oyeTikd pe tov vro-
Aoyiopd TG cLVEMENG 6TO XPOVO, 1 LEG® TOV TEGIOL TG GLYVOTNTAS. AV dgv Umopé-
GOTE VO AVGETE TNV GGKTOT 0TI, TOTE LEAETNOTE Ko TTOAL Tig evotnteg 2.2.3 Ko 2.3.
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A&ilel va onueidoovpe £0M ta eENG:

* To cvotnua mov poALg eEetdoaype gtval Eva eidtpo TPpOT™S TAENS. (Auundeite ot
0 Babpog Tov ToAL®VVLOL TOL TapavopaoTh ™G H(z) kabopilel kot v T4EN Tov
GLOTNHOTOG).

* To ¢iktpo civar emovaAnTTiKd, ool detypata T 5600V aVaTPOPOSOTOVVTAL
GTO GUOTNLO.

o Yvykpivovtag v H(z) TOL GLGTHATOG AVTOV LE EKEIVN TG doKNoNS ovToalo-
AOYNong 3.5, mapatnpovpe 6TL 1| LoV S10.popE TOL VIGPYEL EIVOL GTO TPOG IO
TOV GUVTELEGTH TNG Z | TOV TOPAVOLOOTH, SNAadT 6TOV TOAO TS GLUVAPTNONG.
Avt m dwpopd Exel g cvvenela va oAAGEEL Pk | GLUTEPIPOPA TOV GLGTH-
patog Kot oo fadumepatd eidtpo ot pia mepinTmon va yivel vymrepatd oty
GAAN.

4.1

0. X®O0TO.

B. AdBog (5).

v. AdBog (Tym cvvieheot 0,2)

3. ZooTo.

€. AdBog (Kabvotépnon 27, = 1/44100 = 45,3 psec)

Av &yete amavtiogl cwotd, tote pnpdfo cag! Exete kataldfet Tic facikég Evvoleg
ota FIR @iltpa, to omoia pe T o€lpd ToVG amoTeA0HV OVGLUGTIKO EpYOAEi0 GTNV
Yook eneéepyacio oNUaTOC.

Av €yete pepikéc amd TG amovtioelg AdBog unv omoyontevteite. Atofdote TaAL TNV
evotnra 4.1, divovtag Epeacn otny vroevotta 4.1.1.

4.2

H cvyvémrta amokonig mpénet va givorl tikpoTepT omd TV 7, dpov 1 TEPLOYN EVOLU-
PEPOVTOG GTO YNOLoKA QiATpa stvon [, Tt].

Av arovimoote cmotd, cuyyapntipo. Exete katavonoetl 0o npdypata. Tov tpdmo
OV EVEPYOVV GTIC GLYVOTNTEG TA d1apopa GidTpa (vymmepatd, Babvmepatd KTA.),
KaOmg emiong Kot To yeYovog OTL 1 AOKPLOT] TOVG OTI GLUYVOTNTO EIVOL TEPLOOIKT) LE

mepiodo 2.

YtV mepintmon wov €xete KAvel AaBog, Oao TpEmMEL VoL EGTIACETE TNV TPOGOYT| GOG
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TOGO GTOV TPOTO OPIGHOV TMV TPOIAYPAPDV £VOC QidTpov (evotnrta 4.2), 660 Kot
670 KepAaloto 3 evotnta 3.4.5 6mov e&nyeital 1 TEPLOSIKOTNTA TNG UTOKPLONG GUYVO-
TNTAG TOV YNOLOK®V GIATPOV.

4.3

1. AdBocg.

2. 200710.

3. AdBog.

4. Zwoto.

Av &yete anoviosl cwotd punpdfo cag! Eyete kotaidfet Tov 1pdmo mov Asttovp-
youv ta mapabupa ot dadikacio oyedioong tov FIR eidtpmv. Avtd sivatl modd
ONUOVTIKO Y1OTl e AVAAOYO TPOTO T TaPABvpa AEITOVPYOVV KOl GE AALES TEPL-
TTOGELS YNOLOKNG ene&epyaciog onpatog (dev avapépovtal 6to BiAio avto).

Av &yete amavtiogl AaBog, TOTE SMGTE TEPIGCOTEPT) TPOGOYN OTNV evOTNTA 4.3 KOl
Kupimg oto oynua 4.6., ToL TEPLYPAPEL TOV TPOTO EMIOPACNS TOV PAGUATOS TOV
TopadVPOL GTNV TEAKN AmOKPIoT TOL PIATPOL.

4.4

Yot ardvinon eivar n B, S10Tt o1 povadeg KaBLGTEPTONG GTNV AUEST] O LAO-
moinong tov FIR giktpov elval katd pio Aydtepeg amd Toug TOAMATANGIOOTES.

Av 0ToVToOTE COGTA GNUALVEL OTL KOTOVONGOTE TOLG 0VO0 JLOPOPETIKOVS TPOTOVS
viomoinong twv FIR @iktpov mov meptypdeovtar otny vrogvotnta 4.4.1.

Ye avtifetn mepintwon ddote TEPIGGITEPT TPOGOYT| GTO GYNLa 4.9.

4.5

Ta bits TOV ATOLTOVVTIOL GTNV OVOTOPAGTOCT TOV GUVTEAEGTMV TPETEL VA €lval

neplocodTepa omd 106/6 = 17,6. Apa yperalovtat 18 bits.

Av 6NV GOGKNO™ 0LT OTOVTCATE CMOGTA, dLTO oNUaivel 0Tl pmopeite va epPfado-
vete oty oyediaon tov FIR ¢idtpov, apod éyete v aicnomn tov o0 N akpifeia

GTNV AVOTOPACTUCT] TMV GUVIEAEGTMV TOV GIATPOL Bl ETNPEAGEL TV OTOKPLCT] TOV.

Av dgv anavtioate 6moTd, TpocTadnote TaAl otV vIogvoTnTa 4.4.2.
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5.1
Me Bdéomn tovg supfolicpong tov Zynuatog 5.1 kot ta dedopéva tng doknong Ppi-

GKOVUE OTL:
1 , , )
10log,o| — [=—3 dB, ono6te mpokvmTeL 6TLE” = 1.
I+¢

To amotéleopa ovtd fTay avapevopevo, agov ta —3 dB avtietotyodv ot cuyvot-
1

T Q,, Yo TV onoia EEpovpe OTLTO HETPO TNG AMOKPIONG IGOVTOL LLE T .
2

F,=500 Hz, onote Q, = 2nF, = 2x500 rad/sec.
Inpeidote 0L 6TV TPOKEWEVN TepinToon 2,=€..

10 logm(%) =—40 dB, on6te 4* = 10*

F,=1000 Hz, ondte Q, = 2xF; = 271000 rad/sec.

Avtikabiotovtog oty e€icwon (5.6) vroroyilovpe v TéEN ToL PIATPOL:

2 2
v = logi/k) _ tog|(4° -1)/ ¢ _ log;(10* 1)
log,o(1/k) ~ 2log,o(2,/2,) ~ 2log(2)

=6,64

Apa to @iATpo T0 0Toio TANPOL TIC TPOdIAYpaPES etvar EBdoung tééng (N = 7).

O morot Tov pidtpov vroAoyilovral and T oxéon (5.9)
5, =10007e/™ 2/ GV g =0,1,....6 .

Av éyete voloyicel T cwotn TaEn Tov eiktpov Butterworth, kaHdg Kot Tovg TOAOVG
Tov, T0TE GLYYapNTPlo. Eiote oe BEom va vrohoyilete éva amd To Pacdtepa avoro-
YA @iktpa. OvGlaeTIKG, £XETE KATAVONGEL TI GNILAGIN TOV S10(QOP®V TOPUUETP®V,
yeyovdg mov Ha Goig SIEVKOADVEL GTOLG VITOAOYIGLLOVG YL0L TOL ETOUEVE. VOAOYIKA PIATPOL.

Ye avtifetn mepintmon, unv awoyontevbeite. Meletnote Kot TAA TV VTOEVOTNTO

5.1.1 xon otn ovvéyela daPdote pe mpocsoyn to [apdderypa 5.1.

5.2
H ocvvapton petagpopdc tov mpotdtumon avaioyikod fadvmepatod giltpov, Tov
Hag SIVeTal, AVTITPOCHOTEVEL £V PIATPO e cuyxvoTNTo amokomng 2, = 1 rad/s, dnA.

Q,= 0, = 1. Avtd nov pog Cnreiton givar va oyedidoovpe kot oAl évo @iktpo



AMANTHIEIZ AZKHIEQN AYTOAZIOAOTIHIHY

289

Chebyshev tomov 1, 10 omoio 6pw¢ va ivat vymmepatd Kot va £(EL GUYVOTNTO OTO-
xomig Q,, = Q7 =4rad/s. To ¢iktpo 00T TPOKVTTEL EDKOAO. PE OVTUCOTAGTOOT TG
uetafAng s Tov TpwtodTLRoL Babuepatod idtpov e 2,Q) /s =4/s, bnog vra-
yopevetat omd T oxéon (5.16). Apa ) {ntodpevn cuvapTNoT LETAPOPAS TOL VYN -

nepatov eiktpov Chebyshev Oa givat:

HHP(S):Hp(S) 4= 1 4=
s=— > +1,0985+1,103 |s=—
N N
_ 1 _ s
4Y 4 1,1035% +4,3925+16
— | +1,098[ — |+1,103
s N

[Mopatnpodpe 6Tt T0 VYNTEPOTO PIATPO TOL TPOEKVYE Elvar 1010 TAENG LLE TO APYIKO
Babumepato eiktpo, Snraon devtepng Taéns. To eiktpo avtd mapovstilet Eva pndevi-
K6 ywo s = 0. Me dAha Ady1a, E0KOA0 LITOPOVLE VO SLOTIGTAOGOVLE OTL Yo Q2 = 0 1) arod-
Kkpion givon H(7Q) = 0, yeyovdg ToL GUUPMVEL LE TV VYNTEPATY] 1O1OTNTO TOV GIATPOV.
XNV TEPITTMOGT TOL EYETE OMOUVTIGEL GOGTH, UTPAPO GOC, YIOTL KOUTOVOTGOTE TO U)o
VIOUO HETOCYNHUOTIOHOD 0tO TOV £VOL TUTTO OVOAOYIKOV GIATPOL 6TOV dAAOV. AVTo givan
TOAD YPNGHO Kol amapaiTnTo Yo TV 0An oyediaon tov ynelokdv IR eiktpov. Av
dev BprKate T 6OGT ATAVINGT|, TPOSTAONGTE TAAL YPNCULOTOIDVTOG LUE TPOGOYN
11§ oyéoels (5.16) ko (5.17). llpoonabnote emiong va kataAdPete to [opdderypa 5.2.

5.3

To pétpo ¢ amdKpIoNg GLYVOTNTOG TOV GIATPOV TPEMEL VAL £XEL TN LOPPT TOL XyN-
potog 5.12a. Aeod 1 amdkpion o tpénel oyedov vo undeviletal yuo w = 0 kot @ =
7T, GUVETAYETOL OTL 0T oNEla AT Bo TPETEL VL LITAPYOVY KATOLL PN OEVIKA.

\H(e)|

Im

1«0,9—«0,9—1 Re

IxApa 5.12

(o) EmiOounri
OTOKPIOH TOD
{wvodiaforod
wneLoKob il-
pov, (P) moloi
KOl UNOEVIKG, 0TO

ETITEOO—Z
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"Eoto 611 o pndevikd Bpiokovtot otic 0éoeig z = 0,9 kar z =— 0,9 (Zynua 5.12P).

Amo ™V GAAN TAevpd, Yo @ = /2 1 amdKpion TaPOVCIALEL HEYIGTO KOl Gpa M
GLVAPTNOT HeTaPopdg Ba mpémet va £xel Kamotov mOA0 6to onueio avtd. 'Eotm ott

K
75

0 moAog avtdg Ppioketal oto onueio z =0,9¢ 2, dnAadn evtog Tov povadioiov

KOKAOV, ®OTE TO PilTpo va elval gvotabég (onpeio P, oto Zynua 5.12B). Apod o

mOAOG elvol pyadikog, B mpémel va vapyel Kot o cu{VYNG aVToH z = 0,9e715
(onueio P, oto Zynua 5.12B), dote ot tedikoi cuvtehesTéG TOV GidTpov oL Oa Tpo-

KOWEL, va, eivot Tpaypotikoi. Apa 1 GUVAPTNOT| HETAPOPAS TOL PIATpOL Oa glvar:

ataz ' +az?  az +azt+a, (z-z)(z-z,)
1+bz '+ bz - 22 +bz+b C(z-p)z-p)
B (z=0,9)(z+0,9) _z2-0,81 _1-0,81z
(2-0,9¢/")(z=0,9¢™)  z2 40,81 1+0,81z7

H(z) =

Yuvenmg, ot {NTovEEVOL GUVTEAEGTEG TOV QiATpoL givat ay =1, a, =0, a, =— 0,81,
b, =0, b,=0,81. H e&icwon dapopmdv tov emiBountov eiltpov Ba icovton pe (PA.
oyéon 3.59): y(n) = x(n) — 0,81x(n — 2) — 0,81y(n — 2).

Av &yete vmoloyicel cmatd 10 {ovodaPatd yneakd Gidtpo, TOTE cuyYaPNTHPLO.

"Eyete kotavonoetl T ¥pnoOTNTO TOV LOVASLHI0V KOKAOD KOl TOV ULYad1KoD ML

mEO0V. AvTo Ba GOg POVEL YPNGILO KOl GTIC VITOAOUTEG LeBddoVE Gyedinomng ynelo-
kv [IR pidtpov. Av dev voloyicate cotd To iATpo, Envanpoomadncte apov

ueretnoete mpdta to [apdderypa 3.10.

5.4
H cuvapton H(s) éxet Tpeig dapopetikong molovs p, =— 1, p, =— 0,5 + 0,87, p; =
—0,5—-,0,87. Exppalovpe tnv H(s) O¢ 0VATTUYUO LEPIKOV KAAGULATOV:

H(s)= G + & + G Kot Bpickovpe Ot
s+1 s+0,5-,0,87 5+0,5+ 0,87
C, =1,C, =0,6e"*° C, =0,6¢>°

YnrohoyiCovpe tnv H(z) pe pdon m oxéon (5.30), avtikodictdvtog o s — p: PE TO
1-e™z7" | snhodn:
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G G &

- + -
(05+j08TT =1 * | _ ,(-0.5-j08T)T ,-1

H(z)=
(2) l—eTz7! 1-¢

Exteldvtog T1¢ mpaEelg KATAANYOVLE GTN GLVAPTNGT LETAPOPES TOV YNPLOKOD

@iATpov:

ayz’ +a;z
2>+ bz* + bz +by

H(z)=

omov  a,=—2e " Tcos(0,877) + e " + 1,15¢ **Tcos(57/6 + 0,87T)
a,=e ' +1,15¢ " cos(57/6 + 0,877)
b,=—e " —2e¢"7cos(0,877)
by=e "+ 2e"Tcos(0,877)

— —2T
b3 =—e€

Av &yete Bpet T COGTH GLVAPTNON UETUPOPES TOV YNPLOKOV GiATpov, ToTE 0&ile-
TE CLYYAPNTNPLA, YioTi N HEB0SOG TG APETAPANTNG KPOVGTIKNG AmOTEAEL Lio, GYETL-

K& ToAOTAOKT dradikacio HETAPACTG Ol TOV AVOAOYIKO GTOV YNPLIKO YMPO.

Av dev PpriKate T GOGTH GUVAPTNOT LETAPOPAG TOTE TPpooTadnoTe oAl Xpetdle-
Ton empovr]. OuunBeite 6T mpénel mpmtTa va avantoete v H(s) og pepkd kia-
GLOTO [LE OLOPOPETIKOVS TOAOVG GUUP®VA, LE TN oo (5.26) Kot 6T CLUVEKELD VO
K@vete T petatponn mov deiyvel n oxéon (5.30). [poteivovpe, mpv Eexvnoete, va

peietnoete Kot toAt to [lapdderypa 5.4.

3.5

®élovie va oYeOEGOVE Eva VYNTEPUTO GIATPO TOL OTOIOV 1| GLYVOTNTO OTOKOTNG
va givar 30 Hz, dtav o pubudc derypatoinyiog eivar 150 Hz. H dwodikacio oyedia-
o1G, OGS KOl 01 GLYVOTNTEG ), kot L', etvan 1d1eg pe exelves Tov [apadelypotog 5.5.
To pévo mov Ba mpémet va oAAGEEL Elval O HETACTYNUATIGULOC GLYVOTNTOG, O OTOT0G
TNV TPOKEWEVT TTepinTwon Oa etvar oo Pabumepatd og vynmepatd avoroyIKO PIA-
PO, OT®G oG VTayopeveL | oxéon (5.17), dnhadn:

Hyp(s)=H,(s) 00 1.0 073= 1 __ S
§=—< ¢ = . c=22 O,73+ S+0,73

N N N 1
N

AvtikafietdvTog oty teAevtaio oyéon 1o s pe 1o (z — 1)/(z + 1) KataAyovue ot
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Ixnpa 5.13
Aoun mpoyuozo-
TOINoNS TOV TPD-
¢ Taews vynmE-
POTOD PIATPOD THG
Aoxnong Avroo-
¢rodoynong 5.5

{nroduevn GLVAPTNON LETAPOPES TOL VYNTEPATOV YNELOKOD GIATPOL:

z—1
H(z)=Hyp(s) =zl z—1 0,58(1-z"
1= = -
5= z-1 1,73z40,27  1+40,16z7"
z+1 Z+1+0,73

H e&icmon dapopmv tov pidtpov givar y(n) = 0,58[x(n) —x(n—1)] - 0,16(n — 1).
[Ipdkettan ko wAt Yo Eva ynelokd eIATpo TpmdTNG TAENG, OTMS KOl TO AVTIGTOLO
avohoyikd, 6to onoio Pacicape ) oyedioon pag. H doun mpaypatomoinong tov dei-
yvetat 6to Zynuae 5.13. Mapoatmpovpe 6t1 | KOpla Sapopd pe 1o Pabvrepatd @it-
Tpo Tov Zynuatog 5.9B Ppiokeral oTa TPOGHLA TOV GUVIEAEGTMV TOL GIATPOL.

x(n) > y(n)

Av 0movTiooTe GOGTAE 6TV ACKNGT 0VTH, ONHOivEL 0Tl KataAdfote TNV o dlade-
dopévn néBodo oyedioong IIR gidtpov. Mrpdfo cag! Xtnv avtifetn nepintwon,
peretiote Eovd to [apdderypa 5.5 kot TpocEETE TOV HETAGYNIOTIGHO OV Ool KAve-
Te apyKd and 1o Pabvmepatd avaroyikd GE LYNTEPOTO AVAAOYIKO PIATPO pe Bdon

TIc oyéoelg (5.16) ko (5.17).

5.6

INo va oyedidocovpe to ntovpevo Lovodiafatod giltpo, akolovbovue ta tpio 6Td-
S oyedilaong g evotnrag 5.2.3:

1. Emiéyoupe 10 TpmtdTumo avaroyikd faburepatd ¢idtpo. Xy AoKNoT 0LTH LOG
nreitan va oyedidioovpe éva Lovodlofatd eiltpo devtepng Taéng. Me Bdon to
0e0TEPO GYOAL0 TNG LIoEVOTNTAG 5.2.3, KoTtaAafaivovpe 0Tl TO avaioyiko Babv-

nepatd Butterworth ¢idtpo amd to onoio Oa Tpoédbetl to ynoeroxd eidtpo, Oo mpé-
neL va, givol TpdTng Ta&Ne, dnAadn g popoeng Hy(s) = 1/(s + 1).

2. Metaoynuotilovpe to Tp@totumo Pabvmepatod avaroyikd eidtpo oe {ovodiafa-
16 pe ouyvotnteg Q; Kot Q) ota dpia g {dvng dédevong.

Q)= tan(w,/2) =tan(Q,7/2) =tan(27200(1/2000)/2) = tan(0,17) =0,32
Q' =tan(w,/2) = tan(Q,7/2) = tan(2z300(1/2000)/2) = tan(0,157) =0,51.
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O HETACYNHOTIOHOC GLYVOTNTOG GTOV AVAAOYIKO Ydpo ard Pabvmepatd oe {wvo-
dwPatd emttvyyavetor pe Paon ™ oxéon (5.19) ko pag divet:

Hpp(s) = Hp(s)

0 S+ 0Q/Q,  s7+0,32:0,51  s*+0,17

“s(Q-9f) $(0,51-0,32) 50,19

1 ot e 1 019
s+lls= ST o 017 s +0,195+0,17
019s | >4
0,195

3. Egapudlovpe Tov dtypoppikd HETACYNUATIGUO GTI GLUVAPTNOT LETOPOPAS TOV
Lovodiafatol avaroyikod eiltpov, Tov HOAC VTOAOYIGALE, AVTIKOOIGTOVTOG
otV Terevtaia oyéon 6mov s 1o (z— 1)/(z + 1)

z—1
H(D) = Hoo(5) __ 01% 0,19(Z+1)
S_z—l ) +0,19s+0,17s_z—1= 1\ 1 =
7+l o7+ (Z) +0,19(Z)+0,17
z+1 z+1
0,19z -1) _ 0,14(1-z2)

T1.3622—-1.662+0.98 1-1.227"'+0.727°2

H avtioctoym e&icmon dapopmv tov IIR ynoerakov eiktpov sivat:
y(n) =0,14[x(n) —x(n —2)] +1,22y(n—1)—0,72y(n - 2).

Yag a&ilovv cuyyapntiplo oV amavinoate 6Ty doknor avtr. [pokeitot yio oyett-
K6 SUGKOAT AGKNGT, 0OV 1 SLAOIKAGIOL ATOLTEL TN LETATPOTT OO avoloyko Pabv-

nepatd PIATPO TPDTNG TAENG o€ avaloyikd (wvodiafatd gidtpo devTepng TAENC.

2tV mepintmon mov dev Ta Katapipate, unv aroyonrtevbeite. Katapynv dwpdote
Kol oA To [opdderypa 5.2. 11 cuvéyELn, ETIKEVTIPMOOTE TN TPOCOYN COG OTIG O)E-
o€1g (5.18) kot (5.19) kot oto oYdAL0 TOV TIC GLVOSEVOVY. B0 STIGTMOGETE OTL O
devtepnc tééng Lovodiafatd eiltpo KotaAryovpe amd TpmTng Taéng fabuvmepatod
oiAtpo. To vodlowwo Prpata ivat ta 1o e ekeiva mov eidape oto Tponyovueva
TopadElyHOTH. EAVOTPOOTOONOTE. ..

6.1

H aonpopovpn ewova ypeidletonr cuvorikd 128 x 128 = 16.384 bytes pviung. Avti-
Beta, n Eyypoun anaitel 3 bytes/eikovostotyeio, onAadn cuvoAlkd 512 X 512 x 3 =
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1.537.536 bytes. To tedevtaio péyebog sivar 48 opéc peyardbtepo amd 10 TPMOTO.
Enopévemg, n cwot) andvrnon sivor ) tpim.

2NV TEPINTOOT TOL £XETE VTOAOYIGEL TO GOGTO OMOTEAECLO oMpaivel OTL Exete
KOTOVONGEL TNV 1600LVOLIN EIKOVOGTOLKEIOL Kot byte, kKabmg emiong To yeyovog OtL
10 &yypmpo glovoototyeio ypeldleton Tpia bytes yio amobnkevon. Avtd Ba cag fon-

ONGEL va TPOYMPNGETE LE EVYEPELD OTIC TPAEEIS TAV® GTNV EKOVA.

Av dev vTOLOYIGOTE TO GMGTO AMOTEAEGLLO, OMOTE TEPICCATEPT] TPOGOYN GTOV TPOTO
VTOAOYIGHOV TOL TAHOVG TOV EIKOVOCTOLYEIWV KOL TNG OVTIGTOLYI0G TOVG LLE TOV
apOpod tov bytes wov ypelaloviol 6Ty acTPOHOLPT Kot TNV Eyypoun euova. Towg

ekel etvon To AdBog cog.

6.2

To chvolo twv Tpdéemv 1oovTaL e To TANB0G TV gikovoostotyeimv (31 X 31) eni to
TN00¢ TV cLVTEAEGT®V TOL TapaBOpov (5 X 5). Emopévmg ) cmoet arndvimon eivol
n debvtep.

Av &yete vodoyicel T c®oTti andvinon, Bpickeote oe TOAD KaAd dpdpo, dedopé-
vou 611 Ba KoTavonoete ympic TpdPANLa Tov TPOTO VAOTOINGCNG TG OLGIAGTATNG
ouvEMENG Tov axkolovBel oto Kepdlato 7. Ilpdkettor yio Tomkn Tpdén pe kabopt-
OTIKN onuocio oty eneéepyacio EKOVOC.

Av d¢ Ppnkoarte TV 000N andvinon Tpoctadnote Ta. AOGTE TPOGOYN GTO OTL Y10
Tov VToAOYIoUO KAOE glkovoaTolyeiov otV gKOvVa e£600V ypeldlovtal TOGES TPa-
&elg, 660 givar To péyebog Tov TapabHpov (1 YEITOVIAG) TOL ¥PNGLOTOOVUE (GTNV
nepintowon pog 5 X 5). Towg 10 Adbog cag va eivor exel.

6.3

Y& pio OVESTPOUUEVT] EIKOVO 1] GUVTETAYUEVT X TOPUUEVEL AUETAPANTY], APOV APOPdL
) 0€om Tov eikovooTotyeiov otov opldvtio aEova. Avtibeta, n 0€omn Tov gwkovo-
ototyeiov otov afova n, aAidlet ko yivetar N + 1-n,. Etopévmg, o cwotog peto-
oympotiopds stvat o tpitog.

Av d®oaTE TN COGT OTAVTNON AVTO GNUAIVEL OTL EXETE KOTAVONGEL TOV TPOTO TOTO-
0£TNoNG TOV KOPTEGLOVAV GUVTETAYUEVOV TAVD 6TV gkdva. Avtd Oa cag Bonon-
o€l 6€ OUOKOAN TPOPANLOTO LETAGYNLOTICUAOV.

Av dev Pprkate T0 GOGTO OMOTEAEGLML, ODCTE TEPIGGOTEPT TPOGOYT GTOV TPOTO TOL
UETAPAAAETAL 1] GUVTETAYUEVT 71, 1| V.
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7.1

Katapynv ypdeovue mdAr tn oyéon (7.9)

ymm)= Y Yl b)x(n =l — 1) (7.9)
Iy=—c0 [)=—co
To onua x(/,,/,) Ba petatomiotel pdvo otig Bécels (n,,1,) Yo TiG 0moieg 0L 6POL TNG
h(l,,l,) &xovv kowég Béoelg pe avtd. Ot Béoelg avtég eivar cuvolika 10.

Edv n amdvinon| cag elval cootn onpoivel 0Tt £ete Kotavoncet T Pactkr] dtadt-
Kacio TG cLVEMENG Kot Kupimg TNV TPA&n ¢ oAleOnong g Hiog GLVAPTNONG TOV®D
oV GAA.

Mnyv amoyontevteite av T0 amotélesiio mov dwoate eivol AdBoc. [Ipoonabnote mai
VO LETOTOTIGETE T P GUVAPTNON TAV® GTNV GAAN Kot VoL BPELTE TIG TEPUTTMOCELS

OTOV £YOVV KATOL0 ETUKAAVYT).

7.2

H h,,,5(n,,n,) Tov Zynpotog 7.14 pnopet va TpokOyel LOVO amd 1 GUVEAIEN T®V
h(n,,n,) ko g(n,,n,). Emopévmg, viomoteitat omd tov v oelpd cuVILAGHO TOV dVO

oiATpOV.

Edv éyete amavimoel cmotd T0Te amodekvOeTaL OTL EYETE KOTAVOTGEL TOGO TOV TPOTO
GLVOLOAGLOV TV GIATPOV, 6G0 Kot TV TPdEn g cuvEMENG. X avtifetn mepinto-
on Eovadafacte Tov TPOTO TOL VITOAOYILETAL 1] KPOVOTIKN OMOKPIGT) GLUVOVAGLLOV
QIATPOV KoL TpocTadote TAAL dokindloviag TOG0 Tov TapdAANAo, GO Kol TOV GE

GEPA GLVIVAGHS TOV dVO PIATP®V.

7.3

H kpovotikn amdkpion aviiotolyel og evotadég ikTpo ded0UEVOL OTL EYEL TETEPQL-
opévo manbog dpwv (1, = n, = 5). Zuvenmg tkavorotgitar | oyéon (7.20), apov to
aBpotopa Twv Opmv avTdVv Bo etval Evog TeEmepacEVOS aplBpOg (< oo).

Av 1 amdvinon oag dev glval oot unv arnoyonteveote. [IiBavov dev mpocéate

™V mopdypogo 7.2.3.

7.4

INo va pokvyet Tpaypatikn  H(w,,w,) o Tpénet ot 6pot TG KPOLGTIKNG omdKpL-

o1ng ToV PIATPOL va gppavilovtal o {eVYAPLE GUUUETPIKA, ETCL MOTE VO ATOAEIPE-
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TOL 0 POVTACTIKOC Opo¢ TV ekBETOV TG oxéong (7.22). Avtd akpifdg £yve 6T0
Mopaderypa 7.5 ko ™ Apaoctnpomto 7.3. Emopévac n coot ardvinon givoln p.

YO0TN amAVTNOT GO CNLLOIVEL OTL EXETE KATOVONGEL TOV TPOTO dnpiovpyiag eiltpwv
unodevikng eacng. Avtd Ha cag givort o) ¥PNGIO dEGOUEVOD OTL GTIV YNOLOKT ETE-
Eepyaoio EKOVAG YPTCLLOTOLOVUE KLUPIMG QIATPO YPOUUIKNG PACTC.

Av kavarte Adbog, Tpoomadnate mdAl StofalovTog TNV TPONYOVLEVT SPacTNPLOTNTO
KoL v vroevotnta 4.1.1.

Anavmioeig ApaocTnpIoTHTWV

4.4

O VTOAOYIGOVLLE TOVG GLUVTEAEGTEG TOV GIATpOVL oty Ttepintwon mov N = 3 (third—band
@iATpo). XNV TMEPINTOOT VT WYVEL W, = /3 Ko amd TV e&icwon 4.7 Egove:

0 sin(nw,.) o, -3 lsin(mr/3)

o= 3 (n/3)

H xpovotiky andkpion 4, glvar GupUETPIK YOpw and 10 1 = 0, el ATELPOVG OPOLS

Kot k60 Tpitog 6pog eivar undevikog (n tolhamidcio Tov 3).



